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ADbstract

We investigate linear operators which map
certain types of tournaments to themselves.
To this end we also characterize term rank-
1 preservers on the set of matrices whose
associated digraphs are simple loopless di-
rected graphs, and find that this set of
operators is more diverse than might be
expected.



Preliminaries

Definition 1.1 A binary Boolean semiring,
B, is the set {0,1} with the operations:

0+0=0 0-0=0
O+1=14+0=1 0-1=1-0=

1+1=1 1-1=1.
(1)

We will not use the term “binary” in the
sequel since in this paper we consider only
binary Boolean semirings. We will say that
the arithmetic on the set {0, 1} is Boolean
if it satisfies the conditions (1).

The union of two digraphs on the same set
of vertices corresponds to the sum of the
two adjacency matrices if the arithmetic
used is Boolean.



Let M, (B) denote the set of all n x n
Boolean matrices. Let M, (B)(O) be the
set of all n x n Boolean matrices with zero
diagonal. We let E;; denote the matrix
with a “1" in the (4,5) entry and zero
elsewhere. We call such a matrix a cell.
A line of a matrix is a row or column of
that matrix, and a line matrix is a matrix
that has all its nonzero entries in one line.

We denote CZ-(O) = > Ey;, RO = > Ej.
=i £
The matrix I, is the n x n identity ma-

trix, Jn is the n x n matrix of all ones, Oy,
iIs the n x n zero matrix. We omit the
subscripts when the order is obvious from
the context and we write I, J, and O, re-
spectively. We let |A| denote the number
of nonzero entries in the matrix A. For

a=(i1,...,%r), B=(j1,...,7s), we denote
by Ala|B] the r x s-submatrix of A which
lies in the intersection of the z1,...,%-th

rows and j1,...,7s-th columns.



Definition 1.2 A matrix A is said to dom-
inate or majorize the matrix B, written
A>BorB<A, l'fbi,j = 0 implies a; j = 0.

Definition 1.3 If A and B are matrices
and A > B we let A\B denote the matrix
C' where

L _ | o ifp;#o0
“J ) a;; oOtherwise

We denote K = J\ I.

Definition 1.4 A nonempty setV is a Boolean
semimodule if it is closed under addition,
OeV, v4+v=v, 1-v=v-1=v, and
O-v=v-0=0 forallvelV.

Thus Mn(B) and M,(B)(O) are Boolean
semimodules.

Definition 1.5 We say a mapping 1" be-
tween two Boolean semimodules is linear



if T(ax+By) = oT(x)+ BT (y) for any two
elements x,y of the semimodule and any
o, 3 € B.

Remark 1.6 Since the only scalars in B
are O and 1, the linearity of T' is equivalent
to the following: T is additive and T'(0) =
0.

Definition 1.7 A linear operator is said to
be nonsingular if T'(x) = 0 if and only if
x = 0.

Definition 1.8 We say that an operator,
T : Mp(B) - M,(B), preserves (strongly
preserves) a set X if for a matrix A € X
the matrix T(A) is also in X (A € X if and
only if T(A) € X).

Let us introduce the following two types of
operators on M, »n(B) which will be useful
in the subsequent discussion.



Definition 1.9 An operatorT : My n(B) —
Mmn(B) is called a (U, V)-operator if there
exist matrices U and V of appropriate or-
ders such that T(X) = UXV for all X €
Mmn(B), or, ifm=mn, T(X) =UX'V for
all X € Mpmn(B), where Xt denotes the
transpose of X.

Definition 1.10 An operator T is called a
(P, Q)-operator if there exist permutation
matrices P and ) such that T(X) = PXQ
for all X € Mn(B), or T(X) = PX!'Q for
all X € Mu(B).



Term Rank-1 Preservers

Recall that M, (B)(0) is the set of all nxn-

matrices with zero diagonal, K = J \ I,
0 0
CZ-( )= v Ep R§ )= % IR
1% 1%

Definition 2.11 The matrix A € My(B)
is said to be of term-rank k (t(A) = k) if
the least number of lines (rows or columns)
needed to include all nonzero elements of A
is equal to k. The term-rank of a digraph
is the term-rank of the adjacency matrix
of this digraph.

