Chapter 15

Vector
Calculus
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In this chapter we study vector calculus on vector fields. In addition, we define vector
fields and scalar functions as real—valued functions in space. Specially we define line
integrals along a curve and surface integrals across a surface. The connections among these
concepts are given by Green's Theorem, Stokes' Theorem and Divergence Theorem.

Green’s Theorem transforms line integrals to double integrals and vice versa. The Stokes’
Theorem states that the circulation of a vector field around the boundary of a surface in
space equals the integral of the normal component of the curl of the field over the surface.
The Gauss Divergence Theorem says that the outward flux of a vector field across a closed
surface is equal to the triple integral of the divergence of the field over the region enclosed
by the surface. We will also look at some applications of these three important theorems.
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Vector Differentiation

Yu@D http://youtu.be/q0aVmUCXgTI

Vector Fields

Associated with every point in a region we can imagine both a direction and
a magnitude about gravitational force, the velocity of a flowing fluid. They are
expressed by a vector at each point in their region, which is producing a vector
field.

DEFINITION 1

Let D be a subset of R2(or R3). A scalar field on D is a
function f(z,y) (or f(z,y,z)) that assigns to each point (z,y)
(or (z,y,2)) in D. Any usual real valued function on D is a

For example a function f given by f(z,y)=x+y is a scalar field,
defined on R2, f(z,y,2)=az>+y>+2* is a scalar field defined on R3.

DEFINITION 2

Let D be a subset of R? (or R3). A vector field on D is a
function F that assigns to each point (z,y) (or (z, y, 2z)) in D, a
two (or three)—dimensional vector F (z,y) (or F (z,y, 2)).

The best way to understand a vector field is to draw the arrows for the

vectors F (z,y) at a few representative points (z, y). Since F (z,y) is
a two dimensional vector, we may write it as follows:

F (137 y) = M(Iv Z/)H‘ N($7 y)]

where M and N are scalar functions of two variables, and where i and
j are unit vector along the coordinate axes. These scalar functions are
called component functions of the vector field. We can also plot the
vector field in two or three dimensions with the aid of a computer.
Since a computer can plot a large number of vectors, this gives a better
impression of the vector field than drawing by hand.

CAS

Draw the vector field on R? defined by F(z,y)= %xi#— yj.

1 . .. 1 .
The length of the vector EwH— yi1s 4/ sz +4* . Vector point
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roughly away from the origin and vectors farther from the
origin are longer. (See Figure 1) =

http://matrix.skku.ac.kr/cal—lab/Sec15—1—Exm—1.html

var('x,y")
plot_vector_field((1/2+x, y), (x,—3,3), (y,—3,3))

N
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. 9 . _ yitzj
Flz, 9= (%x y) Draw the vector field on R? defined by F(z,y)= 7\/@ .

Figwe 1 F(z,9)=(37,y) i+ i

o DY The length of the vector s s 1.

R, o= (7 )

/1,2_+_y2 ’ J.[Z+y2

v

Figure 2 F (=, y) :<

Y T
Va+y? 7 Va? 442 >
CAS

Draw the vector field on R® defined by F (z, y, z) = — yk.
http://matrix.skku.ac.kr/cal—lab/Sec15—1—Exm—3.html

At each point (z, y, z), F (z,y, z) is a vector of length |y|. For
y > 0, all vectors are in the direction of the negative z —axis,
while for y < 0, all vectors are in the direction of the positive
z—axis. In each plane y =k, all the vectors are identical. =
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F L l“lH y

Figure 3 F (z, y, 2) = —yk

var('x, vy, z')
plot_vector_field3d((0,—y,0), (x,—1,1), (y,—1,1), (2,—1,1))

Gradient Vector Fields

DEFINITION 3
If f is a scalar function of two variables, then the gradient of
f, denoted by grad f (or V f), is defined by the vector

grad f(z, y) = f, (2, y)i+f,(z, y)i

Likewise, if f is a scalar function of three variables, then the
gradient, grad f (or V f), is defined by

grad f(z, y, 2)=f,(z, y, 2)i+ [, (2, y, 2)i+ [, (2, y, 2)k

Therefore, grad f is a vector field in R? (or R?) and it is called a
gradient vector field.

If f:R*- R is defined to be f(z,y)=2>+4*, then the grad
f=2zi+ 32% is a vector field on R2.

If f: R3- R is defined to be f(z,y, z)=2"+y*+2°, then the
grad f=2zi+3y*j+ 32’k is a vector field on R3. L

Find the gradient vector field of f(z, y)=2%—14*. Draw the grad f
together with level curves of f. How are they related?
http://matrix.skku.ac.kr/cal—lab/Sec15—1—Exm—5.html

The gradient vector field of f is given by the grad
flz, y)=2zi—2yj.
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Figure 4 shows a contour map of f with the gradient vector
field. Notice that the gradient vectors are perpendicular to
the level curves.

var('u, v')

f=wW"2 —v"2)

plot_vector_field(f.gradient(), (u, —2, 2), (v, —2, 2),
color='blue")

<

Figure 4 Contour map and gradient
vector field of f(z, y)=a"+¢

If you look at the Figure 4, it is clear that the gradient is
perpendicular to the level curve. This can be proved easily.
Let z=f(z,y) be a function having the first order
continuous partial derivatives. Let C be the level curve at
the level z=c. Then f(z,y)=c on C. Let () be a curve in
C, then f(y(t))=c. Hence, using the chain rule, we have

L(fe 4)=0. So. V) 1 (H)=0.

