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Blackout Game
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http://www.cjent.co.kr/beautifulmind/

Blackout game(or Lights Out game) consists of a 5
by 5 grid of lights; when the game starts, a set of
these lights (random, or one of a set of stored
puzzle patterns) are switched on. Pressing one of
the lights will toggle it and the four lights adjacent
to it on and off. (Diagonal neighbours are not
affected.) The game provides a puzzle: to switch all
the lights off, preferably in as few button presses
as possible.
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Blackout Game

Example : 3x4 case Blackout Game
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| white solution | | blsck soluton |

(0,1} (1,3) (0,43 (0,5) (1,0) (1,1 (

oK 11
xf is reversible case (solution exists)
(REF) rreversible cases = (Sk-1, 6k-1, k=1,2,..)
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~Prograr infarmation

+ Program ¢ Blackout game optimal algorithr simulator

+ Prafessor : Sang-Gu Lee (SKKU)
+ Programmer + Jonghin Park (SkkLU, 1CE)

+ Version : 2006.05.29 (Mon.)

Offline Simulator : Blackout Game Simulator

Sungkyunkwan University, Korea:
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Tools: Blackout Game

The Tool of Black-Out Game with Java

http://matrix.skku.ac.kr/bljava/Test.html

Black—Out Game Simulator for Java Black-Out Game Simulator for Java Black-0ut Game Simulator for Java

21 % TS Size Input | 7SI MSG ¢ Loading OK! T % [15 | Sizelnput |  Solution | MEG : Loading OK! 21 % [18 Size Input | Solution MEG : Loading OK!
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Example : 21x15 Find the Complete result
size Black—Out Solution (Press all green
game button!)
Green Button is

solution
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History: Blackout Game

Merin Game XL-25

Parker Brothers Vulcan Electronics

Black Out ;
Many Developers qu_hts Out

iger Toy

Black Out

Korea
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Researches: Blackout Game

Araujo
2000 / 5x5 Solutions

Anderson, Feil
1998 / 3x3 - 5x5

: . : Losada

dagonal cormer cross 2002 / Various Types

Korea
Recents 2004 - 2006

2007 — Recents
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Construction: Mathematical Model of Blackout Game

» Size : 3x4

1. Suppose the following configuration was given.

0 1 0 0)
1 O 1 1 :B3><4:b12><1
0 0 1 0,

We like to make all cells to have same color by
clicking some cells

Suzzoun
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Construction: Mathematical Model of Blackout Game

» Size : 3x4

2. Think a (0,1)—matrix which change color of cells with adjacent edges

0 1
1 0
0 0

e o &
CE )



» Size : 3x4
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Construction: Mathematical Model of Blackout Game

0111
0010
0000,

0010
0111

0010,
0000)]
0010

0111

3

3

0011

0000,
0001]

0001

3. We have 12 matrices M, of all actions on each clicks

0001

0011

0000]
0001

0011

‘ Each M, can be considered as a 12x1 vectors F
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Construction: Mathematical Model of Blackout Game

» Size : 3x4

4. Consider linear combinations of 12 matrices

aM, +---+aM, +---+a,M,,=—B (o J-B)

—

Make vector from B ]

(J has all 1-component )

Convert to the column vectors — —

d
jé o m12] E _B

= AX=—b (or j—b): Thisis linear
equation problem!
Suzaoua
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Construction: Mathematical Model of Blackout Game

3x5

» Other Case

1.We can get these matrices in 3x5 case.

oo oo~
oo o040

o4 00900
- O O O O

OO0 0
OO0 -~ ~

g
—~ o=

- - OO O

Including 3 block matrices with 5x5

3x5)x15.

The size of Ais 15
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Construction: Mathematical Model of Blackout Game

» General Case : mxn

1. We can make this equation in mxn case.

11000 017 ®Q§; o
11100 0 q= 1YW .
011100 Q1
I{: : : . . : ~— N rows .. I@

LS
B

0--0011 1
i 0 """"" 0 1 1 ﬂ B | Block Tridiagonal matrix |

—

n columns ‘ Tridiagonal matrix I

Including m block matrices with nxn
The size of A is mn(=mxn)xmn.