Lemma 2.12 Let K C My, (B) be a semi-
module, T : KK — KC be a surjective additive
operator. Then T(O) = O and T is linear.

Proof. Since T is surjective there is some
X with T(X) = O. Since O < X, T(0O) <
T(X)=0. Thus T(O) = O.



By Remark 1.6, T is linear. "

Lemma 2.13 LetT : Mn(B)(O) = M, (B)(O)
be an additive operator with T(O) = O
that preserves term rank-1. Then T(A) #

O for all nonzero A € Mu(B)(0).

Proof. Let A be a nonzero matrix in
/\/ln(B)(O), then A = 3 q;;E;; for some
17 ]

a;; € B. Since T preserves term rank-1,
T(E; ;) is nonzero for each i and j. The
result now follows by the linearity of T'. «

Remark 2.14 Next we define a special type
of transformation which we will use in the
sequel. This type of transformation shows
that the class of operators which preserve
term rank-1 on Mup(B)(O) is more diverse
than it might be expected.



Definition 2.15 For the fixed indices i, p, s, r, u,
t = p, rF*Fu s Fr and s = u, a lin-
ear transformation =;, ¢ .. @ Mn(B)(0) —
Mn(B)O) js defined as follows:

e for any a,b such that a ¢ {i,p}, b ¢
{a,i,p} the image =, s ru(Eqyp) IS an

arbitrary nonzero matrix dominated by
(0)
S

’

o = psru(lip) IS an arbitrary nonzero

matrix dominated by Rq(ao),

o = psru(Ep;) IS an arbitrary nonzero
matrix dominated by R&O),

o :i7p787r7U(E’i,x) — :’I:’p’S,’r’,’U,(ExJ?) — ET’SI
for any x & {i,p},

® :’l:)pasy'r,’U,(Ex,’l:) — :i,p,S,T,U(Ep,fL’) — E’U,,S
for any x ¢ {i,p}.



On the other matrices =; ,, s r,, IS defined
by linearity.

Namely, for fixed ¢,p,s,r,u with ¢+ = p we
fix a column, C§O), and two different rows,

7§0) and RQ(,JO) in the image. Then =; ,, 5,
maps all cells which are not in the :'th
and p'th rows and not in the 'th and p'th
columns to the chosen column CS(O) in an
arbitrary but nonzero way. The matrix E,;

IS mapped to the chosen row R&O) in an
arbitrary nonzero way, and the matrix E; p

IS mapped to Rﬁo) in an arbitrary nonzero
way.

The other cells from the i'th row and p’'th
column are mapped to Ers, and the other
cells from the ’'th column and p'th row
are mapped to Eys. We write = without
indices if this does not lead to any misun-
derstanding.



We note that =; ,, 5, Preserves term rank-
1, since the image of any term rank one
matrix dominated by row x # ¢,p is domi-
nated by column s; the image of a term
rank one matrix dominated by row = is
dominated by row r; and the image of any
term rank one matrix dominated by row p
iIs dominated by row u. In each case the
term rank of the image is one. Similarly
any term rank one matrix dominated by a
column has term rank one.

Note that many of the transformations from
Definition 2.15 are non-standard, i.e., they
can not be extended to a transformation
on the set of all matrices in such a way
that it becomes either a (U, V)-operator
where U has no more than one non-zero
entry in each column and V has no more
than one non-zero entry in each row, or a
(P, Q)-operator. The reason is that both
these (U,V) and (P, Q)-operators preserve
term rank-1 on M, (B).



However, in spite of the fact that it can be
easily seen that = preserves term rank-1
on Mp(B)(®) no extension of the trans-
formation defined on the whole matrix
algebra, M, (B), preserves term rank-1.

Let us consider some examples of such
transformations.



Example 2.16 Suppose n = 3. Let us
consider the transformation =1 2513 de-
fined by:

0 a b 0 b+ f a|
c O d|— 1|0 O O |.
e f O] ¢ d+e 0

For this operator, there is no way to as-
sign the image of Eq 1 to extend this oper-
ator to one on M3(B) that preserves term
rank-1, since if there were, the image of
FE11 would have to be in both row one
and row three.