This means V f(y(t)) is orthogonal to the tangent ~'(t) for
all real value ¢t. m

Section 15.1 Vector Differentiation 945
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yi—xj
2

F(z,y)=

show(vf)

EXERCISES(Vector Differentiation)

15.1
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var('x,y")

vi=

plot_vector_field((1/2%x,—2%y),

(x,—3,3), (y,—3,3), aspect_ratio

show(vf))

1);
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1 1
var('x,y")

vi=plot_vector_field((y/sqrt(x~2+y "™~ 2),—
x/sqrt(x "~ 2+y " 2)), (x,—3,3), (y,—3,3),

aspect_ratio=1);

show(vf)

6. F(z,y)=

yi+xj
\/x2+y2

http://matrix.skku.ac.kr/cal—lab/Sec15—1—6—7.html
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var('x,y')
vi=plot_vector_field((y/sqrt(x "~ 2+y "~ 2),x/s
art(x~2+y"2)), (x,—3,3),

(y,—3,3), aspect_ratio=1);

show(vf)

7. F(z,y,2)=k
http://matrix.skku.ac.kr/cal—lab/Sec15—1—6—7.html
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Lo 30 3.0

x,y,z=var('x,y,z")
plot_vector_field3d((0,0,1),
(v,—3,3), (2,—3,3))

(x, —3,3),
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P,
‘P=A

Figure 1

Line Integrals

Figure 2
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In this section, the concepts of (ordinary) integral calculus are extended to
vector functions. Line integrals are useful in the calculation of work done by
variable forces along paths in space.

For the ordinary definite integral the region of integration is an interval
a< x < b on the z—axis. That is, we integrate along the z —axis from
z=a to x=>b. This concept can be generalized to define a definite
integral evaluated along a curve.

Line Integral of Scalar Fields

Let z= f(z, y) be a continuous function defined on a domain D ¢ R?

(or R®). Let C: (a,b) = D be a smooth curve in D defined as
t = (z(t), y(t)). We wish to define the integral of f along the curve
C.

For this, we divide the integral [a, b] into n equal parts
a=t, <t; <t, <--<t,=>b. The corresponding points on the curve are
A=Py(z(ty), y(ty)), P (z(t)), y(t,)), -, P,(x(t,), y(t,)) = B, in Figure
1.

Note that A= P, P, -, P, =B divide the curve C into n
sub—arcs. We assume that the length of these sub—arcs are
As,, As,y, -, As, respectively.

In each sub—arc, choose a random point P*(x;*(¢,*), y;*(¢;*)) which
corresponds to a point ¢* in the subinterval [¢,_,,¢;] of [a,b].

If we draw a rectangle with the base of [P,_,,P;] and height
f (z*,y.*), then the area of this rectangle is f (z,;*, y,*)As, in Figure 2.

Now we form at the sum

E / (l’i*vyi*)ASi
i=1

If lim Y f(z;*, y*)As, exists, then we say that the line integral of

n—- ©0;=1
f with respect to s along the curve C from A to B exists. In this
case, this limit is denoted by

fcf(w,y)ds or /abf(s)ds.

This gives us the following definition.


http://youtu.be/wHINlpNXYaU

DEFINITION 1

Let f be a continuous function defined on a domain D¢ RZ%. Let
C : (a,b) » D be a smooth curve. Then the line integral of f
along C is defined as

/ flz,y)ds = lim if(xqj*’yqj*)ASi
C n— o =1

given that the limit exists.

Remark The line integral / f(z,y)ds is the surface area of the surface
C

above the curve C up to under the surface z=f(xz,y).

We shall assume that line integrals are evaluated along a curve which
has an arc length parameterization. In the case of a parameterization
with respect to arc length s(¢t) in Section 12.3, we have

2 dy)2
T

dx
ds = b{

Therefore, we have the following theorem which gives a working rule to
evaluate a line integral along a curve.

(" THEOREM 2 )
Let f(z,y) be a continuous function defined on a domain D C
R2 and C : (a,b) » D be a smooth curve C with arc length
parameterization in D . Then

S stewas= [ rtaon[5e) +(42] .
. J

Let us look at some examples.

Evaluatef (z+y)ds where C is the semi—circle (cost, sint)
C

0 t< 7).

/ (m—i—y)ds:/ (cost—+sint) v (—sint)?+ cos’tdt
c 0

= [sint—cost]] =2 m

Reference: http://sage.cs.drake.edu/home/pub/11/

Section 15.2 Line Integrals 949
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Evaluate/ (z+y)ds where C is a circle (cost, sint) (0< t< 27).
C

27
/ ($+y)ds=/ (cost+sint)V sin’t+ cos’t dt
c 0
= [sint—cost];" =0 m

A curve is said to be a closed curve (path) when the endpoints coincide. That
is, C : la,b] = D is a closed curve if Ca)= C(b). If C is a closed

curve, then the line integral / 1s denoted by
c c

Properties of Line Integrals of Vector Fields

Let F =F (r)= F i+ F,j+ Fyk be a vector field. Then a line integral of
F (r) along (taken over) the curve C is defined as

/ F(r)- dr=/ Fidz+ Fydy+ Fydz
C

—/Fl dt+ F, Cclu dt+ 7,

dt
[reer Ea

Observe that evaluation of a line integral reduces to evaluation of an ordinary
integral.

For the line integral | 1|, the following properties follow from integral
calculus:

1. / kF- dr —kf F- dr, where k is a constant,

2/F+G dr—/Fdr+/G dr |
. 3./F- dr:/ F~dr+/F~dr,
c ¢ o

—C where C'is the sum of two curves ) and C,.

= 4. / F- dr = —/ F- dr, where — C is a curve traversed in
-c c

. . opposite direction of C. (See Figure 3.)
Figure 3

Find the line integral of F (z,y) = sinxz cosyi + e"?j along
(a) the horizontal line C, : 0< < 7, y=m/3.

(b) the vertical line C, : 0< y< 1, 2=2. (See Figure 4)

950 Chapter 15. Vector Calculus



Figure 5

c
/3 : i

Figure 4

(a)/ F. er/ sinxcosﬂxde/ lsina:da:
el 0 3 2

0

Moreover we consider that a smooth curve C is given by the vector
equation r(t) =z (#)i+y(t)j+2({t)k a< t< b.

If f is the function of three variables that is continuous on a region
including C, then we define the line integral of f

J = [0, 0[] (2] 4 (L]

dar) "\t

Next we have a simple example.

