eql=3*a+3*b==12 # Define equation1
eq2=5*a+2*b==13 # Define equation2
solve(leq1, eg2], a,b) # Solve eq's
A=matrix(QQ, 3, 3, [3, 0,0, 0, 0, 2, 0, 3, 4]);

x=vector([3, 1, 2])

# Matrix
# Define vector x

A.augment(x) # [A:X]
A.echelon_form() EE= ARREF( # Find RREF
A.inverse() # Find inverse
A.det() # Find determinant
A.adjoint() # Find adjoint matrix
A.charpoly() # Find charct. ploy

A.eigenvalues() # Find eigenvalues

A.eigenvectors_right() # Find eigenvectors

Spring 2017, LA Midterm Exam Solution-XH&E& (50 min In class Exam ) Sign
Course Linear Algebra Prof. | Sang-Gu Lee
Class # Major Student No.
1 or 42 _ Name
(mark) 24t Mz s
% Notice http://matrix.skku.ac.kr/LA/ Total Score (100 pt)
1. Fill out the above boxes before you start this Exam. (2f#, 0|& S 7|stn LS4 £2) Offline Participation
2. Honor Code: (A& SXIAl 812 TS Mxo| 'F Helge 22 FASUs 828 = Usch) Exam 86 14
3. You can go out only after the permission from proctors.
(Z=2igel xAZF 7| Mol mANE oz Lz & glonf, ZEeidel HA XAJF YoB Hotxlg 2 14
=il MEst ol EASIAI7| Bl )
4. You may use the following <Sage codes> in your answers. (EZtIAMX = $H=0f T OK)
var(a, b, ¢, d") # Define variables var(x, y) # Define variables

f = 7T*A2 + 4**y + 4*y"2-23 # Define a function
implicit_plot( f, (x, -10, 10), (y, -10, 10))  # implicit Plot
parametric_plot((xy), (t, -10, 10), rgbcolor="'red") # Plot
plot3d(y”2+1-xA3-x, (x, -pi, pi), (y, -pi, pi)) # 3D Plot
A=random_matrix(QQ,7,7) # random matrix of size 7 over Q
F=random_matrix(RDF,7,7)

# random matrix of size 7 over R

P,LLU=A.LU() # LU (P: Permutation M. / L, U
print P, L, U
h(x Y, 2) = [x+2*y-z, y+z, x+y-2*Z]

linear transformatlon(U U, h) #LT.
prmt T.kernel() # Find a basis for kernel(T)
C=column_matrix([x1, x2, x3])
D=column_matrix([y1, y2, y3])
aug=D.augment(C, subdivide=True)
Q=aug.rref()

A.rank() # Find rank of A
A.right_nullity() # Find nullity of A [G,mu]=A.gram_schmidt() # G-S
var('t) # Define variables B=matrix([G.row(i)/G.row(i).norm() for i in range(0,4))); B #
x=2+2% # Define a parametric eq. AH # conjugate transpose of A
y=-3*-2 Ajordan_form()  # Jordan Canonical Form of A
bool( A== B) # Are A and B same? <Sample Sage Linear Algebra codes>
. (1pt x 20= 20pt) True(T) or False(F). Let s be a set of m vectors in r".
1. ( F ) The set of all linear combinations of two vectors v and w in R" is a plane.  (fwo nonzero vectors)
2. (T ) A set of vectors in R" that contains a zero vector is linearly dependent.
3. ( F ) If {v,, vy vy} is a linearly independent set, then so is the set {kv,, kv, kv;} for any scalar k. (nonzero)
4. ( F ) Any nXn matrix can be written as a product of elementary matrices. (nonsingular)
5 ( F ) T(z,y,2) = (2x+ 3y, —x+2—2) is a linear transformation. (ot L7)
6. ( F )If T:R"—> R"™ is surjective, ker T=1{0}. (injective)
7. ( F)If Ais invertible, 0 is an eigenvalue of A. (nonzero)
8 ( F )o=(3 41 2) is an odd permutation. (even)
9.( F ) If v, Vy, V5 in R*® are independent vectors, then det[V1 1Vy 1 Vy|=0. (nonzero)
10. ( T ) If A is a nXn real orthogonal matrix, then the linear mapping x = Ax preserves length.
11. ( F) For a transformation 77 : R" - R™ if 7(u)= 7(v) = wu=vV, then it is called surjective. (injective)
12 ( F ) If T is linearly independent and 7" is a subset of .S, then S is linearly independent. (i S is a subset of T)
13 ( F ) For any nXxn matrix 4 with n> 1, det(adj 4) = (det4)"* (only if nonsingular)
14 ( F) Let A=la,]EM,, ., Then, n columns AV, 4 ... 4™ of A span a row space of A. (column space)
15( F)In R”, m(>n) vectors are always linearly independent. (dependent)
16 ( F ) A line {XU +tv |t € ]R} forms a subspace through x, and parallel to v. (only if x, 1s a zero vector)
17 ( F ) A normal vector is same as the orthogonal complement of n, L= { xER" | n- x=0 } (no)
18. ( F ) A normal vector of 2=—3x+2y+4 is n= (—3, 2, 4). (no)
19 ( T ) Let 4 be an n Xn matrix. For any i, j (1< 4, j< n) a;Cj +ay;Cp+ - +a,;C;, = 0. (C; : cofactors)
20. ( F ) The homogeneous system i a;z; =0 for 1 < i < m always has a non trivial solution if m > n . (if'm <mn)
=i