Now, supposen = 4. We consider =1 4513
defined as follows:

O ai12 a13 ais
a1 0 ap3 apg
az1 a3z2 0 azg
| ag1 aap as3 O |

O aio+a13+ax3z+azatazs 0 a1a

0 0 O O

O ap1+a31+a3z2+ag3+az2 0 ag
0 0 0 0

Here, as in the example in case n = 3,
considering the possible images of Fq 1,
it is easily seen that no extension of this
transformation will preserve term rank-1
on My(B) since the image of E1 1 would
have to be in the intersection of rows 1
and 3.




In general, if we define =1 , 21,3 such that
Ein — Ei1p,BEn1 — E3p, B1 — E12 fOr
2<z<n-—-1, Ezpn — k1o for 2 <z <
n—1and Eyy — B3 for 2 <u < n,1 <
v<n-—1,u #=v, and (u,v) # (n,1), then
no assignment of the image of Eq 1 will
produce a linear operator on My(B) that
preserves term rank-1, since the image of
FE41.1 would have to be in the intersection
of rows 1 and 3.



Lemma 2.17 LetT : Mp(B)(O) — M, (B)(O)
be an additive operator, n > 3, T(O) = O.

If T preserves term rank-1 then one of the
following possibilities hold:

(i) T maps all rows to rows and all columns
to columns;

(ii) T  maps all rows to columns and all
columns to rows;

(iii) there exist indices i,p,s,r,u such that
T(X) = Zipsru(X) for all X € Mn(B)®
or T(X) = (Zipsru(X)) forall X € Mn(B)(0);

(iv) there exist indices r,s such that T(K) <
e 4 7O

Proof. Let 1T be an additive term rank-
1 preserver. Then T sends each line of a
matrix into a line, since otherwise the im-
age of a term rank-1 matrix has the term



rank grater than or equal to 2. Let us as-
sume now that the cases (i), (ii), (iv) of
Lemma 2.17 are not satisfied. Note that
in this case n > 3.

Up to a permutations of rows and columns,
we may assume that T(Rgo)) < R&O),

T(Réo)) < CS(O), i.e., the 1-st row is trans-
formed to the 1-st row, and the 2-nd row is
transformed to the s-th column. Thus for
any j > 3 we have that T(E ;) < Rgo) and

T(E> ;) < C§O). Hence, either T(C](O)) <
R{® or T(c?) < 9.

We consider the following 4 cases now:

Case 1. At least two of the columns Céo), e Cf,(LO)
are transformed to Rgo) and at least two

of them are transformed to c§°>. Without
loss of generality we assume that T(Céo)) <

R, 7(c{?) < BRY and T(c{?) < ¢,



T(Céo)) < c§°>. We are going to show
that case (iv) holds. Indeed, it remains
to check that C§O) and Céo) are majorized
by Rgo) -+ c§0>. Let us show that for any
i > 2 T(E;1) < R +cl® For any
7 > 3 we have that either j %= 3 or 53 #+= 4.
Without loss of generality we assume that
j # 3. Let us denote T(Ey1) = Ers,
T(E;3) = By Hence T(E;1) < R\ +
c$® and T(E;1) < R{® + {9, which im-
plies T(E;1) < Rgo) -+ Cgo). Similar con-
siderations with Ej 5, F1 2, and E;5 OF Ej g
show that T(E») < R\® + c{® for any
[ > 3, i.e., any cell is dominated by the
1-st row and s-th column.

Case 2. The transformation 7' maps all
except one of the columns C’éo),..., 720)

to Rgo) and the remaining column to C,go).
Without loss of generality we assume that
T(ngo)) < CS(O). Similar to Case 1 we



get that T'(E; ;) < R(O) + Cgo) for all ¢ =
1,...,n—1,57=1,...,n and either T(R(O)) <
R( ) , which leads to (|v) or T(R(O)) < C (O)
for some t. In the last case if t = s, then
we obtain (iv) again, so it remains to con-
sider the case s # t.

