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Navier-Stokes Equations

Navier-Stokes Equations

u—Au+(u-V)u+Vp=f, in Qr=Qx1I
divu =0 in Qr=Qx1I
u=0 on 090 x I,
u(z,0) = yo(z).
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Conditions

Zero-dimensional integral condition

lellzzg@cio,ry = |16 Dllzziay | g0,y <000 (1)
3
5+—§1, 3<p< oo,

(1) = weak solutions become regular in Q x [0, T").

G. Prodi (1959), T. Ohyama (1960), J. Serrin (1962), O. A.
Ladyzhenskaya (1967), E. Fabes, B. Jones and N. Riviere
(1972), H. Sohr (1983), Y. Giga (1986) , M. Struwe (1988), L.
Escauriaza, G. Seregin and V. Sverak (2003)
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e Caffarelli, Kohn and Nirenberg (1982)
The one-dimensional parabolic Hausdorff measure of
possible singular set is zero for suitable weak solutions.
The key observation is the following regularity criterion :

1
lim sup — |Vu(y, s)|2 dyds < e. (2)

r—0 27

e G. A. Seregin (2002)
The extension of (2) up to flat boundary.
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e S. Gustafson, K. Kang & T.-P. Tsai (2006)
There exist € > 0 such that if suitable weak solution u
satisfies

1
) 1 <
tmsup - 16llgr(a, )|y < €

where
3 2
—+—-—=2, 2<¢g< o0,
b q

then w is regular in a neighborhood of z = (z, t).



Introduction
[ le]

Notations

e For a point z = (z/,23) € R3 with z’ € R?
Byr={yeR: |y—z| <7}
D:z:’,r = {y/ € R? : |yl - $I| < T}'

e For z € Q, Q= QN B, for some r > 0.
Ifz =0, Q= Q.
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Notations

wha(Q) ={u € LIQ) : D*u € LI(Q),0 < |a] < k}.

Ief = ﬁ Ief.

A solution u is said to be regular at z = (z,t) € Q x I if
u € L®(Qy,» X (t — 72, t)) for some r > 0 and z is called a
regular point.

Otherwise, u is singular at 2z and z is a singular point.

e f € My,(Qr) for some 0 < v < 2 means

1 2
e = (s [, P

where Q, » = (Qz,» X (t —72,t)) N Q.

1
2

:z:(x,t)EQ_T},
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Assumption

Assumption 1

Suppose that Q be a domain with C? boundary. For each point
z = (z', z3) € 0 there exist absolute constant L and 7y
independent of z such that we can find a Cartesian coordinate
system {y;}3_, with the origin at z and a C? function

¢ : D,, = R satisfying

Qro =Qn B:E’T0 =] {y = (yI;yS) c B:z:,rl D ys > (P(yl)}

and
#(0)=0, Vyp(0)=0, sup V2| < L.
70
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Remark 1

e The main condition on the Assumption 1 is the uniform
estimate of the C?—norms of the function ¢ for each
z € 0Q2.

e There exists a sufficiently small r; with r < 79, where rg is
the number in the Assumption 1 such that for any » < r;

sup [|¢llezp,y < L(1+ 7+ r?). (3)
z€0Q2
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Theorem 1

Let u be a suitable weak solution of the (NSE) in Q with force
f € My, for some v > 0. Assume that 2 is a bounded domain
with C? boundary satisfying the Assumption 1. Suppose that
(z,t) € 8Q x I. For every pair p, q satisfying

3 2

3
1§_+_§2: 2<q§00: p,q;é—,OO,
~ (,9) # (5, 00)

there exists € > 0 depending on p, g, and Hf||M27 such that if

(3+

. —(34+2-1)
limsup r q HHU”LP(Q“)
r—0 ,

<
La(t—r2,t)

then w is regular at z = (z, t).
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Suitable Weak Solution

Let Q C R? be a bounded domain satisfying the Assumption 1
and I = [0, T'). We denote Q7 = Q x I. Suppose that

f € My, (Qr) for some v > 0. A pair of (u,p) is a suitable
weak solution to (NSE) if the following conditions are satisfied:

(a) The functions u : Q7 — R® and p : Q7 — R satisfy
u € L®(I; L3(Q)) N L2(I; Wh(Q)), p € L I;L*),

