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Weighted generating tree (WGT)
1. Weighted generating tree

A generating tree (GT) [Chung, 1978] is a rooted labelled tree
s.t. the labels of children of each node x can be determined
from the label of x itself. Thus any particular generating tree
may be specified by a succession rule consisting of

(1) the label of the root;

(2) arule explaining how to derive the number of children and
their labels.



Weighted generating tree (WGT)

Let us consider a succession rule given by

] root : (c)
€ { rule : (K) > (c)%-c(c +1)%c...(k +1)% (1)

where c € N, aj, zi € Ng, Vi > 0, ag # 0.



Weighted generating tree (WGT)

Let us consider a succession rule given by

] root : (c)
€ { rule : (K) > (c)%-c(c +1)%c...(k +1)% (1)

where c € N, aj, zi € Ng, Vi > 0, ag # 0.

Deutsch, Ferrari and Rinaldi(2005)
@ production matrix P whose (n, k)-entry is the number of
nodes (k + c¢) produced by node (n + c),
@ ECO matrix Ap induced by P whose (n, k)-entry is the
number of nodes (k + c¢) at level n.
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Weighted generating tree (WGT)

Let us consider a generalized succession rule given by

] root : (c)
2: { rule : (k) > (c)%-c(c + 1)&-cti-1...(k 4 )% ()

wherec €N, aj,z €R,Vi >0,a0#0,andj > 1.



Weighted generating tree (WGT)

Let us consider a generalized succession rule given by

] root : (c)
2: { rule : (k) > (c)%-c(c + 1)&-cti-1...(k 4 )% ()

wherec €N, aj,z €R,Vi >0,a0#0,andj > 1.

We define a weighted generating tree (WGT) induced by 2 to
be a rooted labeled tree with vertex weights and edge weights.

<The weighted generating tree>



Weighted generating tree (WGT)

w-Production matrix

We define w-production matrix P, to be a matrix whose
(n, k)-entry is the weight on edge joining (c + n) and (c + k)
produced by (¢ + n). Thus we have
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w-Production matrix

We define w-production matrix P, to be a matrix whose
(n, k)-entry is the weight on edge joining (c + n) and (c + k)
produced by (¢ + n). Thus we have

Zp gj-—1 -+ Qo 0 0
P _ zz & -+ a a O
¢ Z2 Q1 -+ A2 a1 Qo



Weighted generating tree (WGT)

w-ECO matrix

We define w-ECO matrix Ap, induced by P, to be a matrix
whose (n, k)-entry is the total sum of the product of edge
weights in each path from the root (c) to the node (c + k) at
level n. Then it can be proved that
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w-ECO matrix

We define w-ECO matrix Ap, induced by P, to be a matrix
whose (n, k)-entry is the total sum of the product of edge
weights in each path from the root (c) to the node (c + k) at
level n. Then it can be proved that

ul



Total weight of paths in WGT

2. Total weights of paths in WGT

We are now interested in the total weight of paths in a WGT.

@ Weight of a path from the root (c) to (c+k) at level n in
WGT := the product of all vertex and edge weights
assigned on the path.

@ (nk := the sum of weights of such paths.

® Qn =Y k_o0nk. Thatis, Total weight of all the paths from
the root to level n.
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Example 2.1
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Total weight of paths in WGT

Example 2.1

Qo =1,

Qr=(1-2-1)4+(1-1-2) =4,

Q=(1-2-1-2-1)+(1-2-1-
H(1-1.2-2-2)+(1-1



Total weight of paths in WGT

Theorem 2.2 (GF(Qp) of total weights)

Let Qn be the total weight up to level n of the WGT.
Then the generating function for the (Qn)n>0 is

¢(t) =cu' (I -tQ) 'e

where

Q =P, -diag(c,c +1,...),u" =(1,0,...), e =(1,1,...).
<Note>

Q:{ root : (c)

rule : (k) — (c)%%c(c + 1)CHDa—cii-1... (k 4 j)k+)ao
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Question
What is the explicit form of GF for (Qn)n>0? J
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Theorem 2.3 (EGF for total weights)

Letzy_1 = ax inQwithj =1 and let A(t) = >, 50 ant" (a0 = 1).
Then the e.g.f. for the total weight Q,, up to level n is

tn+l

de(t) = T 1+§Qnm.

where A(f(t)) = &f(t) with f(0) = 0.
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EX2.3Qn = (3n+ 1)
Let be the succession rule given by

root : (1)
rule : (k) — (1)Kt1(2)K .- (k)2(k + 1) -

ThenQn=Bn+1)!11=1-4-7---(3n+1).

[Solution]
1 2
A =1+2t+3t+- = ()
2
d
» () - 4
=f(t)=1-7v1-3t

= Op(t) = 3i= =1+t+4- 5,428 5+,
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