Since T(R(O)) < C(O) and T(C](O)) < Rgo)
for all 3 < j < n, it follows that T'(E5 ;) <
Epsfor3<j<n-—1.

Now since E» 1 and E, 1 are both from the
1-st column we get from T(E3 1) < C(O),
T(E,1) < C t(o), and s # t that there is

some k such that T(Es 1)+T(E, 1) < R,go).
If there is some E;;, i,7 > 3, such that
T(E;;) < R\® and T(E; ;) £ E1, then it
IS easy to see, that £k = 1. Otherwise, it
follows that T'(E; ;) < C(O) for all s and j >

1, which implies that T'(E; ;) are majorized
by R(O) or C(O), i.e., the case (iv).



So, we getthat T(E> 1) = E7 5 and T(C%O)) <
Rgo), and we have proved that the images

of all cells, except for the cells from 2-nd
column, are dominated by R§O> —+ CS(O).

et us consider the image of C§O> now. Ifit

IS a row, then it is dominated by Rgo), and
we are in the case (iv) again. Otherwise
7y < 9. Thus T(R?) < R{Y for
all i = 3,...,n— 1, and therefore T'(X) =
(Z2.m.1.54(X))t so we get the case (iii).

Case 3. The transformation T° maps all
except one of the columns C:go),..., 7SO)

to c§0> and the remaining column to Rgo).
By applying the transposition operator we
get Case 2.

Case 4. The transformation 7" maps all
of the columns Céo), .. .,C7§O) to R§O> or all

columns to Cgo).



Without loss of generality we consider only
the case, when T maps all of the columns
C:go), e 7(10) to Rgo). If T transforms Céo)
to a row, then it is necessarily Rgo). Then
C%O) iIs mapped to R&O) —|—C§O) as well, and
case (iv) holds.

Thus we may assume that T(Céo)) iS ma-
jorized by some column, say Ct(o).

If t = s, we are in the case (iv) again. So,
assume that s = ¢. Then T(Rfo)) < Rgo) +
Ct(o) for all : = 3,...,n, and there is a row
which is not mapped to Rgo). It follows
now that T(Cgo)) is a row, and after a

transposition we are in conditions of Cases
1 or 2, which concludes the proof. .

Theorem 2.18 LetT : M, (B)(O) = M, (B)(O)
be an additive operator, n > 3, T(0) = 0.
Then, T preserves term rank-1 if and only



it T is one of the operators listed below or
a composition of some of them

1. a (U, V)-operator, where U has no more
than one non-zero element in each col-
umn andV has no more than one non-
zero element in each row;

2. there exist indices i,p,s,r,u such that
T(X) == psru(X) forall X € Mup(B)(O)

or T(X) = (Zipsru(X))t for all X €
My (B)(©);

3. for some i, T(X) < Rgo) for all X €

4. for some j, T(X) < C](O) for all X €



5. there exist indices i,j3,k,l with i %= 3
and k # | such that T(R\®) < R(9,
T(C?) < ¢f% and T(E.y) = By, for
all x =1+ and y # 3, or

6. there exist indices 1,3,k,l with 1 #= 3
and k # | such that T(R\®) < ¢,

7(C?) < R{®) and T(E.y) = By, for
all x =1 and y # 3.

Proof. Note that T'(X) = O if and only
if X = O since T preserves term rank-1.

We first show that if (¢), or (#7) in Lemma 2.

holds then T is (U, V)-operator.

Indeed, up to a transposition transforma-
tion we may assume that (¢) holds. Since
rows are transformed to rows and columns
to columns, T induces the actions on the
sets of rows and columns, correspondingly.

17



Let us denote by m, ™ the mappings on

the set {1,...,n} such that T(R{”) < R,

and T(C](O)) < Cg()j), correspondingly. Since
each cell is dominated by exactly one row
and exactly one column it follows that T'(E; ;) =
B () mo(j)- Thus there exist matrices U
and V with u;; = 1 iff m:(¢) = j and
v; ; = 1 iff me(5) = 7 such that T'(E; ;) =
UE; ;V. It follows from the additivity of T
that T(X) = UXV for all X € Mn(B)(O),

i.,e., T is a (U,V)-operator.