—
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Construction: Mathematical Model of Blackout Game

» General Case : mxn

2. Unique solution of mxn size Black—Out Game

det(A) 0= Ax=-b . nsistent

(or Ax=j-b )

3. For nonsingular matrices A, we can determine the existence of the

unigue solution of the general Black—Out game.
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Previous Research: Mathematical Model of Blackout Game

1 ]2 (3 /4|5 /6|7 |8 |9 (1011 |12 (13 |14 |15 [16 |17 |18 |19 (20 |21 |22 (23 |24 ] & |
i I o @ &I I o N |
4 [ES ' | 1] I 2 |
= o | o B 0 |
3 0| 0 | [ 0 ]
5 KR R | 0 [[2]]
KR KR KR
[ 0] [ 0 | KN
0 | [ 0 ] 0 ]
| 0 | o0 | 0 |
| 0| 0 | 0 |
0| Lo | KR
“ n n -
*Determinant : 0

Pattern Analysis of Determinants: S.-G. Lee and D.-S. Kim, Optimal solution

of the $m ¥times n$ size blackout game and its tiling, J. Korea Soc. Math. Ed. Ser. E: eonl

Communications of Mathematical Education, Vol. 21 (2007) , No. 4, pp. 597--612. e DR L R

*Determinant : 0 [Patttern 2]
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Block Triangular Matrix: Mathematical Model of Blackout Game

1100007 Qf O
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n columns ‘ Tridiagonal matrix I

—

A 4

Block Tridiagonal
matrix

How we can solve this linear system of equations?
How we can get the determinant of this block tridiagonal matrix? 6
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Block Triangular Matrix: Mathematical Model of Blackout Game

Theorem 3.1. [15] Let M be a block tridiagonal matriz as below.

DETERMINANTS OF BLOCK

TRIDIAGONAL MATRICES "4 B O . O
G, & By = D
Luca Guido Molinari M= O " i s O where A;, B; € M, (R) (3.2)
Dipartimento di Fisien, Universild deghi Studi di Milano, Q O ©as Awg Baa
and INFN, Sezione di Milano, Via Celoria 16, Milano, Tialy 0 O 9] Cm_] Am
2 y 1

asams Then the determinant of M can be defined as
An identaty is proven that evaluates the determimant of a bloek tridisgons] matrix
with [or w_itl‘.‘l;n!l} corners as the determinant of the associated transfer matrix (or det, f'/f = (—1Jmn det(T]_l) det(B]_ e Bm_]) (3.3)
asubmatge of bl

block of size n x n in the following matriz T .

Bl An1 -BliCma ] [ -Bi'4r -Bit
of block tridiagonal matrices, Linear Algebra and its Applications, 429 I 0] ' (0]
(2008), 2221-2226 (3.4)

Apply to the Blackout Game Cases: L. G. Molinari, Determinant

g5 s e S - Theorem 3.2. Let M be a block tridiagonal matriz as below.
A trdiagonal matrix with entries given by square matrices is a block tridi-

agonal matrix; the matrix 1= banded if off-diagonal blocks are upper or lower

triangular. Such matrices are of great importance in mumerical analysis and K I (@] e O

physics, and to obtain general properties i3 of great utility. The blocks of I K I O

the inverse matrix of a block tridiagonal matrix can be factored in terms of

two sets of matrices[IT], and decay rates of their matrix elements have been M = O 0 (35)
mvestizgated|Td]. While the spectral properties of tridiagonal matrices have

been under study for a long time, those of tridiagonal block matrices are at a @) @) I K I

very initial stage[lf]. O O O I K

What about determinants? A paper by El-MikkawvEl on determinants of
tridiagonal matrices triggered two interesting gmera}jﬂt.im]s for the evalua- det M = (_1)mn det(Tll) (36)
tion of determinants of block-tridiagonal and general complex block matrices,
respectively by Salkuyeh|15H and Sogabe[IT]. These results encouraged me to
re-cxamine a nice identity that 1 derived in the context of transport [T1]. and

where Ty1 is the upper left block of size n x n in the following matriz T .

Email addresa: 1uca.molinari®mi.infn. it (Luea Guido Molinari). i = [ _1}.:‘ _OI ] [ _IK :j}— ] Cl |: _}K _C)I } (3.7)
Preprint submitted to Elsevier 16 June 2008 . . -K I "
Therefore, T is the matrix I 0 i
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Fibonacci Sequences: Mathematical Model of Blackout Game

Theorem 3.2. Let M be a block tridiagonal matriz as below.