Evaluate / y*ds, where C is a circular helix given by the vector
C

equation r(t) = costi+sintj+tk, 0< t< 27. (See figure 5.)

27
nydSZf sin?t /(= sint)? + cos?t + 12 dt
c 0

27

= \/5/ %(1—c052t)dt
0

ﬁ[t_ 1

2
Esin%} =27 ]
0

2

Section 15.2 Line Integrals 951



15.2  EXERCISES(Line Integrals)

1-3. Evaluate the following line integrals:

cas 1. Evaluate f (1+2%?%)ds, where C is the
c

upper half of the unit circle z? +y* = 1.

http://matrix.skku.ac.kr/cal—lab/Sec15—2—1.html

t=var('t")
half_circle=parametric_plot( (cos(t),sin(t)),(
t,0,pi()));
show(half_circle, aspect_ratio=1)
1
0.8
0.6
0.4
0.2
-1 *0‘.5 0.‘5 1

integral(14+cos(t) ™ 3#sin(t) ™ 2+*sqrt(diff(co
s(t),t) ™ 2+diff(sin(t),t) ~2),t,0,pi())

Answer : pi

2. f (2% +y* +2)%ds, where C is the arc of the
c

circular helix r (¢) = costi + sintj + 3tk from
(1, 0, 0) to (1, 0, 67) .
Let x =cost, y=sint, z=3t

o dz \? (d1 )2 (dz)z
2.2, 2)2 Y
fo (z+y+z)\/(dt)+dt o]

27
= f (1+9£2)2V/1+9dt=2+/10 (m +127%).

0

y

3. Let F(a,y)=(34+2zy)i +(2®—3y%)j. Find

F- dr where C is any smooth curve from
c

952 Chapter 15. Vector Calculus

CAS

C (t) =31 +tj —k then evaluate

Yol  http://youtube/ZdRjCfleHMS

(0,0) to (1 1).
*t1+t3 > r(=i+jl0<t<1)

dr
:/ (34+262) + (2
0

32)dt =3

CIFA(#)=ti —#%] +(#—1)k, B (#)=2£1 + 6tk

2 O] E=400]
evaluate / A Bdt. e
0 CHEEE

http://matrix.skku.ac.kr/cal—lab/cal—14—1—24.html
t=var('t")
r=vector([t,—t"2,t—1])
w=vector([2%t ~2,0,6%t])
v=r.dot_product(w)
v.integrate(t,0,2)

Answer : 12

If A(t)=ti—3j+2tk B(t)=1i—-2j +2k
2
a. A- (B xC)dt,
/,
2
b. /(A><(B % C )t
1

If A(2 )—2i—j+2k, A(3)=4i—-2j +3k
then evaluate / A- —dt
2

7-9. (Line Integrals) Given the following vector fields

and oriented curves C, evaluate / F- dr.

F=—yi+ zjon the semicircle
r(t)= (3cost, 3sint)y, for 0< t< .

- T . Yy .
F= (x2+y2)3/21+ (x2+y2)3/21 on the line
segment from (1,1) to (5,5).

. F= Qx ~i+ ———] on the line r(t) = (t, 2t)
oty 7ty
for 1< t< 5.


http://youtu.be/ZdRjCfJeHM8
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m Independence of Path )

Yu@@® http://youtu.be/[GGOL3QD;1Y

Potential Functions

We know that if f is a scalar function then grad: f is a vector field.
Therefore, given a vector field F, we can construct a scalar function f
with the property that

F =gradf.

If such a scalar function exists, then F is said to be conservative.

G)EFINITION 1 R

Let F be a vector field. Then F 1is called conservative if there is
a scalar function f such that

gradf=F .

A function f is called a potential function (or scalar potential) for
" J

Remark Note that if a scalar function f is a potential function of a vector
field F, then f+c¢ is also a potential function of F for any
constant ¢. Not all the vector fields are conservative, but such
fields arise frequently in physics. The most prominent examples
of conservative forces are the force of gravity and the electric
field associated to a static charge.

According to Newton's Law of Gravitation, the gravitational force field

between two objects with masses m and M is given by

mMG X
x| Ixl

F(x)= —

where x = zi+yj+zk is the position vector of the object with
mass m from the other object with mass A/ and where @ is the
gravitational constant. It is easy to check that

F(x,y,2z)=gradf

mMG

Where f(x,y,z)Zﬁ.
vty +z

Therefore, the gravitational force field F is conservative and f
1s a potential function for F.

If F(z, y) =Mz, y)i+ N (z, y)j is conservative, then

Mi+ Nj=gradf=f, i+f,i.

Section 15.3 Potential Function and Independence of Path 953
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That is, M=f, and N=f, .
Now take a partial derivative with respect to y of M= f,, and with
respect to x of N=f, to get

My = f.’l;y and N’I‘ = fy;l:

In addition, if we assume that the seond order partial derivatives are the same,
then we have

M,=N,.

This turns out to be both necessary and sufficient condition for a vector field
to be conservative, in special type of domain, which are simply connected.

A domain is said to be simply connected if it does not have a hole inside.
(However, this is not a rigorous definition). For example, any disk:
z?+y* < o, upper half plane: y> 0 are simply connected domains in
R?, whereas annulus: 1< z°+4* < 4 is not simply connected. (See
Figure 1.)

Simply connected

Not simply connected
Figure 1

(THEOREM 2 )

If M and N have continuous first order partial derivatives and the
vector field F (z,y) = M (z,y)i+ N (z,y)j is conservative, then, in
simply connected domains, we have

M, = N,.
\ J

Remark The converse of Theorem 2 is in general not true. It is true only
for special domains that we will see later. (See Example 2.) In
simply connected regions, we can state the converse of Theorem
2 for verifying that a vector field on R? is conservative. We will
check the proof in a result of Green Theorem in Section 15.4.



