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Spring 2015, Intro. Linear Algebra Midterm EXam(off line/Flipped Class) Sign
HE2
Course Linear Algebra with Sage GEDBO003 (42) . Prof. Sang-Gu Lee
Solution
Mal Year Student No. N
ajor st st ame
% Notice Score (100)
1. Filout the above boxes before you start this Exam. Efot AHAFof WHEA| 3he 0|5 S 7lelstn Z=x} ol [ Online Oftline
2. HorSr}Code: Al 2EALAAl sl was HEHo| "Fr M2lEH2 E2 A%5E A FRE 2+ U 15 Exam 85
S4ct.
3. You can go out only after the permission from proctors. Z+=2 &2l X|A[7} UAT| Mol TDALE gtoz LpzZh £
glon, ZSeldel EA XAI7F Jlod Hetx|E ZE2 M MES Fol EASHAIZ] HiEfy o)
4. You may use the following <python / Sage codes> in your answers.

var(a, b, ¢, d') # Define variables, B2 | A=random_matrix(QQ,7,7) # 7x HAzsEg Qa4 B0l B M
eq1=3*a+3*b==12 # Define equation1 g2 bool( A== B) # A 9t B 7t Z2X| &olstofet
eq2=5*a+2*b==13 # Define equation2 H9| PLU=ALU() # LUZSH # (P: Permutationd & / LU.&ZH3)
solve(leq1, eq2], a,b) # Solve eq's HEWHA vector([3, 1, 2]) # Define vector HIE{ 9|
var(x, y') # Define variables, 274 9|

A=matrix(QQ, 3, 3, [3,0,0, 0, 0, 2, 0, 3, 4]); # HEYO f = 7#x"2 + 4xxxy + 4xy"2-23 # Define a function ,
A.echelon_form() # Find RREF implicit_plot( f, (x, -10, 10), (y, -10, 10))  # implicit Plot Et-&l
A.inverse() # Find inverse G & plot3d(y~2+1-x*3-x, (%, -pi, pi), (y, -pi, pi)) # 3D Plot
A.det() # Find determinant W& A

A.adjoint() # Find adjoint matrix var('t') # Define variables, (O§7H B 2=27 Al
A.charpoly() # Find SdEEA x=2+2% # Define a parametric eq.
A.eigenvalues() # Find eigenvalues 11574t y=-3*t-2

A.eigenvectors_right() # Find eigenvectors L-3HE | parametric_plot((xy), (t, -10, 10), rgbcolor="red’) # %A Plot
A.rank( # Find rank of A9 A% Ajordan_form() # A< Jordan EF¥ S T3}
A.right_nullity() # Find nullity of A <Sample Sage Linear Algebra codes>
. 2pt x 15= 30pt) True(T) or False(F). Let 4.B8.c<M, , (R) and x.y.b € R".

12 -53 6 14 00 —20 7 12

24 -10 6 12 28} (ags =1 not -1)

p—

.(FT) |00 1 0 7% —6 | is a row echelon form (REF) of A =
00 0 0 —1 2

L(F) If |)\[n *A| 7é 0, then AX= \X always have a non-trivial solution X. (|)\1;1,*A| = 0 not |)\In*A| 7é 0)

24 —56—-5-—-1

.(T) If A, B, C are invertible, then A BC is also an invertible matrix.

2
3
4. ( T ) An upper triangular matrix A is invertible if and only if all of its diagonal elements are nonzero.
5. ( T ) The inverse of a non-singular lower triangular matrix is lower triangular.

6

. (T ) The set S={(1,1,0), (0,1,1), (1,0, 1)} is a basis for R®.

672.:: Cfx ex 621 1 1 11

—2¢F —1e® 2% -2 -1 1 2

7.(T) det o o e T 11
—8e ¥ —le " e"8e™ -8 -118

8. (F) A€M, AadjA = |AI" I, (Aadid =14l 1,)

9. (T) det(AB)=detA det B=detB detA=det(BA)

10. (F) For A€M, ., . X+ tr(4)A+ det(4)=0 holds. (For AS M, , A\ — tr(A)A+ det(4)=0 holds. )

11. ( F ) Cramer's rule solves any system of two linear equations in two variables. (only for nonsingular matrices)

12. ( T ) A linear transformation always maps lines to lines (or to zero).

13. (F) A map T(:z:]7 T, :173) =(2x1+31:2+1, —1;11;2,3:3) is a linear transformation. ( term —x,x, causes a problem)

14, (T ) AFAHLAHAS Z w|, Ax=b = LUX =b where L lower 2Z8Ho]a, U7} upper 4H2t8iEold, Ly = b #H
(forward substitution) 0.2 Ux = y& 71t ¥ (backward substitution) ©.2 Ax =b¢] & x & o}F A 7+ 4= k. 9] aPfe dueEe /M-
2 7Y EROO U&= 71999l 7)1 H(Elementary matrix) 53 ol8shs, E, - E,E, A=U = A=(E, - EE) 'U

oju] BE 7]EYH(Elementary matrix)S°] AZtaEo|H, L& AAL} lower 4zt o]al, = AAY upper 4z H ol

;
=
jincs
e}

n

&~
<
o
=

15. ( F ) (Computer Graphic, Rotation, 3|4%1%h) H&wg 7: R*» R® oA o' = zcosf—ysind , y =zsinf+ycosh ., 2/ =2 = T5al=

’

;L. Z1L" _00.890 Sing 88 (t(_)sﬁ —sinf 00
p=|Y[.0" = |%| 7 Foine wl p'= Rp2 Aolv HAANa Rl tigele WAL [R]=| S0 00 00lepny (g s s 00
1 1 0 0 01 0 0 01




(Zpt x5 = 10pt) State or Define. State what you know about the following 5.

