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Social Problems: Apportionment(Politics)

Apportionment is the process of allocating political power among a set of
principles (or defined constituencies). In most representative governments,
political power has most recently been apportioned among constituencies
based on population, but there is a long history of different approaches.

The United States Constitution, however, apportions political power differently
between its upper house, the Senate, and its lower house, the House of
Representatives. Within the Senate, each state is represented by two seats, the
result of compromise when the constitution was written. Seats in the US House
of Representatives (the House) are apportioned among the states based on the
relative population of each state in the total population of the union. The
states then create districts from which representatives will be elected to serve
in the US House of Representatives. The ideal is that each district would have
an equal amount of population. States can lose or gain seats at each
decennial census. Districts must be redrawn within each state after each
census to reflect population changes.
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Apportionment System: Mathematical Approaches

Apportionment is also applied in party-list proportional representation elections to distribute seats between
different parties once they've won a particular percentage of the vote. Current philosophy is that each person's
vote should carry the same weight in legislative bodies that are derived from population.

There are many different mathematical schemes for calculating apportionment, which can produce different
results in terms of seats for the relevant party or sector. Additionally, all methods are subject to one or more
anomalies.

P(A) : Total voting of the party A P(B) : Total voting of the party B

M : parliamentary seats of the party A n : parliamentary seats of the party B

P(4) _ P(B)

-Dm 1

: party A with vote total P(A) is entitled to its mth seat.

2| By the function f, we can make many models to the apportionment system.
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Apportionment System: Hamilton's Method

The apportionment method suggested by Alexander Hamilton was approved by Congress in 1791, but was
subsequently vetoed by president Washington - in the very first exercise of the veto power by President of the

United States. Hamilton's method was adopted by the US Congress in 1852 and was in use through 1911 when
it was replaced by Webster's method.

» Compute the divisor D = (Total population)/(Number of seats)

* Find and round down state quotas {(State population)/D}. The leftover fractional parts add up to a
whole number of seats.

« Distribute the surplus seats, one per state, starting with the largest leftover fractional part, then
proceeding to the next largest, and so on, until all the surplus seats have been dealt with.

P(A) : Total voting of the party A P(B) : Total voting of the party B

M : parliamentary seats of the party A n : parliamentary seats of the party B

PUA) _ P(B)

m)  f(n)

: party A with vote total P(A) is entitled to its mth seat.

f(x) set to Q-x (Q is a fixed amount called a quota).
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Excel Implementations: Hamilton's Method
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Stable Situation : A Fair Distribution
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One seat remains : Need a fair distribution.
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Excel Implementations: Hamilton's Method

Z o445 10
= ol 10000
274l 1000
A9 A9 QS Z M4
AY A 5000 5
249 B 3000 3
A9 C 2000 2 L)
[ 1: QFE] gA5aiA ]

Stable Situation : A Fair Distribution

PU) _ P(B)
f(n)

. party A with vote total P(A) is entitled to its mth seat.

m)

f(x) set to Q-x (Q is a fixed amount called a quota).

[« B c | b | E L F L/ } L H
1 3o 10

. 3 | gyl 100

Population Changes 1

5 o4 B RO B HR : x
6 A 524 5.24 5 0.24 3 0 5
7 B 329 3.29 3 0.29 2 0 3
8 C 147 147 1 0.47 1 1 2
9 FFE 1000 YA [ 9 | o453 | 1 |