CAS

THEOREM 2 and3

Let F(z,y) = M(x,y)i+ N(z,y)j be a vector field on an open
simply connected region D. Suppose that A/ and N have
continuous first order partial derivatives and M, = N,. Then F is
conservative.

Remark Suppose that F(x,y,2)= M(z,y,2)i+ N(z,y,2)j + Plz,y,2)k is a
vector field on a simply connected domain where A/, N and P
have continuous first order partial derivatives. Then F is

. . .. 0P oON oP oM ON oM
conservative if and only if —= —, —=—— and —= —.
oy 0z ox 0z ox oy

The proof is similar to Theorem 2.

’

Determine which of two vector fields are conservative
(1) F =4dayi— %]

(2) G =(1+3z%)i+ (*—2)j

(3) H=2zi—zj+sinzk
http://matrix.skku.ac.kr/cal—lab/Sec15—2—Exm—1.html

For (1) we find
M, =4z, N, =— 32

Since they are not equal, the vector field is not conservative.

var('x,y")
F=vector([4*x*y,—x"~3])
print bool(diff(F[1],x)==diff(F[0],y))

Answer: False
For (2) we find
M, =32°, N, = 32>

Since they are equal, the vector field is conservative.
For (3) we find
P,=0, N.=—1.

Since they are not equal, H is not conservative.

var('x,y,z")

H=vector([2*x,—2z,sin(z)])

print bool(diff(H[2],y) ==diff(H[1],2))
print bool(diff(H[2],x) ==diff(H[0],2))
print bool(diff(H[1],x) ==diff(FH[0],y))

Answer: False, True, True
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Independence of Path

Let A and B be two points in an open region D. For some special
fields, the line integral of the vector field F has the same value for all

paths from A to B. (See Figure 2.) Then the line integral / F- dr is
c
said to be the independence of path in D.

Y

0 ; 2
L Pax+qay

Figure 2 Independence of Path

Remark There is an useful property of line integral in conservative field
when the path of integration is a closed curve: the vector field F

1s conservative on the domain D if and only if ?5 F- dr=0
C

around every closed curve in the domain D.

If F is a conservative vector field with potential function ¢, then the
line integral from A4 to B is independent of path joining 4 to B. (See

Figure 2)
B B
F- dr = Vo d
B
:/ (aqudaH-%dy—F%dz
4\ 0T oy 0z
=¢(B)—¢(4).

Thus the line integral depends only on the end points A and B and
not on the path joining them. Recall that when F =V ¢, then V XF
=V XV ¢=0. In such a case, F is called a conservative vector field
and ¢ is called its scalar potential (potential function).

Nete that a conservative force field is also irrotational (since V xF
=0).

The vector field F =— —; Y Si+ L 51 on R? except the origin

"ty xz—i-y

Chapter 15. Vector Calculus
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has no potential function, although M, =N, ,

oM — dﬂ: o — o2

an .
oy (22442 ) or (2242

Suppose that a closed curve is the unit circle C : r(t) = costi+ sintj,

0< t< 2m. We evaluate 56 F- dr around C. First we have
C

F=—sinti+ costj.
2

Then ygF' dr= ygF ﬂdtz dt = 2.
c dt 0

Since yg F- dr# 0 , the vector field is not conservative. |
C

For a conservative vector field, how do we find the potential function?
Let J look at some examples.

Test the existence of a potential function for the wvector field
Flz,y) =y +tanzj on R>.

. M oy
Since 25— (zy”)
9y

oM , 0N . . .
8—y¢g’ the vector field F is not conservative.

So, there is no potential function.

oN _ olt
=2zy and —= M: sec’z, that
oy ox ox

1s,

CAS
What is the potential function for the conservative vector field
F =(1+32%)i+ (z*—2)j on R%?
http://matrix.skku.ac.kr/cal—lab/Sec15—2—Exm—4.html
From Example 1.(2), we know that F is conservative.
Suppose F =grad f for some scalar function f. Then we
have
M= 1+3x2y:fw.
Integrating both sides with respect to z we get
e+2y+k(y) = f(z,y),
P, where c(y) is a constant of integration and a function of .

Now differentiate with respect to y, we get

Figure 3

a:3+k'(y)=f =N=72%—2.

Y
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Since we just want “a’ pot

Thus

K (y)=—2.

Integrating with respect to y, we get

k(y)=—2y+c (c is a constant).

“« »

flz, y):x+x3y—2y+c.

x = var('x")

y = function("y",x)

M = 1+3%xx" 2%y

N =x"3-2

solution=desolve (diff(y,x)==—M/N,y)
f=simplify (solution==y )*solution.denominator ()
potential=f.lhs()—f.rhs ()

potential # This is a potential function for F

Answer: (x™3 — 2)xy — ¢ + x

Work Done by a Force Work Integral

ential function not “the” general potential
function, we do not need a constant of integration here. Putting it all
together, we get the potential function

.

rTHE()RE]\/I 4 Path Independence Theorem

Let F= Mi + Nj be a vector field such that M, = N, and let A

and B be two points of D.
Let f be a potential function for F= M1i + Nj. For any piecewise
smooth curve C from A and B,

/CMda;—ﬂ—Ndy:f(B)—f(A).

Thus the line integral in this case depends only on the end points
A and B and not on the curve C. Thus we may write

B
/ de+Ndy:/ Mdx+ Ndy.
A c

J

A natural application of the line integral is to define the work done by a force
F in moving (displacing) a particle along a curve C from point 4 to

point B as

B
work done :‘/AF. dr=f(B)—f(4).

When F denotes the velocity of a fluid, then the circulation of F



around a closed curve C is defined by / F- dr.
c

1. The work done by a conservative force field in moving a
particle from A to B is independent of the path joining A4
and B, that is, it depends only on the end points 4 and B.
In such cases a scalar potential ¢ exists that is, F =V ¢.
Thus the work done from A to B equals ¢(B)— ¢(A4).