Now, U has no more than one non-zero
entry in each column and V has no more
than one non-zero entry in each row, since
any cell is mapped to a cell by above.

If (i4i) holds in Lemma 2.17 then (2) holds
in this theorem. Assume that (iv) holds in
Lemma 2.17. Then there are three possi-
bilities: for some 4, T(X) < R{Y for all X ¢

Mp(B)O): for some j, T(X) < Cl(o) for all



X € Mp(B)O): or T maps some cells into
row k not column [ and some cells into col-
umnlnotrow kand T(X) < R(O)—I—C(O) for
all X € M,(B)(O) Suppose that T(EZ g) =
Ey, and T(E; ;) = E,; where r = [ and
qg 7= k. Now, both Ez',j"_Ei,s and Ei,j_l_Et,j
are term rank-1, thus T'(E; ;) is in the in-
tersection of row k£ and column [, that
IS T(EZ,]) = Ek,l' Then, T(R(O)) < R(O)
and T(C](O)) < Cl(o). Now consider T'(Ez )
with z = ¢ and y # j. Since E; , + Egy
and E; ; + Egzy are term rank-1, T(Eqxy)
must lie in the intersection of row k£ and
column [, that is T(Ezy) = Ej ;. Thatis

(5) holds. The case T(Rgo)) < Cl(o) and
T(C$?) < R yields (6).

Conversely, each of the operators, and hence
compositions of them, preserve term rank-
1. .

Let us consider the cases n = 2,3 sepa-
rately.



Remark 2.19 Note that the fact that Lemma
2.17 is true in case n = 2 is trivial by ex-
amining the few possible cases.

Recall that K = J \ [.

Lemma 2.20 LetT : M3(B)(O) = m3(B)O)
be an additive operator and T(O) = O. If
T preserves term rank-1 then either T is a
(P, PY)-operator, where P is a permutation
matrix or T(A) has a zero row or a zero
column for all A € M3(B)(0),

Proof.  Suppose T(K) has no zero row
or column. We first show that 7' maps
cells to cells. Suppose not, then with-
out loss of generality we may assume that
T(El’g) = E172 + E1’3. Then, since E1,2 +
E1,3 and E172 -+ E3,2 have term rank-1,
T(E173> < Rgo) and T(E3)2) < Rgo) Since
E1 3+ E3 has term rank-1, T'(Ep 3) can-
not have a nonzero entry in column 1.



Since T'(E32) < Rgo), T(E3.1) cannot have
a nonzero entry in column 1. Thus T'(E> 1)
must have a nonzero entry in column 1.

If T'(Ep 1) = Eo 1+ E3 1 then we must have
T(E>3) < C§O>, a contradiction.

If T(E271) = E2,1—|—E2’3 then we must have

0
that T(Es3) = Eogz and T(E31) < R(,
so that T'(K) has no nonzero entry in row
3, a contradiction.

If T(EQJ_) = E271, we must have that T(E273) =
E273. Thus T(E3,1) = E2’3, but then T(K)
has no nonzero entry in the third row.

If T(E21) = E31 we get, by similar argu-
ments, that T'(K) has no nonzero entry in

the second row.

Thus T' maps cells to cells.



Suppose that T" is not one-to-one on the
set of cells, then there are two cases: T
maps two collinear cells to the same cell
or T' maps two noncollinear cells to the
same cell.

Suppose that 7' maps two collinear cells
to the same cell. Without loss of general-
ity we may assume that T(E1 2+ F13) =
E4 ». Here there are three possible choices:
T(E23) = E12,E13, or E3o.

If T(Ez3) = E1p then T(E>;) < Rgo) +
c$? and T(Esn) < R +c®. That
is, T(E12+ F13+ Ex1 + Ex3 + E32)
R&O) + Céo). It follows that T(E3 1)
Rgo) N C§O> or else T(K) has a zero row
or column. That is T(E31) = Eop. It
now follows that T'(E32) is a cell in the in-
tersection of the two sets {E7 5, E1 3, E32}
and {EQ’l,E2’3,E3,1}, which is empty, a
contradiction.