gl

(k2 1-5 F <ol 2= volme] A 518 Fe} Bl ofsig tlz ol wl T3k 7HA WEeA Mkl

o

32t v, V..V, 2 YAFE3Ka linear combination), x €} y©] WA (inner product), 3 7 9] AW E(normal vector), EWA 2]
-t A A A Abol o] A|, x 2] y ol A (projection) T HTARE Fek= Al Abel€] |, Cauchy-Schwarz 521,
YAche] E(row echelon form, REF)2} RREF Alo]€] zte], Gauss 222 Gauss-Jordan 2AHe] 2fo]d, ~Zel(Scalar) 3, A<
F2)(Cramer's Rule), 35X|(row equivalent)2} |53 Ale]e] A, 712k} 7] (Elementary) & Ako]e] 7, Ax=0, <] i3t
Ax=Db2] aFZ Atolo] A, APUxPLAA <] 7}‘iﬂfﬂﬁ(augmented matrix), adjoint, 4 9] Laplace ©I%1A} (cofactor) 77N, =
(linearly independent)®} Ux}&Zx(linearly dependent), [12F A3FE2] 3 U <] span)e] v, [Vector I3k 714 (basis)], ALA+7k
(eigenvalue), I--9E](eigenvector), AHFHIKLT), 218 H(orthogonal matrix), [F-E33H, [2 step F--3 3t test], [FH AFFTHrow
space)], [BHe] A4 (rank)], [TLH(shear)H3H, & ofefito] 53t vhefat d.

n-

1. [linearly independent (ZX153)] or  V,Vy,...,V, 2 YAAF (a linear combination)

Definition 3.4 Let V' obe a vector space and let {xq, Xa. ..., Xy | be aset
of vectors in V. Then a vector 3y n Vool the form

Yy = a1Xy + taXg + o+ Oy Xy
whers ay. a9, Gy are sealars, 1= called o linear combination ol the
VeClors Xy, Xa, . Xm

The next theorem shows that the set of all linear combinations of a finite
set ol veetors ina vector space [orms a subspace,
2. [Linear Transformation (4133} or [2 step H-E37E test],
Definition 4.1 Let Voand W he vector spaces. A function 770V — W s
called a linear transformation from Voo Wil for all x, y =V and scalar
kothe following conditions hold
(1) Tix +y)=T(x) + T{y).
(2) Tikx) = KT (x).
We often call 17 simply linear. It is easy to see that the two conditions
for a linear transformation can be combined into a single requirement

T(x + hy) = T(x) + KT(y)
3. [Orthogonal matrix (¥1.8=)] or reduced row echelon form (RREF). (Keywords, Logic)

Definition 1.2 A row-echelon form of an augmented matrix is of the
lollowing form

(1) The zero rows, if exist, come last in the order of rows

(2) The frst nonzero entries in the nonzero vows are 1, called leading 1's

(3) Below each leading 1 is a column of zerog, Thus, inany two consecutive
or row appeats Tarther o the

nonzero rows, the leading 1 in the I
right than the leading 1 in the upper row

The reduced row-echelon form ol an augmented matrix i of the Form:

(4) Above each leading 1 is a column of zeves, in addition to a row-echelon
form

4. [Cauchy-Schwarz Inequality] or Cramer's Rule
For a system of linear equations, @;;Z; +lllgzg +“‘+ll1”17,, = bl

Ay @) F gy T tay, T, = bg

Ay Ty ota,,x, =0,
T by
Ty b,
let A be a coefficient matrix, and X = | . 5 b = 1. . Then the system of linear equations can be written as AX: b If |A | # 0 the system of linear equations has a unique
1‘7L b’ll,
|4, |4, 14, ‘ )
solution as follows: T'j = |A| s Lo = m, T, = |A| . Where Aj (j = 17 27 tty n) denotes the matrix A with J th column replaced by the vector b

5. [Laplace cofactor expansion (*]$1#F A7H)] or [adjoint of A]
Let A be a n Xn matrix. For any i, j (1< i, j< n) the following holds.

Al = ay Ay +apnd;y +--+a;,A4,, (cofactor expansion around ith row)

|Al=a,;A,;+ ay;Ay;++ +a,;A,; (cofactor expansion around jth column)



. (4pt x 8 = 32pt) Find or Explain :

1. Find a vector equation: & P (1, —15,4)5 Ayl ¥ a=(1,2,3) 2 b=(4, 5, —6)7} =t HHo WA
Sol) x=p+tia+t,b (¢, t,ER)
=(1, —15,4) +t,(1,2,3)+t,(4,5, —6)
2. Find a projection p=proj,y and W= y —proj,y where x= (2, -1, 3) and y= (4, -1, 2).
(vel x4l A peh yel xol A9l MEAR W Faiolel)

Sol)

o vex 15 g (5 15 4
prOny— X - XX714 (2’ 1~3)_(77 14714)
_ C (g — 15 15 45 131 17
W=y = projey = (4, = 1,2) = (5= =575 50) =1 1 O

[Sage] http://sagenb.skku.edu/home/pub/596
a=vector([2, -1, 3])
b=vector([4, -1, 2])

ab=a.inner_product(b)

aa=a.inner_product(a)
p=ab/aa*a;w=b-p

print "p=", p

print "w=", w

p= (15/7, -15/14, 45/14)
w= (13/7, 1/14, -17/14)

Comment: 5, projyy = i i x5 olgate] 77 AXI SageE BE3lo]
. 15 15 45 13 1 17 _
projyy = (=, — —, =) (=, =, — <) 9% sl

VRV A I VERE VE

3. If SAS ' =T =[] :

B A9 TR AEE 7o FudA AR ¢ Belth

(Sketch of Proof)
det(\L, — T) =det(\I, — SAS™ ') =

=det(S(\,—A4)5 !

T = dagdelnz S (F44)

det(A[, 89 '— 8545~

A=t —tp tyy .
det\L, — T) = 0 Agy — la TR = O\,
0 0 Az —lg3 .o
Ast T 9 mfge A T o) Foi2d 4R t; &

4. Explain why 4~ '= AT | adjA for any invertible A€M

(Sketch of Proof)

A adid 9 (i,j

=> AadezIAI]

A7l= adjid  (HLFSIH A7} FIGHE,

|A|

GAFrE, then At T o 547842

) =det(S(\L,)8 ' —
=det(S)det(\, — A)det (S

—ty )()\22 -

n><n .

n=(a, b, ¢)

i Po(xy, Yo, 20)

Ipll=tn=proj Vf~
D=lpl

7:ax+tby+tcz+d=0

M
o2
iy
2
R
ol
-

S48~

"N =det(8)(det (S~ det(N, — A) = det(\I, — A4)

2% ) ()‘33 - t33) """ (Ann o )

(Use Laplace cofactor expansion)

Mm

(N2 A2 iHW Ao

Ci3+ Z40| /22 0| EIC})

[Al#00]7] =0, ) [ ]