http://matrix.skku.ac.kr/LA

Student No. Name

Il. Bpt x 5 = 15pt) State or Define (Fill the boxes and/or state).

1. Vector Equcﬂion : A plane Win R* can be uniquely obtained by passing through a point x, = P, (z,, yy,%,w,) and
three nonzero vectors v,, v, and v, in R* that are linearly independent. Let x = P(z,y,2,w) be any point on W, then X —X,

can be expressed as a linear combination of v,, v, and v,.

X — X, = 4,V T Lyt vy => x =X, t v, + vy, + tyvy

where ¢, t, and t; are parametersin R (le. —oo <1, 1y, t; < o0 ). [ |

2. For a point Py (g, ¥, 20:w,) and a plane T:ax+by+cz+dw+ f=0, the distance D from the point to the plane is

n

p=tn=proj,v |-
D=lipll

‘ axy+ by, + czy +dwy+ f |

Va+v++d?

. vVv:.n
= proj,v =tn = n = D=
D = projy P

3. For vectors x=(zy,2s, ..., %), ¥= (Y1, Yo ..., y,) in R", tell me how you can define the angle ¢ between x and y.

There exist §, 0< < m such that
[x- yl= Izl Iyl => x - y=1Ixllllyllcosé |

4. [Determinant] The determinant of an nXn matrix 4 = [%'} is defined as

Let A= [a”] be an nxXn matrix. We denote the determinant of matrix A4 as det(A) or |A| and define it as follows.

det(A): 2 Sgn(g)alu(l)“ZJ(Z) T Qpo(n)

/€S,

5. [kernel]l Let T: R"-> R™be a linear transformation. Then

The kernel of 7" = ker7 =

The set of all vectors in R", whose image becomes 0 by 7,

is called kernel of 7 and is denoted by kerZ’ That is, ker 7= {veER" | 7(v)=0}



lll. 3pt x 13 = 39pts) Find, Compute or Explain (Fill the boxes) :

1. Find a, b, ¢ of parabolic equation y= az®+ bz + ¢ which passes through (1,3), (2,5) and (3,5). Vandermonde matrix.

m Form a LSE and use Vandermonde matrix. 4 =

111 a 3
421 x=|b|, y=|5| Then A_ly
931 c 5

A=matrix(QQ, 2, 2, [-1, 1, 2, 1])
A.det()

B=A.inverse()

y=matrix(QQ, 3, 1, [3, 5, 5])
By=Bx*y

print By

A=matrix(QQ, 3,3, [1, 1, 1, 4, 2, 1,9, 3, 1]
A.det()

B=A.inverse()

y=matrix(QQ, 3, 1, [3, 5, 5])

By=Bx*y

print By

— —,—

-1
5
-1

P N

=> |A|:_2 x=

= X

2. Find the volume of parallelepiped which is generated by three vectors, (8,0,3) (0,—4,6) and (4,2,—2).

80 3
m Let y, =(8,0,3) v, = (0,— 4,6) y,= (4,2,—2) The volume of parallelepiped is detl04 6 ||= 16 [ |
4 2 —2

Double checked by Sage. http://math3.skku.ac kr/home/pub/289

x1=matrix(2,1,[6,3]) a=A.det()

x2=matrix(2,1,[2,7]) b=B.det()

y1=matrix(3,1,[8,0,3]) print a.abs()

y2=matrix(3,1,[0,-4,6]) print b.abs()

y3=matrix(3,1,[4,2,-2])

36

A=x1.augment(x2)

B=yl.augment(y2).augment(y3) 16
3. Find the degree 3 polynomial y = az® 4+ bz’ +cx+d which passes through the following four points.