2. If C i1s a closed smooth curve and F is a conservative

field, then
f F- dr =0
C

along any closed curve C because

/F- er/ F- dr=/ F- dr—&-J F- ar
c P,P,P,P,P, P,P,P, P,P,P,
:f F- dr f/ F- dr =0
P1P3P2 P1P4P2

which follows from the independence of the path. (See Figure 3.)

CAS

If F(z, y)=(2z+y*)i+ (3y—4z)j, evaluate the line integral around a
triangle ABC in the zy—plane with A4 (0,0), B(2,0), C(2,1). (See
Figure 4.) (a) in the counterclockwise direction (b) what is the value
C2, D in the opposite direction?
http://matrix.skku.ac.kr/cal—lab/Sec15—2—Exm—5.html

G (a) In the counterclockwise direction:

Y
G
G
A0, 0
Figure 4

B(2, 0) z IZ/F dr:fF- dr+/F- dr+fF- dr.
¢ G G G

Along Cy: y=0, z varies from 0 to 2, since r = xi+0j,
dr =dzi+0j and F= 2zi—4xj,

2 2
]1:/ F. dr:f 2xdac:[a:2]0:4.
G 0

Along C,: =2, y varies from 0 to 1, since r =2i +yj,
dr =0i+dyj and F=(4+y")i+ (3y—8)j,

! 13
12 = F.- dr = (3y—8)dy :—7.
G, 0

1 . .
Along C; y=5, = varies from 2 to 0, since
= 2i +22j dr—('+i'd and F= 20+ 2 i~ 34
x1 256], 1 2] X x 4 237]»
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(4, 6)
@, 5) ©
’ G 4,5
0] X
Figure 5
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0 2
3z 13
[:/ F- dr=/ x——f——)dx:——.
). L4 6
_ 413 14 43
Thus 7= 1+ L+ =4 >~ .

The required line integral is in the counterclockwise direction.
There is an another solution using line segment from a point
A to other point B.

On ()0 r=<2t,0>, 0< t< 1, since dr=<2, 0>dt and

1
F= <4t,8t), 112/ F- dr=f8tdt=4.
C, 0

On G, r=<2,t), 0< t< 1, since dr=<1, 0>dt and
F= {4+, 3t—8),

1
[2:f F- dr :/ (3t—8)dt=—12—3.
C, 0

On Cy: r=<2—2t,1—t), 0= t= 1, since dr=<—2, —1)dt
and F= {t* = 6t+5,5t—5),

1
l;zf F- dr :/ (26> +7t—5)dt =— —.
' ot 0 6

The result is same.
(b) The value of the line integral in the opposite direction is
43
2
6

var('x,y,t")
r=vector([0,0])+t*(vector([2,0])—vector([0,0]))
dr=diff(r,t)

F=vector([2#x+y ™ 2,3xy—4#x]).subs(x=r[0],y=r[1])
integrand=F.dot_product(dr)
line_integral_1=integral(integrand,t,0,1)

line_integral_1

Answer: 4

Find the line integral / zrydz +z’ydy. where C is the rectangular
&

curve from (2,5) to (4,5) to (4,6). (See Figure 5.)

Let F= zyi+ 2%yj.
Then xyda:+:c2ydy=/F~ dr :/ F- dr +/ F- dr.
c c a G

Here C is a piecewise smooth curve made up of a horizontal
piece



Ci 122 < 4, y=5
and a vertical piece
C,:xz=4,5< y< 6.

Along C): y=5, x varies from 2 to 4, since r= xi+ 5j,
dr=1i40j and F= 5zi+5z%,

4
/ F- dr :/ 5xdz = 30.
1) 2

Along C,: x=4, y varies from 5 to 6, since r=4i+ yj,
dr=0i+j and F= 4yi+ 16yj,

6
f F- dr :/ 16ydy = 88.
G 5

Thus the line integral is

/ zrydz+ 2 ydy :/F. dr :/ F- dr —|—/ F- dr
c c o G,
m

=30+88=118.

Find the line integral / F- dr where F is a vector field in example 4
c
and C is the path from A4 (2,1) to B(6,3).
Since the vector field F is conservative there is the potential

function f(z, y)=xz+2°y—2y+c in example 4. by Path
Independence Theorem,

/F- dr =f(B)—f(A)=f(6,3)—f(2,1) =646 . n
C
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15.3

6. Determine whether or not the vector field is

conservative. If it is conservative, find a potential of
F.

cAS 1.

CAS 2.

962

Flz,y)=ye "i+e “j
http://matrix.skku.ac.kr/cal—lab/Sec15—2—Exs—1.html

var('x,y')
F=vector([y*exp(—x),exp(—x)])
print bool(diff(F[1],x)==diff(F[0],y))

Answer: False
Then F is not conservative.

F(z,y)=2zyi + (22 +2y)j
http://matrix.skku.ac.kr/cal—lab/Sec15—2—Exs—2.html

var('x,y")
F=vector([2#x*y,x "~ 2+2])
print bool(diff(F[1],x)==diff(F[0],y))

Answer: True

x = var('x')

y = function("y",x)

M=2#x*y

N=x"24+2

solution=desolve (diff(y,x)==—M/N,y)
f=simplify(solution==y) *solution.denominat
or()

potential=f.lhs()—f.rhs()

potential

Answer: —(x"2 + 2)*y(x) + ¢

. F 2,y 2) = 20°2° 1 + 22y2°] + 3zy’s?

http://matrix.skku.ac.kr/cal —lab/Sec15—2—Exs—3.html
Let M= 2y2z3, N= 2xyz3
P= 3xy222.

and

oM 9 o 0P OM
— =6y, —# —
0z ox 0z
Then F is not conservative.

. oP :
Since —= 3y2z2 and
ox

var('x,y,z")

F=vector ([ 2%y ™ 2%z " 3,2%xkys#z ™ 3, 3% xcy ™
2%77°21)

print bool(diff(F[2],y)==diff(F[1],z))

print bool(diff(F[2],x)==diff(F[0],z))

print bool(diff(F[1],x)==diff(F[0],y))

Chapter 15. Vector Calculus

cAS 4.