Tatel 2k


http://sagenb.skku.edu/home/pub/596

5. Guess the determinant of the given 6 <6 Vandermonde matrix from the given info.

111 1111

bed

abc :((;—b) (C—a)(bfa,), aazbzrczrf =(d—c)d—b)(d—a) (C—b) (C—(I,)(b*a), and

a bl ERE r“ P
11111

becd
(12 2(; 262 _ (efd)(e*(')("f ("*(1> _

b c*d e’ | = =

3bgcgd3 ((]*C)(d b)(d*(l)

A bt dt et (c—b)(c—a)
(b—a)
111111
abcdef
AV Ede?f? (e—d)le—c)e—b)(e—a)

PV et T (f=e)(f=d)(f—c)(f = b)(f—a) (d—e)d—b)(d—a) u
(1417404d4e4f4 (c— )((7(1)
SESP e P b*a)

153 000
028: 000
003: 000
6. Find the determinant, eigenvalues and eigenvector of A = [+ --- -+ - ==+ «-« -.. | (Do not use any tool on this.)
000: 400
000: 050
000: 0O0-—7

Sol) (1) det(4)=1- 2- 3- 4- 5 (—7)=—840,
(2) eigenvalues of A =1{1,2,3,4,5, —7}

(3) eigenvalue X, =10 C{-E3}= eigenvectore ¢, (1,0,0,0,0,0) ,V ¢, ER— {0}

Ay, =20 CiS3t= eigenvector= tz(l,%,

16 2
437437

0707070) ,V tg EH_ {0}

A; =30 i85t eigenvectore t,(1,~,—=,0,0,0) ,V t,€ R— {0}

A, =40 i 8st= DRHHE ¢,(0,0,0,1,0,0) ,V t,=R— {0}
=50 tfSste 1/HHE t,(0,0,0,0,1,0) ,Vt,€R—{0}
>\6 =7701I &8ss LIFMEE 4(0,0,0,0,0,1) ,V t;€ R— {0}

7. Explain why every eigenspaces(L--83H of A €M, (R) are subspaces of R".
(Sketch of Proof) Let ), be an eigenvalue of A €M, (R).
Let E(\)={xER"Ax=\x}c R", kER, E(\,)# @ [Show E()\,) is a subspace of R"]
Vx, yeEE()\,), [Show x+ys E(\) and kx € E(\,)]
1) [Show x+ye E();) 1 (Vector addition(#E] Sla)o] ths] 23]l
x+yER" and Ax=Ax, Ay=\y
=> A(x+y) = Ax+ Ay= \x+ \y= )\, (x+y)
L x+yeEQ,)

2) [Show kx € E()\;)] (Scalar multiplication(=Z-e}s)ol sl 23 3)
kXxER" and Ax= \x
=> A(kx) = kAx= kAx= ), (kx)

. kx€E(\,)

By 2 step subspace test, E(/\,) is a subspace of R". ||



4102
8. (python/ Sage) Find : 3A10] ¥kok o] HAsjal 4z @4 A= |0 12000) RREF, B™A, A", S0 143, neAE 2

0010
0403
Talele 934S Yol Al vl oW A FEA| StepHE Wik AAEA A<3lel2). (Fillout the blanks)

) Step 1: (Ol) QIE{LIO] H%38}0] http://sagenb.skku.edu/ 2 O SSHCt.
2) Step 2: ID= la2015spring , PW = matrix £ Y5 FHBCL
3) Step 3: "M ®IAE" HES FECLL
4) Step 4: AUEIR) Mo CDF HAlo2 MEH 42 Ct21t 20| Holsict,
44, [ 1,2,

A=matrix(CDF, 41,02, 0,-1,2,0, 0,0,1,0, 04,03 1)

5) Step 5: FH® 20| RREF & Tot= HHO A.echelon_form() £ Yota, ddsict
6) Step 6: MEHW Hof det (FEAM)E Tol= FHO Adet() £ YEstn, LAt
7) Step 7: WM 20| inverse(943¥)S Tt HHA A.inverse() £ 2Hstn, ddsic)
8) Step 8 SHHA Mo BEAWAHAS o= HHO A.charpoly() £ Ygstn, dAsiot
9) Step 9: 6HM 20| eigenvaluesE TSh= EEHO A.eigenvalues() £ Y5, fgAsiot
10) Step 10: 7MY H0f eigenvectorsE TSt= HHO|  Aeigenvectors_right) & 25t A@BICH
11) Last step : &dt= ZAutE ZZUESIEZLD Ofziet 20| HHO| (print LHA0|E) & FH FLCH

b) 3 olo] 7 W 4 Of Ch510l 4 70| HWHI 4 ' MAWHO| ZSE SageR #QIBH0I2L (Conjecture ol H)
A=random_matrix(QQ,7,7) # 74 A EES Fej4 HAoAN HEHA MASC http://sagenb.skku.edu/home/pub/497/
print "A=¥n"
print A # B A7 RAAR £t Folotrt
At=A.transpose()

Ai=Alinverse() # Al HX|AE At ASl HHE AIE AdTICH

Ati=  At.inverse()

Ait=" Ai.transpose() # AtQl HUE At AiQ] HX™E AitE AHLHSICL

print "Wn===="

print bool(Ati==Ait)

print "====" # AQ TX|EL BN AQ| HHE TAIMEO| Z2X &olstd ZnS EHBC.
print "Wn#nAt=n"

print At

print "Wn#nAi=n"

print Ai

print "¥WnWnAti=¥n"

print Ati

print "¥WnWnAit=n"

print Ait # At Ai, Ati, AitS 25 EHIM AQ| TAHHO| AAUHI A9 AHHo| MAHHO| 255 EAQFELCL

IV. (13pt) Find or Explain :

. (3 pts) HFAIA T 2 R? — R*7E 9] WE x= (z,y) € Rl tiste] 93& Az 7187171 921 Aol gigAzlis weikl 44 daad
Hy=[T(e,) : T(e,)] & obeh 1992 w3 Fafelek (13} 71717k 991 A Ao] et BhFolFol mE EZF71A%ES images]

3 9 1t
[0 cos20 & £

T(eg)=(cos(% *29), *sin(% *29))


http://sagenb.skku.edu
http://sagenb.skku.edu/home/pub/497

2

sin260 — sin(gf 26)

c0s26 cos(if 29)

(Sol) H, =[T(e,) : T(e,))] =

_ [cos20 sin26 ot} -

sin20 — cos26

2. (5 pts) Explain why the map 7' R* — R®
(Sketch of Proof)

by 7' (1, xo T3 )= (T, T, + Ty, Ty + Ty + x3) is a Linear Transformation.