Compare the fraction area, check the rank and assign. (Hamilton Method)
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Excel Implementations: Hamilton's Method and its applications

|4 B c D | E I G L H
1 ZoNs 23
2 FAR%E 1000
3 oI | 434782609
£t
5 IR IR + % =
6 A 524 12052 12 0052 3 0 12
7 B 329 7.567 7 0.567 1 1 8
8 C 147 3381 3 0381 % 0 3
9 U+ 1000  YaE3E | 2 ajas 1 3
10 SARTHo 1
A = O = A O - O B O - O o -
| e 8 - 3 1 | _
13 9 5 3 1 _
14 10 5 3 2
15 1 6 4 1 P (A) | P (B )
16 12 6 4 2 > _
o s e m)” f(n)
18 14 7 5 2 _ _
19 15 8 5 2
o0 16 9 5 5 : party A with vote total P(A) is entitled to its mth seat.
21 17 9 6 2 ' '
E 18 ? ° 3 f(x) set to Q-x (Q is a fixed amount called a quota).
Il 19 10 6 3 : _ _
24 20 10 7 3
5 21 11 7 3
2% 22 12 7 3
27 23 12 8 3

2| By the amount of parliamentary seats, we can observe the assignment of seats I
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Apportionment System: Hamilton's Method

P(A) : Total voting of the party A P(B) : Total voting of the party B

M : parliamentary seats of the party A n : parliamentary seats of the party B

P(4) _ P(B)
{ f0m)  f(n)

: party A with vote total P(A) is entitled to its mth seat.

f(x) set to Q-x (Q is a fixed amount called a quota).

State Population |Standard | Lower © Leflover Surplus Final

A 85 28 2 R 1¢2) 3

EB 270 8.63 g .63 g

5 85 285 5 ke 1¢3) 3

D 194 a.20 o] 20 o]

£ 86 2.75 2 S 1l . . . .

& http://www.cut-the-knot.org/Curriculum/SocialScience/AHamilton.shtml

Totals 720 23 20 3.00 ol 23

Number of states | s 2] Number of seats | 222 6"‘6‘ E E" EI'I g!..l_.ll.
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Apportionment System: Webster's Method

Daniel Webster proposed his apportionment method in 1832. It was adopted by the Congress in 1842, and then
replaced by Alexander Hamilton's in 1852. It was again adopted in 1901 and reconfirmed in 1911. Finally, it was
replaced by Huntington-Hill's method in 1941.

» Compute the divisor D = (Total population)/(Number of seats)
* Modify D by an amount d, that could be negative, such that when state allocations
{(State population)/(D + d)} are rounded in the customary manner, they add up to the exact number

of seats.
P(A) : Total voting of the party A P(B) : Total voting of the party B
m : parliamentary seats of the party A n : parliamentary seats of the party B

P(4) _ P(B)
fom)  f(n)

: party A with vote total P(A) is entitled to its mth seat.

—>| f(x) set to the arithmetic mean of x and x+1 (the Webster method or method of major fractions).
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Apportionment System: Webster's Method

P(A) : Total voting of the party A P(B) : Total voting of the party B
M : parliamentary seats of the party A n : parliamentary seats of the party B

P(4) _ P(B)

m)  f(n)

: party A with vote total P(A) is entitled to its mth seat.

f(x) set to the arithmetic mean of x and x+1 (the Webster method or method of major fractions).

State Population | Standard O Lower & Modified O | Rounded O
A 85 2.4 2 4.46 4
B 160 3.98 3 .40 &
- 39 G7 % 2.05 2
D 18 45 0 A d
E 205 5.10 3 1077 11
i 213 5.29 5 1119 11
& 279 6.94 o] 14.65 15
H 248 a.ld 4 13.05 .
I 161 200 g 205 http://www.cut-the-knot.org/Curriculum/SocialScience/Webster.shtml
Totals 1408 35 31 73.95 73 Ad o
Number of states |_9ﬁ| Number of seats mﬁ Divisor mﬁl 6 o E E EH _!. "_'II'
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Apportionment System: Webster's Method

Votes

Percentage of votes
Seat 1

Seat 2

Seat3

Seat 4

Seat 5

Seat 6

Seat 7

Total Seats
Percentage of seats

Daniel Webster proposed his apportionment method in 1832. It was adopted by the Congress in 1842, and then
replaced by Alexander Hamilton's in 1852. It was again adopted in 1901 and reconfirmed in 1911. Finally, it was
replaced by Huntington-Hill's method in 1941.