5.

6.

EXERCISES(Potential Function and Independence of Path)

Youll® http://youtu.be/TreCeS8ESEIU

Answer: True, False, False

F(z,y, 2)=¢"1+]j +ze’k
http://matrix.skku.ac.kr/cal —lab/Sec15—2—Exs—4.html
P=N =0, P,=M=¢
N, =M,=0, F is conservative.

To find the potential function f(z,y,z), first we

L f=ze*+g(y,2) —(1) Taking

—e€
x
partial derivative of f with respect to y, we get

of

8
—=1. Hence from (1) we get 99 1
oy oy

g(y.z) =y+h(z) —(2)
Then f=ze*+y+g(z) —(3)
Now taking partial derivative of f with respect to z

0. 0
we get af 299 _
0z 0z

Since and

begin =

=

xze*. Hence from (3) we get

= g¢(z)=c¢, a constant.
Therefore, f=xze"+y+ec.

var('x,y,z")
F=vector([exp(2),1,x*exp(z)])

print bool(diff(F[2],y)==diff(F[1],2z))
print bool (diff(F[2],x)==diff(F[0],2))
print bool(diff(F[1],x)==diff(F[0],y))

Answer: True, True, True

var('x,y,z,.c')
fx=exp(z);fy=1;fz=x*exp(z)

f 1=integral(fx,x) # +g(y,z)
f 1y=diff(f_1,y)
diff(f_1,y)+gy(y,z)
gy(y,z)=fy—diff(f_1,y)
g(y,z)=integral(gy(y,z),y) # +h(z)

f 2=f 1+g(y,z) #+h(z)

f 2z=diff(f_2,2) #fz=diff(f_2,2)+ hz(z)
hz(z)=fz—diff(f_2,z)

h(z)=integral(hz(z),z)

f=f 2+h(z)+c

f

# fy=

Answer: x¥¢ "z + ¢ + y

F(z,y, z) = zyz*i + 32%y2"] +2%y*zk
Not conservative.

F(x,vy, z) = ycos(zy)i + zcos(zy)j —sinzk

Conservative, f=sin(ay)+cos(z)+c.


http://youtu.be/TreCe8ESEiU
http://matrix.skku.ac.kr/cal-lab/Sec15-2-Exs-1.html
http://matrix.skku.ac.kr/cal-lab/Sec15-2-Exs-2.html
http://matrix.skku.ac.kr/cal-lab/Sec15-2-Exs-3.html
http://matrix.skku.ac.kr/cal-lab/Sec15-2-Exs-4.html

cas 7. Sf{ow thaF the Yector field A.(x, Y, 2)= var(x.y.z.c')
e"*1 +3xyzj + 2yk is not conservative. Ex=doexcry — 3% x ™ 2z ™ 2 fy=2sx ™ 2ifz=—2%x
http://matrix.skku.ac.kr/cal—lab/Sec15—2—Exs—7.html ~ iy
f_l=integral(fx,x)  # +g(y,z)
var('x,y,z") f_.1y=diff(f_1,y) #  fy=
A=vector([exp(x*z),3%x*y*z, 2%y]) diff(f_1,y) +g§{(Y,Z)
print bool(diff(A[2].y)==diff(A[1].2)) gy(y,z)=fy—diff(f_Ly)
print bool (diff(A[2],x)==diff(A[0].2)) g(y,z)=integral(gy(y.2),y) # +h(z)
print bool (diff(A[1],x)==diff(A[0],y)) f2=f 1+a(y.2) #+h(2)
f 2z=diff(f_2,2) #lz=diff({_2,2)+ hz(z)
Answer: False, False, False hz(z) =fz—diff(f_2.2)
Then A is not conservative. h(z)=integral(hz(2),2)
f=f 2+h(z)+c
cAs 8. Determine whether the force field F = 2z21 + f
(#*—y)j +(2z—2”)k is a conservative field. Answer: —x 3422 + 24x 2%y + ¢
http://matrix.skku.ac.kr/cal—lab/cal —14—2—>5.html
var('x,y,z,.c")
http://matrix.skku.ac.kr/cal—lab/Sec15—2—Exs —8.html f(x,y,2)=—x"3%z"2 + 2xx" 2%y + ¢
, . workdone=£(1,1,1)—f(0,0,0)
var('x,y,z') Kd
F=vector([2#x#z,x ™~ 2—y,2%z2—x " 2]) workdone
print bool(diff(F[2],y)==diff(F[1],2)) Answer: 1
print bool(diff(F[2],x)==diff(F[0],z))
Answer: True, False, False particle by a force field A = 3:chi — 5Zj %
Then F is not conservative field. +10zxk along the curve z=t>+1, or
y=2t",z=1t" form t=1 to t=2.
CAS 9. a. Prove that F http://matrix.skku.ac.kr/cal—lab/Sec15—2—Exs—10. html

= (day— 3222%)i +22%) —22%2k 1s a
conservative field.

b. Find its scalar potential f.

c. Also find the work done in moving an object in
this field from (1, 1, 1) to (0,0, 0). ]

http://matrix.skku.ac.kr/cal—lab/Sec15—2—Exs—9.html

Scalar potential f=2z%— 32" +c.
Work done=f(1,1,1)—f(0,0,0) =1.

var('t,x,y,z')

x(D)=t"2+1;y(t)=2%t " 2;z(t)=t "~ 3
r(t)=(x(t),y(t),z(t))
dr(t)=(diff(x(t),t),diff(y(t),t),diff(z(t),t))
A()=(3xx(t)*y(t),—5*z(t),10+x(t))
F(t)=A(t).dot_product(dr(t))
integral(F(t),t,1,2)

303

=

Var('xyy’z') Answer
F=vector([4#xxy—3+x" 2%z 2,2%x " 2,—2%x

~3xz])

print bool(diff(F[2],y)==diff(F[1],z))

print bool(diff(F[2],x)==diff(F[0],z))

print bool (diff(F[1],x)==diff(F[0],y))

Answer: True, True, True
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Green’s Theorem in the Plane

Y
C
0] x
Y Mdzx+Ndy
0] x
Figure 2
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You@® http://youtu.be/WxdThaSh_ZI

In this section, we introduce a very important theorem in vector calculus, which
is the Green's Theorem. Green's Theorem relates a line integral around a simple
closed curve C and a double integral with the plane region R bounded
by that curve, (see Figure 1.) that is possible to transforms line
integrals to double integrals and vice versa.