For all u= (u11u27u3), v= (v, vy ;) ER® and kER,

w| v uy + vy uy vy
Tu+v)= T||ug|+ |vg| | = T |ugto,||= uy F oy Fuy+uy
Ug Vg Uz + vy Uy F v+ Uy T vy Fug vy
Uy Uy
= | wtuy |+| vtvy | = T)+T)
|uy T uytug vy Uy + v,
Uy ku,
T(ku) = klug| | = 77| | kuy
Us kus
ku, Uy
= ku, + ku, = k| u tu =kT()
kuy + kuy + kug uy + Uy + ug
Therefore T is a L.T. [ ]
Comment: 6% 1414 wj& A@usel s #ahs Y83 ojnA & Fahs EAUTY

3. (5 pts) (Page 160 p4) Explain why the det(adjA)= (det4)" ! for any A € M, with n>1.
(Sketch of Proof)

D If detA#0, 9 A7 g3 2ol A9 gk

A ':l—zlade (Bighook page 134)
wak A det(4 ) =det(+—— | 4| adjA) =( I | )'det(adj A) - @ (- det(kA) =k"detd, k= oo A=)
a3l det(A™ )= |il| - 2 (Bigbook 2] 4.1.13 page 129)
D& DA ABAY, = () det(adi 4)
Feel |Al" & FaFE, o (14D =det(adj 4)

2) If detd =0, H7}Y P4

rLE

| EABAL, Az waARAd Qe @ e
R EL osw “E gl 00 Geld 951 A3
Bt A oA sugLd 2o Polut QolAY RE} 2

2 5400 A 989 7

A9 PEA2 ojd FHoE ZE o] 091 3

o] A A FUh RE é‘%fﬂ 091 3 Ti= do] EAet: PEL 73
so] gHAL go] FHyt} AR A e 8w d
-1H) 8w do] EAHA ol FHA A 0o] Futh wwm detd =
% 0=0 92 A8 Fch

Ax P4 A7 AGelAY wrtdd A9 BF Ao AYsinz,

Al

>

l_,r(

o
N
:.é
o

-10 N é i3

o (detA)" ' =det(adjA4) OJ

B) Sages 53 <l(http://sagenb.skku.edu/home/pub/602)  [Fillout the blank.]
Ao 7 A de gl 919 o] AysteA FelE H

A= random_matrix(QQ,7,7) # 72 A ES frala H9olA dde A A3} hitp:/sagenb.skku.edu/home/pub/604

B = A.adjoint()
print "det(adj A)"
print B.det()

print "det(A)"6 = "
print det(A)"6

Answer: det(adjA) = (value) = (detA)® for any possible 4 € M, with n>1 9& 813 W


http://sagenb.skku.edu/home/pub/602
http://sagenb.skku.edu/home/pub/604

e Online %
V. Participation and more (1573) : Name (29! 0|2): nline ]

15
1. (10 pts) Participation records: 2<lo] 17t “LA & 72} vig] d=ed 594 Fols Sako, o,
Q&A, FuIA AL HF |,
A EAEe], AR wE Ve AFA e B Asle] whE PBL B T AP WES hds] AediA el

(1) QnA Fo 35 <A A QuAolAx A 222 Y FAFAL> : Z+ T8 (ELUA F2Y T= daddr EaY)

s Q) 1FA: F 3], 23z & 3 3FxE & 3, AFFEF 3
s 553X F 3], 65x: & 3 72x: & 8, 83X F  F
z 3 (A& 3, JgH/#4: 3)

o (4) 2291 &4 34 3 / g

omate AA g4 3 & exmaa A|Z} g5 3] (24 1819 A7} 18 & excuse FUTH)

e (3) http://sagenb.skku.edu/ oA la2015spring, matrix 02 =2 19I5t0], A&5t1, AZo ERlo]2 ol Z7|st &A] 74 A

* icampus QnA oA 7jHdQjZdo|L}; QE} FolA QIFEL2 Jf4 ¢ A
2. (5 pts) Project Proposal <Choose one option from A (and/or B), and mark one on (Yes) or (No).>

(A. I will do PBL Presentation) =22 Linear Algebra®l H&EEMES QnA M Z0{A, SEtu49l ERSMERZLE
Finalized OK 22 W&2 ZOtAM X|™E =Alzto]| HESIASL O] Mark : (Yes) or (No) <--- HA|

[B. and/or (I will do X%}&t& or makeup) Make your project proposal related with linear algebra topics.
For the proposal B, we will proceed only selected projects which may be 10%~15% in your submissions. (0| &
10%~15%2] MYE DM 7|= XtEIpX| D QHLEAM J§QIskE ghLCh) X[ XH= See me in a week.

A:  http://matrix.skku.ac.kr/sglee/Projects.htm Mark : (Yes) or (No)

Tentative Topic/Title: 1

(Bonus on your Constructive suggestions)

= Linear Algebra Z2l0iA MEH B2 g, F&4E St O 2D 42 HE 3 ¥o=z ¥
o7 5tn H2 TE MHREA 7IESHH L.

rlo
>
18]
2
el
rot
™
lo
I
on
o

- Congratulation!! Most of you have done a wonderful job in this LA class. Thanks™ -


http://sagenb.skku.edu
http://matrix.skku.ac.kr/sglee/Projects.htm

Spring 2015, Intro. Linear Algebra Final Exam 3134 Solution) Sign

Course Linear Algebra with Sage GEDBO003 (42) Prof. Sang-Gu Lee

i i Year Student No.
Major (H3) st st Name

% Notice Score (100)

1. Fill out the above boxes before you start this Exam. ot 2 Mo stH ol S5 7|¢stn A=K ol Offline Zq/2%

2. Horll?r}Code ANE B2EdeA s ume Aol "Fr AHalEHe 22 A&%2 IAYAH =22 £ Y| 2 Exam

3. You can go out only after the permission from proctors. Z+= <& 2| X[A|7} °'7 HMoll= DAY "oz Lzt £ 85 15

glon, Z=2ldel EA XAIZF o™ HotX|E LA=2[|MA MEsh ol E|ASHAIT] st

4. You may use the following <python / Sage codes> in your answers.
var(a, b, ¢, d) # Define variables, B1H9| | A=random_matrix(QQ,7,7) # 7A HAFZHE Q2|4 HeolM MY A
eql1=3*a+3*b==12 # Define equation1 9| bool( A== B) # A 2t B 7 Z2X| =lstofzt
eq2=5*a+2*b==13 # Define equation2 &2 P.LU=ALUQ # LUZSH # (P: Permutation® & / L U:af 23l 3H)