» Compute the divisor D = (Total population)/(Number of seats)

* Modify D by an amount d, that could be negative, such that when state allocations
{(State population)/(D + d)} are rounded in the customary manner, they add up to the exact number
of seats.

The Sainte-Lagué method of the highest average (equivalent to Webster's method or divisor method with
standard rounding) is one way of allocating seats proportionally for representative assemblies with party list
voting systems. It is named after French mathematician André Sainte-Lagué. The Sainte-Lagué method is closely
related to the D'Hondt method, although without the latter's favoritism for larger parties.

The Sainte-Lagué method is used in New Zealand, Norway, Sweden, Bosnia and Herzegovina, Latvia, Kosovo,
and Germany (on federal level for the Bundestag, on state level for the legislatures of Baden-Wiirttemberg,
Hamburg, and Bremen). It was also used in Bolivia in 1993, in Poland in 2001, and in the elections to the
Palestinian Legislative Council in 2006. Modified version of this method was also used to allocate the
Proportional Representation (PR) seats in the Constituent Assembly poll of Nepal in 2008.

Party A Party B Party C Party D Party E
340,000 280,000 160,000 60,000 15.000
39.8% 32.7% 18.7% 7.0% 1.8%

340.000 280,000 160.000 50,000 15.000
113,333 280.000 160,000 60.000 15,000
113,333 93.333 160,000 60.000 15.000
113.333 93.333 53,333 60,000 15.000
68,000 83,333 53333 60.000 15,000
65.000 56,000 53,333 60,000 15,000
48.571 56,000 53,333 &60.000 15.000
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Apportionment System: Huntington-Hill's Method

Huntington-Hill's method is the current method of seat apportionment used by the US Congress. It has been
signed in law by President Roosevelt on November 15, 1941.

» Compute the divisor D = (Total population)/(Number of seats)

» Modify D by an amount d, that could be negative, such that when state allocations {(State
population)/(D + d)} are rounded according to the method of equal proportions, they add up to the
exact number of seats.

P(A) : Total voting of the party A P(B) : Total voting of the party B

M parliamentary seats of the party A n : parliamentary seats of the party B

P(4) _ P(B)

D~ 1

: party A with vote total P(A) is entitled to its mth seat.

f(x) set to the geometric mean of x and x+1 (the Huntington-Hill method or method of equal proportions)
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Apportionment System: Huntington-Hill's Method

P(A) : Total voting of the party A P(B) : Total voting of the party B

M : parliamentary seats of the party A n - parliamentary seats of the party B
P(4) _ P(B)
fym)  f(n)

: party A with vote total P(A) is entitled to its mth seat.

f(x) set to the geometric mean of x and x+1 (the Huntington-Hill method or method of equal proportions)

Steife Population | Standard O Lower Modified 0 | Rounded O

A 86 2.461 b7 4,49 5

B 278 8.18 & 14.08 14

& 85 288 2 4.43 4

D 205 6.21 6 10.69 11

E 113 3.42 3 5.89 &

http://www.cut-the-knot.org/Curriculum/SocialScience/HH.shtml

Totals 759 23 21 39.59 20 |

Number of states [ 5=

Number of seats | 232

Divisor [ 19172
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Apportionment System: Huntington-Hill's Method

Huntington-Hill's method is the current method of seat apportionment used by the US Congress. It has been
signed in law by President Roosevelt on November 15, 1941.

» Compute the divisor D = (Total population)/(Number of seats)

» Modify D by an amount d, that could be negative, such that when state allocations {(State
population)/(D + d)} are rounded according to the method of equal proportions, they add up to the
exact number of seats.