(07 1)7 (17 71)7 (Za - 1)7 (Ba 7)
1=d
B —2=atb+c
“1=a+tbtctd => —2=8a+4b+2c
—1=8a+4b+2c+d 6=92Ta+9b+3
7=27a+9b+3c+d sl ¢

A=matrix(3, 3, [1, 1, 1, 8, 4, 2, 27, 9, 3]) print "x=", Aixb

b=vector([-2, -2, 6]) print "x=", A.solve_right(b)

Ai=A.inverse() x= (1, -2, -1)

=>qa= 1 , b= =2 c= -1 , d=1 Ly = -2t —z+1 [ |

4. Let the characteristic polynomial of matrix 4 be p(A\)=(A—2)(A—1)(A +3). Find eigenvalues of matrix 4.

W The eigenvalues of matrix 4%is A%, . X,;= 1, \,=

8 and ;= —27

5. If 7:R"- R™ is a linear transformation, then the standard matrix A =[7] of T has the following relation for

xeR" Tx)=Ax VxER" where

A = [T(e): T(e,): :Tle,)] .

n


http://math3.skku.ac.kr/home/pub/289

6. When you have eigenspaces of 4= B ﬂ corresponding to each eigenvalue 0 and 5.

Show that they are orthogonal to each other in the plane.

Solution

The eigenspace of A corresponding to Ay =0 is F; = < [ 2>
—1

1] >
2

For any y, in E| and any y, in B, [ Show <y, yo> = 0]

The eigenspace of A corresponding to Ay =5 is £, = <

—_—

y:= sx; and y,=tx, for some t and s resp., then
Y5, Voo =< 85Xy, 1Xy> = st <X, Xg> = st(2X1—-1x2)=0
=>y; and y, are orthogonal.

FE, and FE, are orthogonal to each other in the plane. [ |
7. Let A be an nxXn matrix. Find 2 statements which is not equivalent to “the matrix 4 is invertible.”? (Choose two)

(1
(2) Row vectors of A are linearly independent.
(3)

(4) For any n>x1 vector b, Ax = b has a unique solution.

Column vectors of A are linearly dependent.
Ax = 0 has a unique solution x=0 .

(5) A and I, are row equivalent.

(6) A and I, are column equivalent.

(7) det(A4) #0

(8 A=0 1is an eigenvalue of A.

9) T, R">R"by T,(x) = Ax is injective
(10) 7, R" =R" by 7T,(x) = Ax is surjective.

Ans 1

8. Fill out a Sage command and answer box to find eigenvalues of 4 and corresponding eigenvectors.

4 -1 0 —1
-6 -3 6 —1
A= 0 —2 4 —2
6 5 -6 3

A=matrix([[4, -1, 0, -1], [-6, -3, 6, -1], [0, -2, 4, -2], [6, 5, -6, 31D

print A.eigenvectors_right()

‘ A g (Evaluate) ‘
(2 [, 1,2 D], D, -2 [0, 1,0, -DI], 1), (4, [(Q, 0, 1, 0), (0, 1, 1, -D], 2)]

Answer eigenvaluesof 4 = 2, -2, 4, 4.
corresponding eigenvectors : (1, 1, 2, 1), (0, 1, 0, -1), (1, 0, 1, 0), (0, 1, 1, -1) in the order

9. Let x,z€R? be moved by two linear transformations 7 and.S, where
z, + 22,
Tq ’

21

T(x) = — 2zt 2,

S(z) =

=7 1= 1] > 05 e =9 [2=[ 2  m

—11][01 —1—-1



10. Find the dimension of the null space of the following matrix

111 4 4 100 2-1
A= 234 916| where RREF(4)={010 3 2
—20 3—-711 001—-1 3
the dimension of the null space = 2 |
10 2y[[cos® —sinf 0]|1 0 —x x
12. Let [R)=1]0 1 y,||sin@ cos® 0[|0 1 —y,| . Find [R] |y].
00 1 0 0 1Jloo 1 1

z xcos(0) — xzocos(f) — ysin(@) + y,sin(8) + z,
Answer)  [R,] [ Y ]— xsin(f) — zysin (8) + ycos(9) — yycos(8) + y,
1 1

7T—2—-210 0
3 0 —212 2
12. Consider AX=7Yy where A= [12—4—320| and y = |4| . You were asked to find
6 —8—464 2
1—2—-216 1

(1) Augment matrix [A: y]  (2) RREF(4) (3) DetA (4) Inverse of A (4) characteristic polynomial of A (5) all eigenvalues of A4
(6) all eigenvectors of A. The following is your answer. Fill out the blanks to find each.

1) Step 1: Browse http://math3.skku.ackr or http://math1.skku.ac.kr/ (or https.//cloud.sagemath.com etc)
2) Step 2: Type class/your ID: ( 2017LA ) and PW : ( kkk )

3) Step 3: Click "New worksheet (M $/3AE)" button.

4) Step 4: Define a matrix 4 in the first cell in rational (QQ) field.

A = matrix(QQ,5,5,[7,-2,-2,1,0,3,0,-2,1,2,12,-4,-32,0,6,-8,-4,6,4,1,-2,-2,1,6]) and v = matrix(QQ, 5, 1, [0, 2, 4, 2, 1] )

5) Step 5: Type a command to find augment matrix [A: y] A.augment(y) and evaluate
6) Step 6: Type a command to find RREF(A) ( A.RREF() ) and evaluate.