. 21 Hp&| Al

solve(feq1, eq2], ab) # Solve eq's ™ HYBA var(x, y) # Define variables, M4 0]
A=matrix(QQ, 3, 3, [3, 0, 0, 0, 0, 2, 0, 3, 4]); # BZEO | f = TA2 + A%ty + 4*yr2-23 # Define a function ,
x=vector([3, 1, 2]) # Define vector x #E{F2) implicit_plot( f, (x, -10, 10), (y, -10, 10))  # implicit Plot E}&
A.augment(x) # HIMEE (A X plot3d(yA2+1-xA3-x, (x -pi, pi), (y, -pi, pi)) # 3D Plot
A.echelon_form() # Find RREF
A.inverse() # Find inverse Sl A var('t) # Define variables, (Of7H 2 =278 Al)
A.det() # Find determinant Y& x=2+2% # Define a parametric eq.
A.adjoint() # Find adjoint matrix y=-3*t-2
A.charpoly() # Find 99784 parametric_plot((xy), (t, -10, 10), rgbcolor="red") # &= Plot
A.eigenvalues() # Find eigenvalues 1-&7af [Gmu]=A.gram_schmidt)  # G-S, M uHHE 5= FHO
A.eigenvectors_right() # Find eigenvectors 1g&Ef | B=matrix([G.row(i)/G.row(i).norm( for i in range(o 4)]) B # it
A.rank() # Find rank of AQ| A% Ajordan_form() # AS| Jordan EEHS L
Acright_nullity() # Find nullity of A <Sample Sage Linear Algebra codes>

. (2pt x 15= 30pt) True(T) or False(F). Let A4,B,C <M, , and x.y.b € C".

1.( ) 98984 Ax = b7} 812 7}2(consistent) LR FHZL rank(4) = rank[4 : b] o]tk

atlat+t2at3
2.( ) det(4)=0 where A=|a+4 a+5 a+6
+7a+8 a+9

5.6 {2 b]lara=sbe e vrsnon
4. () gl 88 A€M, ol 3] rank(4)+nullity(4) =n o] A3k

5. ) AEWE T 0 R~ R™ o] BAld BaFyae ker 7= {0} olth

6. () nAel BAAYH A7F di7s} 7 BaFREALE A7) nole] AAEH AFHEE 2 Flolth

H
0 7 1
7.(T ) A= 0 2+i|%& Af(Normal) FHeolck
-1 —-2+47 0

8.( ) F AN A, Bk AlIA poll gielel A= P IBPE WES Tr(4) = Tr(B)o] 4yat
9. () #A 49 BRG] p(A) = W+1)A—1)(A—3)°2 u, #H A% mHFE 13} 9otk
10.( ) AEM(C) o tat] A+ A= Hermitian AFHo]ch.

1. (F ) 98 a=(1,2,0, —2,4)°l 2Ja)x TH501A]i= hyperplane a* = {xER’|a- x=0}2] ALL a- x=09] &7+ AFPo]=g 30T},

12.( ) ¥Y As APLE DER o Fo] Hurhztert 75k, o2 tslshs AdS Pt sla x= PX 02 A3 s Hu AR A%
A wAFge] AN SLf3kS AR 2he oA A o8 xdo] 7hsEl Fith o] MAAA AREEE WAL <x, y> =y dx, HAWE]
AfolE <x,y>,=yAx E HF|XE Ao] UukHolt.

13. (F ) nzt AAEE A7 fuER] diadsisd 2833220 A7) Hermitian (317 AIRHEE] ZlolTh

3} 3
14. () AE A7} g7 ddeld 49| Jordan T J, = Aotk

15. () Full column rankZ 2zt 3™ A9 dukslel 982 (pseudo-inverse)- A= (4 TA)ilA TO]E}.




1. (2pt x5 = 10pt) State or Define. state what you know about the following 5.

L s AdedA 2708 S8 Aol otz FoA MedA L.

., x91=e] yo] BAFY(projection) ¥} 3”7%1]& TO]'l’ A Akele] A, Cauchy-Schwarz 552,

7138 A4} 7] 2 (Elementary) 3 E Alolo] 3|, A 9] adjoint, A 2] Laplace ©1Q1A} (cofactor) 717N, ...

‘f\_

P http://matrix.skku.ac.kr/2012—LAwithSage/interact/1/vec3.html A}
y o
w=yb [ ZA] =922 (Cauchy —Schwartz) 5521
O 0 £"9l 98l e x,yel dislel o ¥l B a

Ix- yl< x|yl

&, S5 x,y T shE thE Ale] Al wint AR

Al (7=j)
ks o7 nake] AR Afaijlel thste] Theel B, ? ‘3'72‘41’4_{ (=7

wpebA] nxke] AR E A=[aij]o] AHAL Q1A HANE o]838= (Laplace 912 A leka E8]9-5) vt AelE ol&ste 78 4= Slrk

2. 95 AFAA 2AE 3 Ade] oFdYE FoA HEdA L.

, Gram-Schmidt 7714 38K orthogonalization), TrLlE]-iﬂ Y (Unitary), 3]7|AIQF 3 (Hermitian), & JAFd(Isomorphism), %3}
d4(01th0goml matrix), eigenspaces(2L3-7h) e g7ke] 714, “d7F3H(normal matrix), Vandermonde matrix , Generalized

(pseudo) inverse, Schur 2], &AM, Jordan jif (JCF),

[Schur E2[] ¥o|o| nX} FAZHMEZ Xpdlol RS HAMGELRE Ze= dofZdEnt FLEZ| 30|}
E, UAU=T=t;]eM,(C), t,;=0 (i>j) (t,: A2 1], U: FUERE #Y)

nAe] A ATF £ (1< t< n)le AAEPA DHWEZ AW 4 et e AW g9 (fUER) seolth

J 0 A1 0
Jy = JZ %, UAU=J,Q fdekel 38 v E43 9, J, = 1 » (mptngttn =n,
0 i nxn 0 A ny X ny,

1< t< n)olth olu, . & 49 If%k ol ts8k= sluke] Jordan blockelgl 8ka, J, & A9] Jordan %< (JCF, Jordan canonical
form)hole} gt}

3. AYAB s5ea guE AL,

Aguige] 7)5tskA oul= RS ‘ust vE SlE MRS RMAAY T)ek T(v)E & ARes U F4"ee 2ol 919 & A
X