The United States House of Representatives uses this method of apportionment to assign the number of
representative seats to each state.
The method is credited to Edward Vermilye Huntington and Joseph Adna Hill.

g, WEST MIDWEST NORTHEAST
" REGION REGION REGION

U.S. Census Bureau, Census 2000 and earlier censuses; and 1990 and earlier
censuses also published in 1990 CPH-2-1, Population and Housing Unit Counts,

T
HI 25 .
: P United States
Change from 1990 to 2000 s Census Region Boundary
I State daining 2 seats in the House )
D State gaining 1 seat in tha House Mate: Mumbers repreasent rEapDGlTlOnEd

Mo change totals of U.S, representatives,
State losing 1 seat in the House . A EH al_
E State losing 2 seats in the House Total L5, representatives: 435 6 o ;. m. — _“I
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Apportionment System: D'Hondt Method(Jefferson Method)

The d'Hondt method (mathematically but not operationally equivalent to Jefferson's method, and Bader-Ofer
method) is a highest averages method for allocating seats in party-list proportional representation. The
method is named after Belgian mathematician Victor d'Hondt. This system is less proportional than the other
popular divisor method, Sainte-Lagué, because d'Hondt slightly favors large parties and coalitions over scattered
small parties.

Legislatures using this system include those of Albania, Argentina, Austria, Belgium, Brazil, Bulgaria, Chile,
Colombia, Croatia, Czech Republic, Denmark, East Timor, Ecuador, Estonia, Finland, Hungary, Iceland, Israel,
Japan, Republic of Macedonia, Republic of Moldova, Montenegro, the Netherlands, Northern Ireland,
Paraguay, Poland, Portugal, Romania, Scotland, Serbia, Slovenia, Spain, Turkey, Venezuela and Wales.

The system has also been used in Northern Ireland to allocate the ministerial positions in the Northern Ireland
Executive, for the 'top-up' seats in the London Assembly, in some countries during elections to the European
Parliament, and during the 1997 Constitution-era for allocating party-list parliamentary seats in Thailand.[2] A
modified form was used for elections in the Australian Capital Territory Legislative Assembly but abandoned in
favour of the Hare-Clark system. The system is also used in practice for the allocation between political groups
of a large number of posts (Vice Presidents, committee chairmen and vice-chairmen, delegation chairmen and
vice-chairmen) in the European Parliament.

P(A) : Total voting of the party A P(B) : Total voting of the party B

M : parliamentary seats of the party A n : parliamentary seats of the party B
P(4) _ P(B)
fm)  f(n)

: party A with vote total P(A) is entitled to its mth seat.
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Idea

In 1982 two mathematicians, Michel Balinski and Peyton Young, proved that any method of apportionment will
result in paradoxes whenever there are three or more parties (or states, regions, etc.). More precisely, their
theorem states that there is no apportionment system that has the following properties (as the example we take
the division of seats between parties in a system of proportional representation):

« It follows the quota rule: Each of the parties gets one of the two numbers closest to its fair share of
seats (if the party's fair share is 7.34 seats, it gets either 7 or 8).

« It does not have the Alabama paradox: If the total number of seats is increased, no party's number of
seats decreases.

« It does not have the population paradox: If one party gets more votes, whereas the other parties retain
the same number of votes, that party does not get fewer seats.
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Apporti 1I: Apporti Systems
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1. Apportionment Systems

The methods below go under a surprisingly large number of names,
partly because the methods were independently discovered for a
variety of reasons. Here is a table of equivalency for these names.

Hamilton's Method

Hamilton's method (for AP) conceptually starts by relaxing the
requirement that the number of seats assigned to each s!:ateé
integer and looking at what the exact quota that each state i . .
entitled to would be. This exact quota q; for state i can be con .

entifled to would be. This exact quota o for state T an be <ot ttp://www.ams.org/featurecolumn/archive/apportionlIl.htmi
different perspective. In the first instance, we can think of st
share as the percent of the population state i has times the number
of seats available. In the second instance one computes the number

of people per seat (P/h) (i.e. the size of an ideal district) and divides
this into the population of state i, to see its share
. ; o AR U CHEHD
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