Viu € LMNI; LF(Q)), Vp € L MI; LF),
where «, k* and A be numbers satisfying

3 2 1
_+ —4’ —_— =
K

! ! 1< A<2
A k* Kk 3 '
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Suitable Weak Solution

Let Q C R? be a bounded domain satisfying the Assumption 1
and I = [0, T'). We denote Q7 = Q x I. Suppose that

f € My, (Qr) for some v > 0. A pair of (u,p) is a suitable
weak solution to (NSE) if the following conditions are satisfied:

(a) The functions u : Q7 — R® and p : Q7 — R satisfy
u € L®(I; L3(Q)) n L2(I; WY(Q)), p € L I;L*),

Viu € LMNI; LF(Q)), Vp € L MI; LF),
where x, k* and A be numbers satisfying

3 2 1
— + :4:, — =
K

! ! 1< A<2
A k* Kk 3 '
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Suitable Weak Solution

(b) w and p solve the (NSE) in @7 in the sense of distributions
and wu satisfies the boundary condition v =0 on 0Q x I.

(c) u and p satisfy the local energy inequality

2 ¢ "2 !
/Q|u(z:,t)| ¢(m,t)dx+2/to/Q|Vu(m,t)| é(z, ') dz

g/t:/g<|u|2(8t¢+A¢)+<|u|2+2p>u-v¢+2f-u¢> dz,

for all ¢ € I = (0, T') and for all non-negative functions
¢ € C(R® x R), vanishing in a neighborhood of the set
Q x {t =0}.
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Suitable Weak Solution

(b)

(c) u and p satisfy the local energy inequality

2 t "2 !
/Q|u(:v,t)| ¢(m,t)dm+2/t0/ﬂ|Vu(m,t)| é(z, ') dz

g/t:/n<|u|2 (81 + ) + (|ulP +2p) u- Vg +2f - ug) dz,

for all ¢ € I = (0, T') and for all non-negative functions
¢ € C(R® x R), vanishing in a neighborhood of the set
Q x {t =0}.
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e Flatting the boundary near zy,

z=9P(y) = (y1, ¥2, ¥3 — ©(¥1,%2))



oduction

e Define

'U:uo'lljil: W:po"pil: g:fo"pil in"/’(Qmo,p)-

Perturbed Navier-Stokes equations

v—Av+(v-V)v+Vr=g, in 9%(Qqy,)
V-v=0 in P(Quy,p) (4)
v=0 on 0Y(Qq,0) N{z3 = 0},
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Differential Operators

? = (611 — Pz, 613: 8332 - (Pzzaass, 613) (5)
A = a;i(2)83 ,, + b:(2)8a,

where a;; and b; are given as
a;j(z) =0y, a;3(z) = asi(z) =—ps, bi(z)=0 1=1,2,

and

2 2
aa(z) =1+ (9)%  ba(z) = =) Vua-
=1 1=1
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Remark

% Vo(e,8)] < [V(e, )| < 2|Vo(e, 1) for all & € Y(Qaar);

+ +
B¢(m),% C P(Qq,r) C B¢(m),2r,

Remark

2
£(z,t')dz

t
/ |v(x,t)|2§(m,t)dm+2// [Vu(z, ')
W) to J(0)

<[ J o (107 @&+ Be)+ (1o +-2m) - D¢ +21 -ug) d,
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Scaling invariant functionals
For any r < 7 and a suitable weak solution (u,p) of (NSE),

1

1
A(r)i= = [ Ju(s)Payds, B(r):=> [ |Vuly,s)Pdyds,
T Qr r Q‘r

1
D(r)= swp_— [ Ju(y,s)dy,
—r2<s<0 T JQ,

k=3[ ([ |u(y,s)|f’)%ds)%,
st ([ () o)’

where p, g, k, k* and A be numbers satisfying

3 2 1 1 11 1

c ol icac2 )
A Tk* kK 3 p ok g X 7 '
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Scaling invariant functionals

For a weak solution (v,7) and B, C ¥(Q,),
1

Local bo
[o]e]
0000000
oo

undary regularity

- A 1 -
Ar)= o [ 1oty s)Pdyds, B(r) = [ 90(y, ) dyas

. 1
b(r)= swp_— [ |o(y,s)dy,
—r2<s<o T JBF

g

K(r) = %(/fiﬂ </BT+ |'u(y,s)|1’dy)5ds

)
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Scaling invariant functionals
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Remark 2

Let £ = 9(zp). Then there exist sufficiently small 7, and an
absolute constant C such that for any 4r < 7 the followings
are satisfied:

éE(r) < B(2r) < CE(4r), %A(r) < A(2r) < CA(ar),

L k(r) < R(2r) < CK(4r), %S(’r) < 3(2r) < CS(ar),
=D(r) < D(ar) < CD{ar),
Hg”M27 ) S CHf”M?'Y(QT
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Lemma 1

Let ©2 be a bounded domain satisfying the Assumption 1 and
zy € 0. Suppose that (v, ) is a suitable weak solution of (4)
in 9(Qq) C R3. Let z = (z,t) with z = 9¥(z). Assume

g € M, for some 7 € (0,2]. Then there exist € > 0 and r;
depending on 7, Hg||M2’7 such that if

(r)+ 8,(r) < € for some r < m,

W=

A

then z is a regular point.
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The proof of the Lemma 1 is based on the decay property of the
following scaling invariant functionals:

Lemma 2

Let 0< 6 < % and B € (0,7). Under the same assumption as in
the Lemma 1, there exist €; > 0 and 7; depending on 6,7, B8
and m, such that if A%(r) + 54(7) + m,rPT1 < €, for some

r € (0,71), then

A3(6r) + Ba(6r) < COV® (A3 (r) + Ba(r) + myrPH)

where 0 < @ < 1 and C is a constant.
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The sketch of the proof of the Lemma 2

-

e Denote ¢(7) := 21%(7‘) + So(7) + myrPTL.
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The sketch of the proof of the Lemma 2

e Denote ¢(7) := 21%(7‘) + Sa(r) + myrPtL.
e Suppose not. Then for any a € (0,1) and C > 0, there
exist 2, = (Zn, tn), 7n \, 0 and €, \, 0 such that

B(ra) = en,  AF(Bra)+8u(67) > COTG(r,) = CO e,
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The sketch of the proof of the Lemma 2
e Denote ¢(7) := 21%(7‘) + Sa(r) + myrPtL.

e Suppose not. Then for any a € (0,1) and C > 0, there
exist 2, = (Zn, tn), 7n \, 0 and €, \, 0 such that

B(ra) = en,  AF(Bra)+8u(67) > COTG(r,) = CO e,

o Let w = (y,s) where y = L(z —z,), s = Tl—z(t — tn).

Tn

Define ,, 7, and g, by

) 1 1,

Uy (w) = _n"'nvn(z)x ftn(w) = a’f'nﬂ'n(z),
R 1 4
In(w) = —1;9a(2)
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The sketch of the proof of the Lemma2

e Due to scaling and change of variables,

~“ o 1 R
A('Un,G) = 9_2/Q+ |Un|3dw:
6
1
A
ds) ,

P 1 0 ~
Sl(7rn,0) = §</_92 (/B;r |V7rn| dy)
2

& 1 1/ [0 L oA 3
54 (#n,6) ::§</_62(/BS+ [itn = (7tn) | dy) ds) :

||'Z’n||L3(Q1+) + ||frn||Ln*,A(Q14') + mﬁrf“ =1,

x>

A3 (05,0) + 5o(7n, 0) > CO.
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The sketch of the proof of the Lemma2

e Weak convergence of 9,, and 7,

-

o, — 9 in L3(Q1),
o =7 in I°NQT),  (#)py(s) =0.

Bstp — 8,0 in L*((—1,0); (w??(B;"))").
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The sketch of the proof of the Lemma2
e Weak convergence of 9,, and 7,
b= in 2(Q)),
o =7 in I°NQT),  (#)py(s) =0.
8% — 8,0 in L*((~1,0); (w™*(By))').
e By the local energy inequality,

Vi, = Vi in I(Q5,), ¥ — 7 in WH(Q5,)
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The sketch of the proof of the Lemma2

Weak convergence of 9, and 7,
0= i I(QF)
o =7 in I°NQT),  (#)py(s) =0.

Bstp — 8,0 in L*((—1,0); (w??(B;"))").