AL AP A (linearity)2) o) gt F271% Fh},

4 R°AS] 6709 GASYY MBS FolAL W 2RE B AFAWAAE T B tetel Aeseld.

(o) The R°S REAFo] AASHYL Holn oL FFAmY o,
v1=(0,0,1,0,0,0),v5= (1,0,1,1,0,1),v5= (1,1,2,1,3,1),v,= (1,0,0.2,1,1),v5= (1,2,4,0,0,1), vg= (0,0,2,1,0,1)

Sol) Sage : http://sagenb.skku.edu/home/pub/649

) AU E Bl

xl= vector([OO,l,OOO]

x2=vector([1,0,1,1,0,1]

x3=vector([1,1,2,1,3 ])

x4=vector([1,0,0,2,1,1])

x5=vector([1,2,4,0,0,1])

x6ivector([0,0, ,1,0,1])

A=matrix([x1,x2,x3,x4,x5,x6])

print A.nullity()

o |

N%O[\'}b—t

1
1
1
1

1) Jordan %S Jordan normal formo]2}al 3}7]% 3T}, (http://en.wikipedia.org/wiki/Jordan canonical form Ztil)
2) A¥(linear)9] 1Y A& 2v]al= 2elo] linearis©] T}


http://matrix.skku.ac.kr/2012-LAwithSage/interact/1/vec3.html
http://sagenb.skku.edu/home/pub/649
http://en.wikipedia.org/wiki/Jordan_canonical_form%EC%B0%B8%EA%B3%A0
http://en.wikipedia.org/wiki/Jordan_canonical_form%EC%B0%B8%EA%B3%A0

-

ol

B Vy, Vo, Vg, Vg, Vs, Vs AHEIE 20 38 A9 rank7} 6013, dimRow(4) =69< Jristez 674e] HE= 5ol O
(2) A4 nsg 37
@ AwA 2]
[G,mu]=A.gram_schmidt()
print G
[ 0 0 1 0 0 0]
[ 1 0 0 1 0 1]
[ 0 1 0 0 3 0]
[ -1/8 -=3/10 0 2/3 1/10  -1/3]
[ -5/23 30/23 0 10/23 -10/23 -5/23]
[ -1/2 0 0 0 0 1/2]
@ AFHarA 27
‘B=matn'X([G.row(i)/G.row(i).nonn() for i in range(04)]); B
[0 0 1 0 0 0]
[1/3*sqrt(3) 0 0 1/3*sart(3) 0 1/3*sart(3)]
[0 1/10#sqrt(10) 0 0 3/10%sqart(10) 0]
[-10/23*sqrt(23/30) —-9/23*sqrt(23/30) 0 20/23*sqrt(23/30) 3/23*sqrt(23/30) —10/23*sqrt(23/30)]
[-1/2*sqrt(2/23)  3*sqrt(2/23) 0 sqrt(2/23)-sart(2/23) —-1/2xsqrt(2/23)]
[-sart(1/2) 0 0 0 0 sqrt(1/2)]
wh2hA
z *1 =(0,0,1,0,0,0), Z:i:(ﬁo V3 3)
1 Tl 2 x,ll 3 7 3’ 3 )
g X8 _(0 10 . 3V10 0)
kgl V10 T 10 )
R S O N < Y < (N 2
4 Ix,l 2 30 23V30°723YV30°23YV30° 23Y30)/)
Z_Xﬁng 2 ,f2 2 3,,;A1)
5 Ixgll 2V 2377V 2377\ 23 237 2\ 23 )
X,
Zg= T2 :(fi,o,o,o,o,i) |
[1xgll 2 V2
wPFYE Fol
print B*B.transpose()
print
print B.transpose()*B
100000
010000
001000
000100
000010
[000001]
100000
010000
001000
000100
000010
000001
Comment
A AR BT BACAA AAE A5 7 WEYE dAEHAS Hol7| g 1 HHES AME R zke dd e Nullitys: FAFHS AL Nullity7} 00]
D& Rank-Nullity A2lel ¢ Rank7} 69< &<l & 4 AAck
T HA HA A= HA Saged] WHE FI Awr|AE T3 FH, AAE &t A | AE FAh
A A A Folzh mpitE E X R whAw Al WA TR A ekell Al g A AT A7 A AR Gls s A dEIt Fedn 1 A
b gdEdds g2 &+ Ak

5. 329 tiztstd izt ofe 2 MEdAL.

nAel A A7k e ks da

SRR s

Ealll=



.(Bptx12 =

1.

A

(python/ Sage) Find :

1 1 111
16 8 421
=|81 27 931
256 64 1641
6251252551

Vandermonde #ZEA-S

a 3
b 3
,X=|c|,y=1| 5
d 8
e =7

36pts) Find or Explain :

A A5

o 2 4 k.

olgstal Tl A A (1, 3), @, 3), G, 5, ¢4, 8), 5
y=az' +bz’ +ca’ +dz+esl A% a, b, c, d, em Fa=

@D  Vandermonde

B e 43 e A

P o] g, AX=Y where

ol wl By Ae] H71¥E, RREF, 24, 944, SPWA44, 2xg , 1f

e, Rank, Jordan EFFJCF) & alel= 848 Wodhd of@A] 18X StepH = Wz A5 A1%351ed2). (Fill out the blanks)
Sol) a)
1) Step 1: (O) AE{HUO ®&5IH http://sagenb.skku.edu/ or http;//math1.skku.ackr/ §2| Sage AMHE F&$HCH
2) Step 2: ID ot PWE YO HETHCE
3) Step 3: "M RIAAE" HES FELC}
4) Step 4 REW Ao FE[FQQ HMLEZ HE 45 L5t 20| Holstr)
A = matrix(QQ, 5, 5, [1, 1, 1, 1, 1, 16, 8, 4, 2, 1, 81, 27, 9, 3, 1, 256, 64, 16, 4, 1, 625, 125, 25, 5, 1])
5) Step 5. FHW Ao HIHH [A xE Tots BHO  A.augment(x) £ Ysta, Jdsiot
5) Step 6: M|EHW| A0 RREF 2 Tot= HEHOf A.echelon_form() £ i, Hasict
6) Step 7: WM Mol det (AHAM)E Tt HEHO Adet() £ Y5, oAt
7) Step 8 SHIRY HOf inverse(8¥E )= Fol= THO Ainverse( £ Yt fdsiot
8) Step 9: 6HHA Mo EAWAHAS Tot= HHO A.charpoly() £ Ystn, gAst
9) Step 10: 7RHW| A0f eigenvaluesE Tt= HHO| A.eigenvalues() £ YHstn, HAsTt
10) Step 11: M| A0f eigenvectorsE T5t= HHO|  A.eigenvectors_right() £ Y5t gAlsiot
11) Step 12: 9 0| Rank & Tot= FHO] A.rank() £ Y=stn, MABICH
12) Step 13: 10 M0 Jordan EEH Tot= FHO  Ajordan_form() £ Y5t dAiCt
13) Last step : dt= AME ZZESI2tD HHY (print L0|E) & FH
b) Ol Sage & ol&3tel y=ax'+bz’+ca’+dr+es 2olua