Here we assume that the curve C has positive orientation (travels to
counterclockwise on ). That is, when we travel along C, the region R
always lies on the left side of C.

@ o=

Positive orientation Negative orientation

Figure 1

Green’s Theorem has several applications such as finding area of a plane
regions and work done by a force field.

rTHE()REM 1 Green’s Theorem

If R is a closed region in the xy—plane bounded by a simple
closed curve C and if M(z, y) and N(z, y) are continuous
functions of x and y having continuous first order partial
derivatives in R, then

where (' is traversed in the positive direction. (See Figure 2)

* George Green (1793—1841) English mathematician.
g J

Remark 1 Vector form of Green's Theorem
Let A =Mi+Njandr=uxi +yj. Then A- dr = Mdz+ Ndy.

1 J k
VxA—| o 2 8
ox oy 0z
M N 0
:(ﬂ,ﬂ)l,(ﬂ,w) (ﬂ,aM)
oy 0z ox 0z ox oy


http://youtu.be/WxdTbaSb_ZI

Doubly connected domain

domain

Figure 3

Figure 3

ON oM K

ox oy

Thus Green’s Theorem reduces to

/CA- dr :/ (V xA) kdr.

Remark 2 Area to a plane region using Green's Theorem Let R be a
plane region bounded by the simple closed curve C. Let 4 be

the area of R.
Let N=z, M= —y so that

fxdy—ydx:/ (14 1)dxdy
c R
22// drdy=2A4.
R

Thus the area of R is

A:l/ rdy—ydz.
2J ¢

Remark 3 Green’s Theorem can be applied to regions that are not
simply connected. For instance, the boundary C of the region
R in Figure 3 consist of two simply closed curves C; and C,
and assume that the region R is always on the left as C; and
C, are travesed. Then, the positive direction is
counterclockwise for C; but clockwise for C,. If we divide R
into two regions R and R” in Figure 3, then, by Green's
Theorem,

f/ (—*—) ff (5*—)“ f/ (5*—)@4

:/ de—!—Ndy-l—f Mdx+ Ndy
P ’ 6RN

where R’ and aR” are the boundary curves of R and R”,
respectively.

Remark 4 Let F= Mi+ Nj be a vector field on an open simply connected
region R and M and N have continuous first order partial
oM  oON

derivatives. If —=— then by Green's Theorem
oy ox

/ Mdz+ Ndy = 0.
C

Section 15.4 Green’s Theorem in the Plane 965
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Yy Verify Green’s Theorem for f z?ydz + zy’dy, where C is a

B, 1 i . ¢ . .
positively oriented curve which is the boundary of the triangle with

vertices, (0,0), (1,0) and (1,1). (See Figure 4 and 5.)

C, http://matrix.skku.ac.kr/cal—lab/Sec15—4—Exm—1.html
G
o First, we evaluate the given integral as a line integral. Notice
o0 AL X that C is a union of three curves C;: y=0,0< z< 1, G
£ 1 < >

z=1,0<< y< land Gyt y==z, 0< < 1.

Figure 4
Then/ :zzzydx—l—nydy:/ +/ +/.
Y c a Yo Yoo

Let us assume that right hand integral is denoted by RI and left hand
Y integral is denoted by L1.
Along €, since y=0 and z=2(0< z< 1),

/ zryde + zyldy = 0.
G

Figure 5 .
Along C,, since z=1 and y=y(0=s y=< 1), de=0 and

dy = dy. Then

1
1

/ xzydera:dey :f y2dy =_.
@ 0 3

2

Along Cj, since y=2z and z varies from 1 to 0, dy=dx.

Then
2 2 0 1
/ rydr + xy dy 22/ 2} di=— =
lor 1 2
gt 11
Hence R[—0+3 2 G

Next, let M=z’ and N=xzy*, then we get the double

integral
1 T
ﬂ—ﬂ)da:dy :f f (yQ*a:?)dyda:
070

= [f
R\ 0x oy
/1
a 0

Hence Green’s Theorem verified by LI = RI. ]

der = —

2 4 1
37 6

var('x,y")
M=x"2*xy;N=x*y ™2
curlF=diff(N,x) —diff(M,y)
RIx=integral(curlF,y,0,x)
integral (RIx,x,0,1)

Answer : —1/6
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CAS

=9 Verify Green’s Theorem n the plane for
v e B2 fc(x2—2a:y)dx+(x2y+3)dy where € is the boundary of the region
defined by y* =8z and z =2. (See Figure 6.)
_— http://matrix.skku.ac.kr/cal—lab/Sec15—4—Exm—2.html
0(0. 0) e,
(a) The left hand side of the Green’s Theorem is the line
integral
A@Q, -4 Li= / (2% — 22y )dx + (z*y + 3)dy.
c

Figure 6
Here C consists of the curves OA, ADB, BO, so

==
c OA+ ADB+ BO
=f +f +/ = LI+ LL+ LI,
0A ADB BO

Along OA, since y=—2v2Vz(0< z< 2),

Ll = / (x2 — 2zy)dx + (x2y+ 3)dy
0OA

2
:/(5x2+4\/5x3/2—3\/5x_1/2)dx
0
5.’E3 2 5/2 ?
=| 5tV oo -3v2- 2z
0

Along ADB, since =2 and y=y(—4< y< 4), de=0
and dy = dy. Then

LI, = / (z2 — 2$y)dx + (x2y+ 3)dy
04

4
= f (4y+3)dy = 24.
4

Along BO, since y= 22 vz and z varies from 2 to O,
V2

dy = \/»
X

LL = / (x2 — Qxy)dx + (x2y+ 3)dy
BO

dx. Then

_L
2

3
0 2
=/(5x2—4\/§x2+3\/§x )dx
2
__ 40 64 . 188
=Tt 12 15’
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Thus LI=LL+ LI+ LI, = F+24_ ST
(b) Here
M= az*—2zy, N=2"y+3
ﬂzf%:, ﬂz 2xy.
oy ox