<
<



If T(Ez3) = E13 then T(E32) < R§O> +

c{? and T(Es1) < R® 4+ %, 1n this
case we must have that T'(E3 1) = E3 1 or
else T(K) would have a zero row or col-
umn. But then T'(E> 1 + E31) must have
term rank 2, a contradiction.

If T(Ez3) = E32 then T(Ez 1) < R§O> +
i and T(E35) < R 4+ 9. 1n this

case we must have that T(E31) < Rgo)
or else T(K) would have a zero second
row. Since T'(E> 1+ E31) must have term
rank-1, it follows that T'(E> 1) = E31 and
T(E371) = E2,1. But then T(E3,1 -+ E3,2)
must have term rank 2, a contradiction.

If T" maps distinct collinear cells to dis-
tinct cells but a pair of noncollinear cells to
the same cell, then, suppose that T'(E; o+
E> 1) = E1 2. Here we must have T'(E7 3),
T(E2,3), T(E3’1) and T(E372) are domi-

nated by R{? + 9, ie., T(K) < R{Y +
Céo), a contradiction.



If T(E12+E31) = E12then T(E13), T(E32),
and T(E> 1) are all dominated by R&O) -+

Céo). Unless T'(K) has a zero row or col-
umn we must have T(E>3) = E> 1. But
then T'(E> 1) must lie in the intersection
of the two sets {ELQ,E173,E3,2} and
{E271,E273,E3’1}, which is empty, a con-
tradiction.

Thus T does not map a pair of noncollinear
cells to the same cell. It follows that T
IS one-to-one on the set of cells. Thus,
by permuting and perhaps transposing, we
may assume that T'(E;2) = E1 2 and

T(E13) = E13. It is now easily seen that
T is the identity transformation. That is,
T is a (P,Q)-operator where P and @ are
permutation matrices. If Q % P! then T
does not map M3(B) to itself, a contra-
diction. Thus T is a (P, P)-operator.



Corollary 2.21 LetT : Mp(B)(®) — M, (B)(O)
be an additive operator and T(0) = 0. If
T preserves term rank-1 then either T is a
(P, PY)-operator, where P is a permutation
matrix or T(A) has a zero row or a zero

column for all A € M,(B)(O).

Proof. If n = 2, the corollary is trivially
true since then the only transformations
that preserve term rank-1 and such that
T(K) has no zero row or column are the
identity and transpose transformations.

Ifn =3, Lemma 2.20 establishes the corol-
lary.

Now let us consider the case n > 3.

Note that in Theorem 2.18, if T' is of the
form (1) and either U or V is not a per-
mutation matrix then T'(A) has a zero row
or a zero column for any A € M,(B)0),



Indeed, by conditions, the matrices U and
V have no more than one entry 1 in each
column (respectively, row). Thus each of
them has at most n non-zero entries. Hence,
if there is a row (column) with two non-
zero entries, then there is a zero row (col-
umn).

Also if T is of the form (2) then T'(A) has
a zero s-th row or a zero s-th column, re-
spectively, for any A € M, (B)(0).

If T'is of the form (3) with 4 = 5 then T'(A)
has a zero j-th row and a zero -th column,
respectively, for any A & Mn(B)(O).

Note that by antinegativity of B we have
that T (A) has a zero row or a zero col-
umn for all A € Mp(B)(® if and only if
T(K) has a zero row or column. Hence
if n > 3 and if T(K) does not have a
zero row or column, then either: for some



i, T(K) < RO +¢9; or T is a (U,V)-
operator, where U and V are permutation
matrices. If V # U', then T(E; ;) = Ey
for some k and some ¢ #*= 35, a contradic-
tion since the range of 1" does not contain
Ey . If for some i, T(K) < RZ(O)—I—CZ-(O) and
has no zero row or column, then there are
indices (r,s) and (k,l) such that T'(Ers) <
RO\ 9 and T(Ey,) < P\ RD. But
then for T to preserve term rank-1, T(Er,l)
must be E” an impossible case. .