@ Sage 23Z

@ Saged o] &3 ok Wl A1

< ¥t X &

%3 Vandermonde @2 A°] determinant7} 288 (o] o) & Felsgon

TR (oo WzkE A9t

o

A = matrix(QQ, 5, 5

v = matrix(QQ, 5, 1, [3, 3, 5, 8, -7])

C (1, 1,1, 1,1, 16,8, 4, 2, 1, 81, 27, 9, 3, 1, 256, 64, 16, 4, 1, 625, 125, 25, 5

print A.inverse() * y

[ -3/4]
[ 22/3]
[-97/4]
[ 98/3]
[ -12]

Cy= =3

2
4_
Ty 3

2 5 9T , 08

+r—12


http://sagenb.skku.edu
http://math1.skku.ac.kr

1
2 5 -1
1 30"
2. oA 227 +317 + 2+ ay— 222+ 3yzE RHPLL o8 x Ax B2 Yepid, x“Ax = [z y 2] 5 3 ||y
V4
3
Lol

3. % A u=(1+4,3, —2i), v=(0,2i, 3+i)el dhste] $2d= YA u- v=vu S 7,

o —12—2:

4 Aol e HYEP T(x)=proj_ . x— Px9 EEHE PE P ——aa otk ol WE a=(1,0,2)0] oa AAHE
a a

R Aol @ A 79 xEPD PE TIE HAolth FF P (3,1)88E %i Herd @, ab E oAl 1AL, (9
ast b= NE22olth)

1 1 102
So) a’a=[102]|0|=5 o3, aa"™=|0|[102]=]0 0 0
2 2 20 4
omz mEqd pol ()4 dea g L2
5
k= ab = 10

5. [find] ABAWA 7 R* ~ R*7} Al9) Y x= (2.y) = rR7l 3t D& Avks 718717} 92 Aadel PA71E Bgt B¢ waaa
Hy=[T(e;) : T(e,)] & okl a8& Bu Faodet. (13 71€717F 02 AMel g tjFol5e] e EF71AE59 images]

T(e;)=(cos 20, sin26)

’I‘(eg)=(cos(% —29), —sin(—?zE —29))

c0s26 cos(if 29)
(Sob) 7, = [7(e,) : Tles)] = 7 = [ Ses) oI -
sin26 fsin(gf%)

x

6. 4¥us T:R- R’e z(y

=itz aams. R9 A4 o & 2#A4 € oF #u, = de oA

ﬂ={yl= [;}73’2:[ 11]};4 @ u, AolPB Pg ogdte A =[7],=[N)[71),[N5=P ' [T],P=P 'APE F3teie},

So) 5o a=e={61= [é]aez: [(1)]}()” we To gxaas A s A:B*ll] olal, 1A Bl TFEINA azl 7ol
R
. ] . 11 |3 3
g2 = Pa sd P=|lyl,: vl = [2_1} sluz P= 2 1 o
3 3
11 502
iy |3 B |[3-1[11]_| 3 3
A=PAP=1) 7 [2 1H2,1] 27| ™
3 3 3 3



x
S5x— ’ ’ ’ ’ = 4
x j_ 2:L'+3yy 2 AL a={v,nv}. 0= {ViVeVsVj 8 ZF R R'Y EA7IAZ

2z
0 0 0 1
1 0 oF ol . fol ., 1] ..o ] _ 5 .
vi=|0|,vp=|1|,v3= |0],V; ol:Y2 = {1]"V8 = |o|"Vs = |o A u, 714 .69 A 79 FARH (7] & T,
0 0 1 1 0 0 0
1 —2 0
=4 —
Sob) T0w) = [3]. Tlvg) = | ! |- Twp) = [Qleleh A% eobpai=1,2,3,09 W3]
0 0 2
1 —2 0
g =V eV gt ev'gt vy 731 =0,V 1+ bV g+ bV s+ 0,V 8 =a v Favytagvy+av,
0 0 2
Sage o] &3te] AYLAANE FW (¢).¢p05¢4)= (0,2,5,1), (b by,bs,b,)=(0,3,—1,—2), (a; ay,a3,a,)= (2,0,0,0) O] 22
00 2
s ]230
T =5 0 ™
1—20
8. TN Fo4d FE A9 FIF37Y 7I1A9} nullity(A)E T3+,
—-36 —117
A=|1 -2 2 3—-1
2 —4 5 8—4

Sol)
Ao x=(x),2y,xqx,25) ER° N Ax=09] F7+82 [4: 0]9 RREF [B: 0]& T8W o3 2}
1-20—13: 0
[B: 0)=l0 012 -2 0
0000 0: 0

Wb AFEEE 7y, @, 25000 D) A rst0] e @y =, m =5, x; = r2h S LWNF b go] ekl & o,

il 12 1 -3
T2 1 0 0
3= |0|r+ [—2|s + 2 |t
x, 0 1 0
zy 0 0 1
webd gl s A% Qe 247 gt gt
2 1 -3
1 0 0
S=1<10|,1—2{,| 2 |, nullity(4) = 3 |
0 1 0
0 0 1

9. Explain why the det(adjA4)=(detd)" ! for any 4 € M, with n>1.
(Sketch of Proof)

) @@ A9 dgd 41e e} o] 4o Pk A = adid (Bighook page 134)

[ Al
wakA det(A4 ) =det(— |A| adj A) = (—+ |A| )'det(adj 4) - @ (- det(kA) = k'detA4, k= Q2 o] o] A=)
291 det(4 1>:|—il| - @ (Bigbook el 41.13 page 129)
1 1

4% OAel Wgstd, I |:(ﬁ)"det(ade)

o (A"t =det(adj 4)