By the local energy inequality,

Vi, = Vi in I(Q5,), ¥ — 7 in WH(Q5,)

Due to the local boundary estimate of the Stokes system,

-~

85, Ay, Vit, — 8,0, Ad, V& in L"’A(Q;/S).
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The sketch of the proof of the Lemma2

¢ Strong convergence of 9, in L3-norm

A(D,,0) — A(,8),  A3(d,0) < CLo+Te0,
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The sketch of the proof of the Lemma2

¢ Strong convergence of 9, in L3-norm
A(D,,0) — A(,8),  A3(d,0) < CLo+Te0,
¢ Decomposition (9, = 9, + ¥, and 7, = T, + 7)

-~ -

85Ty — AUy +V i, = —€n(Tn-V)Un+Gn, divi, =0 in QT,




Introduction
[e]e]

Preliminaries Local boundary regularity

(e]e] (e]e]
000 0000 0000e00
0000

[e]e]

The sketch of the proof of the Lemma2

¢ Equation of (9, ,)
85ty — Ay, + Vi, =0, dive, =0 in Q7

(0]

9, =0 on (BTN {zz=0}) x
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The sketch of the proof of the Lemma2

¢ Equation of (9, ,)
asﬁn—Af/nﬁ‘ﬁ’frn :0, div f}n =0 in Q+,

(0]

9, =0 on (BTN {zz=0}) x

e For 3/k +2/X=1,

”vzfin”[lk,}\(Q;—G/g) + ”v’ﬁ'nHLk,)\(Q;}le) S C(l + en).

Local boundary regularity
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The sketch of the proof of the Lemma2

¢ By the Poincaré inequality,

8a(itn, 8) < Co(51(7n, 6) + 51 (2, 0) ),
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The sketch of the proof of the Lemma2

¢ By the Poincaré inequality,
8a(itn, 8) < Co(51(7n, 6) + 51 (2, 0) ),
e Decay of 7,

~ ~

S1(7tn,0) < CO*(1 +€,), 81(7n,0) < Cep.

n—oo

liminf 54(f5,0) < lim Co6%(1+€n) < Cp6'*40
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The sketch of the proof of the Lemma2

¢ By the Poincaré inequality,

8a(itn, 8) < Co(51(7n, 6) + 51 (2, 0) ),

e Decay of 7,

~ ~

S1(7tn,0) < CO*(1 +€,), 81(7n,0) < Cep.

liminf 54(f5,0) < lim Co6%(1+€n) < Cp6'*40

n—oo

e Contradiction

2(Cy + Cp)gtteo < cplteo

-

< liminf(A5 (9, 8) + So(fn, 8)) < (C1 + C3)8 .

n—oo
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¢ (Pressure estimate)
Suppose w = (y,5),y €T',t — p? >0, and ¢t < T. Then for
0<r<p/4,

A 3—2k

3 (P) D75 (p) + p"H1my)

.E‘/p
=
[\
Q
7N
~~
()
~—
=

+(0) B + 50 ),

where x and A are numbers in (6).
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The sketch of the proof of the Main Theorem

e By Pressure estimate,

A(r) + 8y(r) < CDi(r)BY 5 (r)R(r)
p A~ 3—2k +

+C<;)(E%(p)D > (p)+p " m,) C(g)
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The sketch of the proof of the Main Theorem

e By Pressure estimate,
~ 1

A(r) + 8y(r) < CDi(r)BY 5 (r)R(r)
+C (1) (BA DD () +p7 o) +-C (1) (BE ()4 31(6)).

(p
e Choose small 6 € [0,1/2]. Replacing r, p by 6r and r,

~

A(6r) + & (07) < c((iSk(r) + %f{%(r) + G)A(T)

1, . S 1 1 .
u(r) = E(K%(T) + K3(r)) + §m77‘7+1 + §m$r2(7+1)K(r)

r2(H1) 4 mry%r%h“)f{%('r) + mry%r%”“)f{%( ).
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The sketch of the proof of the Main Theorem

o If K(r) < € for all r < 7y and if € is sufficiently small,
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The sketch of the proof of the Main Theorem

o If K(r) < € for all r < 7y and if € is sufficiently small,
e Iterating

-

A(Or) + 51(67) < Z(A(r) + 81(7)) + Cu(r).

N

k
A(647) + 81(6%r) < <_> (A(r) + 81(r) + <.
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The sketch of the proof of the Main Theorem

o If K(r) < € for all r < 7y and if € is sufficiently small,
e Iterating

-

(A(r) + 81(7)) + Cu(r).

N

A(Or) + 51(87) <

R . 1\* .
A )+ 5u(6%) < (5) (A(r)+ &) + 5.

e For a sufficiently small 7 < 7

N m

A(r2) + Sa(r2) < A(m2) + CaSi(m2) <
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