K I 0 O
I K I O
M=|op . . . 0 (3.5)
O 0O I K 1T
0o 0 0 I K > A Generating Matrix of the Fibonacci Sequence
det M = (—1)™ det(Ty;) (3.6)
where Tyq is the upper left block of size n x n in the followirlg matriz T.
o l-l7d] e
m 111 Sum of absolute values of coefficients
m=1|-K 1
m=2|K*-1I 1+ |-1=2
m=3|-K"+2K |—1|+2=3
m=4|K*—3K? 41 1 4] =841 =5
m=>5|-K”+4K" — 3K | —1|+4+[-3]=8
m=06| K°-5K*+6K*—-1 1+|=5[+6+|-1=13
m=7|-K"+6K>— 10K+ 4K |—1|+6+|—-10]+4=21
m=8| K® ~7K:16K*— 10K+ I [1+]|=7+154|-10|+1=34
TABLE 1. The upper left block of T', 1.e. T13
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Fibonacci Sequences: Mathematical Model of Blackout Game

m T11 Sum of absolute values of coefficients
m=1|-K 1
m=2|K>—-1 1+]-1[=2
m=3| —K3 42K |3 12=8
m=4|K*—3KZ+1 14]=8]41=5
m=5|-K°+4K3-3K | —1]+44+]-3]=8
m=06| K° —5K"+6K%—1 14+]-5]+6+[—1]=13
m=7| —K' +6K°—10K°>+4K [—1[+6+[—10[+4=21
m=8| K°— 7K+ — 10K+ 1 [1+]|=7+15¢]—10[+1=34
TadiE T, The Gope e BoEal T, 1.6 T - — ——
d 1 0 0 o 0o 0 0 0 0. 1
g -1 B o B B @ B B - k
=3 @& T W G H ® T 6 s k2
g 2 @ =1 @ O u '§ o - k3
1. @ =4 @ 1 o 0 8 B - k4
B =3 0 4 0 =1 0 4 O k5
A % B & =5 8 1 1B B . k5
0 4 0 -1 0 6 0 -1 0 - k"
i @ =0 & g § <F B i - kB
= 7 -
—k
k2 —1
2k — k3
—3k2 + k41
v = 3k 4K® _ S
We can assign an interpretation of the Riordan matrix to find the generating sequences. |- 1:7
—10R% 3 15K —TFP 4 kB 41
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Fibonacci Sequences: Mathematical Model of Blackout Game

[ 0 0 0 0 0 0 2 I 7
A-sequences(in Riordan array) from two generating functions | 0 0 0
AN U I U B 8 W
I 0 2 0O -4 o 0 @9 ¥ 0
£ 1 0 -3 0 1 0 0 0 0
-1 0 6 0O -5 0 1 0 0
0 4 0 —16 B 6 0 -1 0
1 0 —-10 0 e 0 —F 0 1

1 1 1

1+221_k(11§2) i l—f—32+kz'

s =1-kz+ (K2 —1)22 + 2k — ¥*) 2% + (K* — 3k% + 1) 24
+ (48> — 3k —k°) 2° +--- .

: General polynomial to get of the Ty;.
Cuzzoun
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6x6 Block: Mathematical Model of Blackout Game

0

12 |13 |14 |15 |16 |17 |18 |19 |20 |21 |22 (23 (24 ] & ]
o] o

o J o o [ o |
] i

1234

=18l-]- = [8- [8- |- ||~
B CBEE 8 SRRE

[ 00 0]

1 in the determinant table of the tridiagonal matrix?
B o I | o [
7o 0o (00 ]0]
18

20| o I o]
2

23] o]o]o
24 | 2

B

Why it shows the pattern

i n

© i i il e
iR T P | I | [RS8

A el

*Determinant : 0

*Determinant is not zero

B — — W ol B —

*Determinant : 0 [Patttern 2]
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6x6 Block: Mathematical Model of Blackout Game

[Pattern 1] Theorem Let A7, be a principal minor submatrix of /A" which size is t <t
¢y PE o PHLEIDAal QIO S HD IS
Then det(A7,,) will be determined as followings.
det(ffm) =1

det(Zs)=1—1=0

det(A7, ) =det(A(,_ ) —det(A],_,) (t =3)

The result about the determinants of K

t Adet(K)] ¢t det(K)| ¢ det (LK) t det(K)| ¢t det(K)| ¢t det ()
1 1 10 -1 19 1 28 -1 37 1 46 -1

2 g 11 0 20 0 29 0 38 0 47 0

3 -1 12 1 21 -1 30 1 39 -1 48 1

4 -1 13 1 22 -1 Kyl 1 40 -1 49 1

5 g 14 0 23 0 32 0 41 0 50 0

6 1 15 -1 24 1 33 -1 42 1 51 -1

7 16 -1 25 1 34 -1 43 1 52 -1

4 17 0 26 0 35 0 44 0 53 0

b -1 18 1 27 -1 36 1 45 -1 54 1
|—> Repeat this numbers: A010892 in http://www.research.att.com/njas/sequences/

6’*"-7.1-'-11'[:" grm |
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