2) W7k AEA A9 Wty BE AL HEAoE BE AR 09  wi= o] EAEALY, AR HHBAd e @ E do] E4)
A Ytk BE ARe] 08 3 T do] EAEE FFA A Sk PFox A BE o] 091 o} o] EAFHA Hol FH
22 00] Ytk w3 A= nlE Bl e 3 T do] EAse A% %“1 Fubgl o] e ol dolAY REvt 27 1) #
i gol EAISHA o] PP A 00] Ak wkA detd=00] 1L A)=00|B& S20] H|7}e] FHA Ao w AU},

@
=
=
2
S

webA] W A7k el A HAGY B BT Aol Husn, - (detd)" ™" = det(adj 4) ]



2111

10. 98 A= 17110 9 das s9e wAsa A2 bse 9L 4% AFIANAE 9L P o

0011
ad dgdts HAAPE pE T,

Sol) Sage °]&3le] 1) ¥ A9 Ay LFHEHE Fer)
‘ print A.eigenvectors_right()

[(4, 3/4, 1/4] 1),

(0 1, - 1),

(1, 0, )(010*1]2)]

B8 A9 A7el wxgol vetel U5A FRES A8y FREt gonz Ut A5 gl O
!

99 ARE olgol B9 AT 029 ANL 98 P o ol WAL AANGE DE Gt pol 72 + Aek

[, 1,
[0, 0,
[d, o,

40 1 0 4000
o p_ |40 01 0000
: 31 0 01" 0010

1-1-1-1 0001

1L $25 nxgte Me 98 4= [071] O dae aspEd 30 e

FIF
:(o
=
I

x= [, L] w=], L] & ot mgelz 2am.

A=matrix(QQ,[[6,-41,[8,-21])
print A.eigenvalues()

print A.eigenvectors_right()
[2 = 4x], 2 + 4#]]
[2 — 4«1, [(1, 1+ 1=0], 1), (2 + 4%, [(1, 1 = 1*)], 1)]

o] AshE olgstel, PTIAP=D & WEsh: AW pot UAH B8 D T Farele

=

D [—4@-1-2 0 ]

0 4i+2

22
;1),2 9 Jordan EF¥L F3tojgt.
37

Sol) http://mathl.skku.ac.kr/home/pub/2366

A=matrix(QQ,[[2,-4,2,2],[-2,0,1,3],[-2,-2,3,3],[-2,-6,3,71])
print A.eigenvalues()

(4, 4,2 2]

A AxFgE 7 AF N =4 7 dFH FEE 2

i

23, \7h O FRE 28

i
o
fl

o)
o
e
%
X2,
32
ui

A=matrix(4,4,[2,-4,2,2,-2,0,1,3,-2,-2,3,3,-2,-6,3,7]);
E=identity_matrix(4);

print (A-2+E).rank()

print (A-4*E).rank()

print ((A-4%E)*2).rank()

2
3
2



http://math1.skku.ac.kr/home/pub/2366

g3 o]l 4—479 rankE 3017 Wil r, = n—rank(4—4D=4—3=1wW&A 4,9 r, =10t} T3 Y5FH FEE 3 rE= 1
A RE Y & gt
r,=1: - (Jordan block®] 715> : 1)
ry=1:
T3 rank(4—27) =2017] "o, r, = n— rank(4—21)=4—2=2, F 4,9 r,=2 oJt}h.
ry =2: - - (Jordan block®] 7H4: 2)
4100
. {0400
a= 0020 .
0002
IV. 9pt) Explain or give a sketch of proof.
1. [Prove] 88 A<M, (C)7} wH(skew)-Hermitian B do|H 49 BEE I{FHL £35Y& B,
Sketch of proof.) A7} ¥(skew)-Hermitian & Zo]2& A=—A4"
3, BawE xe 0" o g5t x"Axe 1x1 dHo] At}
x Ax= (x Ax)T=(x"4x) =x"4 *X:—X*Ax
el x"AxE #8457 9o 49 TRge AT sn o4 wgas LaHEH L xY Z Ax=)x
Ax=x"2x= x"x= Al x I ?
xv AFHEEo|BR (o] olHER IHFS TSI o] R 4 ot
x*Ax
Ihx 2
o] wj FEE Afoly BAE FIFolnE \E 357t "k wEbA v(skew)-Hermitiane] 1832 &35t N
2. [Provel B7} A9 T & ulFoA dolA PAY o, |B|l=—[4] 4& B,

Sketch of proof.) B=0b,7t A=a;° r A% s P& vpFolA o]

b, =a;, by;=a,; olii# r,s & Wl b--:a--O]E]—,
|B|: sgn (O—)bla(l)"‘brrr(r)"'bso(s 77(7 n) </q"]oﬂ "]o]—o%

sE5,

= 2 Sgn(g)ala(l) Ao (r) o (s) Ao (n)

ocES,
= E U aln] Qg (s) Qs (r)Ang(n) ___(1)
cES,
= - Z ‘S.(]”<U)alr7(l)"a/‘ﬂ(r)"'a.\'n(.\')"'a/zﬁ(rr)
oES,
— 4]

@AM E B2 9 ADYa ) B CGo() B Qo) T Qg (s) =
ek % A gl % Sel A4S AT Aol add 4
33

el 411
AT o %o Y] £AE HIE ATE 72 Y 2ol 4
sgn(r) =—sgn(o)
Sketch of proof.) sgn¥+¢ ¥-5& AAd = AAAAN F F
W OAsH Heol F50F ubH e AU,

2 gdoldt 4 (< s)

-—=(2)

vt ARNE ojul, X3k ool A o(s)7F alr)Z olr)ol
41190 9J8ix - 7} BA @
ghch

o(s)Z vhals



V. Participation and more (157) :

Name (¢l 0|E):

Online %<
15

A.

(5%) Your Constructive suggestions

F82 e
=]

AREA 7IEstA R,

B. (10%) Participations

QnA #9 34, Online #49
o, 2 4ol A P+
(Final PBL E1ME H|=

A%, Sage MM FAWF, 2A AND AW, OH Ao, $9 5 AEH ¥ 2 5o 2%
B sHe o REe 2

2AX| Qhote= EL|CE Ot

4
i
W

ME ELLCt)
a. (5 pts) Participation records A<

¢ /B A

b. (5 pts) PBL or/and Project Presentation 2% A< ( /5 A)

- Wonderful! You passed the course. Have a great Summer.

Congratulation!! -