7) Step 7: Type a command to find determinant of A  ( Adet() ) and evaluate.

8) Step 8: Type a command to find inverse of A4 ( A.inverse() ) and evaluate.

9) Step 9: Type a command to find char. polynomial of A ( A.charpoly() ) and evaluate.

10) Last step : Give 'print' command to see what you like to read.

Now we have some out from the Sage.
RREF(4) = Identity matrix of size 5
det(4) = 144

inverse(4) =

[ -1 1/6 2/3-1/12 0]

[ 43 2/3 2/3-1/12 -1/6]"

[ -4 173 7/3 -1/6 0]

[ 83 56 43 1/12 -1/3]

[-7/6 1/6 2/3-1/12 1/6]

characteristic polynomial of (4) = x5 - 16+x™4 + 95%x"3 - 260%x"2 + 324xx - 144

eigenvalues of A = { 6 y 4 ’ 3 ’ 2 ’ 1 }

eigenvectors = [( 6, [(0, 1,0,2 21 1, 4 [(1, 1,2 3 D], 1), G [, 1,22 D], D, 2 [0 1,02 01 D, 4[4 1,3 2 D], D]

Write what (4, [ (1,1,2,3,1) 1, 1 ) means for Eigenvectors of 4 :
(1, 1, 2, 3, 1) is only one L.I eigenvector of A corresponding the eigenvalue 4. or
4 =eigenvalue, (1, 1, 2, 3, 1) : corresponding eigenvector, 1, algebraic multilpicity of 4 )
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V. 5 pt x 3 = 15pt) Explain or give a sketch of proof.

a+b

1. Define a transformation 7' : R*~R? by 7(a,b,c)= 2r*a} . Show it is a matrix transformation. (so a LT)

110

_102]2x3 . SoitisaLT.

T(x) = Ax  where A= [

2. Let a linear transformation 7 : R?> - R? transforms any vector X = (z,y) € R?to a symmetric point to the line which passing through the

origin with slope 0. Find the transformation matrix H,= T(e,) : T(e,)]with the aid of following pictures.
[

T(e))=(cos(% —26), —sin(% —20))

Picture: The image of the standard basis by a symmetric transformation to the line with slope 6.

cos26 cos(g— 26)

_ |cos26 sin26 =

H, =T : =
(Sol) s Tte) T(eQH sin26 —sin(l—%) sin20 = cos2
2

3. Linear transformation (Linear operator): Let's define 7" : R?- R%as a projective transformation, which transforms any vector X in R 2 1o projection

on a line which passes through the origin and has an angle 6 with z-axis. For the given transformation 7, let's define Pg as a corresponding

1
standard matrix. As shown by the right hand side picture, Pyx—Xx= E(HHX* X) <same direction with half length>. Now by using the matrix

c0s260 sin20

sin20 — cos20| find the standard matrix for 7

representation of symmetric transformation /,=

y=(tanf)x

N, Y=(ang)x

Figure The relationship between symmetric transformation and projective transformation to the line with slope 6

1 1 1 1 1 1
(Sol) Pyx —x = Bl (Hyx — x) => Px= o Hyxt Sx= 5 Hyxt o Ix= 5(119 +Dx
l(1+00520) lsir129
-~ p :l([{ +1) = 2 2 _ | cos’@ sinfcosd -
2 1. 1 sinfcosf sing
—sin260 —(1—cos26) S

2 2
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Class #
Spring 2017, LA Midterm Exam (Participation) (14 point/100) |(mark) =&t "> A
VI. LA 2017-S, Participation and more (14pt) : Name:
<Fill this form, Print it, Bring it and submit it just before your Midterm Exam on AM (9:00, April. 19th)
S ZMAM MESIHLEL AR Soll Selsto] UM Al AlZE Soll ME5HHE gulch)
each weekly (From Sat - next Friday)
4:
8:

Q:

(AEN =2 ESHo

1. (8 pt) Participations

(1) QnA Participations Numbers <Check yourself> :
2:

6:

Total# : 3%8 = 24

Week 1 :
Week 5 :
(No. )

(1-8th week)
(2%7 -1 holiday = 13 off line classes)

Online Participation
Off-line Participation/ Absence

(2) Your Special Contribution
(3) What are things that you have learned and recall well from QnA and PBL participation?

2. (5 pt) Your presentation of Solutions in one Chapter.
) and Team members name (

(1) Your Team Number (

(2) What was your chapter to explain to others?

(3) What was your role in that process?
(4) How you can improve your presentation for Final and Final PBL Presentation?

3. (1pt, Bonus) Write anything you like to tell.