So the right hand side of the Green’s Theorem is the double
integral given by

The region R is described with y varying from — +/8z of

the lower branch of the parabola to its upper branch +/ 8z
while z varies from O to 2. Thus

2 py/sz
R[:// (2xy+2x)dydx
0Y — 8z
2 73
:f [zy2+2zy]l/§/57dx
0

2
:/ [1’><8x+21\/8x}— [x><8x—2x\/8x]dm
0

2 5/2 |2 5/2
:/M B du= 48 2 _44/8x2 _ 128
0

5/2 1, 5/2 5
Since LI= RI, the Green’s Theorem is verified. =
var('x,y")
assume(x>0)

M=x"2—2xx*xy;N=x " 2*%y+3

curl F=diff(N,x) —diff(M,y)
RIx=integral(curlF,y, —sqrt(8+x),sqrt(8*x))
integral (RIx,x,0,2)

Answer @ 128/5

CAS

Evaluate the line integral using Green’s Theorem

f xij_ 1 dx +2xydy where oD is the boundary of the region defined
oD

e

by the curve y=z*, and the line y=z. (See Figure 7.)

http://matrix.skku.ac.kr/cal—lab/Sec15—4—Exm—3.html

A region D bounded by 8D is

D:{(x,y)IOS r< 1, 2% < y < x}
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oD

0

Figure 7

Figure 8

4hW
N

oN oM 1 . ;
Since —=2y and —= ——, using Green's Theorem,
ox oy rz+1

[} dm+2xydy—f / (y—?)dydm

2
_ 4 X X
_fo (x S R

dx
41
=2 11’1 2— %
var('x,y")
assume (x>0)
M=y/(x+1);N=2#x*y
curlF=diff(N,x) —diff(M,y)
RIx=integral(curlF,y,x " 2,x)
integral (RIx,x,0,1)
Answer : 2*log(2) — 41/30
Area of a Plane Region
rTHEOREM 2 )

If D has a piecewise smooth boundary C with positive
orientation, then the area of D is

A:/ mdy:/ —ydx:%/ (zdy—ydz).
c c c

. J

Preof By Green's Theorem,

/xdy—// (g—i——)dA f/ dA= A
f d:c—/]( y)dA /fdA A.

See Remark 2 for the last term in Theorem 2.
Adding the two, we get the last term in the theorm.

2
Use Green's Theorem to find the area of the ellipse x_2_|_ y—Qs 1.
a

(See Figure 8.)

The boundary of the ellipse is the parametric curve
xr=acost, y=bsint, 0< t< 27,

Note that dzr = —asindtand dy = bcostdt , We have

Section 15.4 Green’s Theorem in the Plane 969
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xdy—ydx = (acost)(bsint)dt— (bsint)( —asint)dt
=ab (cos’t+sin’t)dt = abdt.

By Theorem 2

27 2T
AZfzdyZ%/ abdtZ%bf dt=mab. ]
c 0 0

Let » and # be polar coordinates defined by z =rcosf, y=rsin6 .
Then dx = cosfdr—rsinfdf, dy=sinfdr-+rcosfdf by the definition
of the total differential.

It is easy to check that zdy— ydz = r*df. Hence, by Theorem 2, we

get
_ 1/ 2
A——2 Or db

For example, we consider the cardioid r=a(1+cosf) for 0< < 2rx
for using | 5|, we find

2 27
A:“—f (14 cos0 )2df = T g2 .
2J, 2

Using Green’s Theorem, find the area of the region in the first quadrant

bounded by the curves y= % y= % and y =z . (See Figure 9)

By Green’s Theorem the area A of the region bounded by a
closed curve C is given by A= %/deyf ydx .
> .
1
CQ:y:%,ls x< 2, —Cyiy=2,0< < 1. So

1 1
YAy
2J¢ 20 Yo Yog

Along Cy:y= % dy = %dx, z varies from 0 to 2.

Here, C consists of the curves C):y= 0< z< 2,

1
=S [a+h+1].

[12/ xdy—ydef l:vdav—ida;:O.
C 014 4

1 1 .
Along Cy:y= ot dy=— —;dx, x varies from 2 to 1.
X



! 1 1
L= rdy—ydr = x| = — |dr— —dx
G, 2 T T

=—2Inz|) =2In2.

Along Cy:y=x, dy=dx, x varies from 1 to 0.
]3:/ xdy*ydx:fxd:v*xdx:().
G

1 1
Then A:§(11+12+13):5(0+21n2+0):1n2.

Section 15.4 Green’s Theorem in the Plane
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15.4 EXERCISES(Green’s Theorem in the Plane)

Yu@@E http://youtu.be/wWLTHYaANwtI

1-4. Use Green's Theorem to evaluate the line integral orientation.
/ Mdx + Ndy, when Mdz+ Ndy is f (cosz siny—xy)dx + (sinz cosy)dy
c

_//[ (sinz cosy) — ;y(cosxsinyf:vy) dA

27 1
:// di:/ /rcos@drd@
D 0 0
27 1
=/ cos@d@/ rdr =10
0 0

CAS1. —ydr+zdy, where C is a circle of

z?+¢* =9, with positive orientation. s
http://matrix.skku.ac.kr/cal—lab/Sec15—4—FExs—1.html

Gl

xy,rt=var('x,y,rt");

p = implicit_plot(x "~ 2+y ~2==9, (x,—3,3), ) ) )
(v, —3.3).cmap=["red"]); 4. / (z° — coshy)dz + (y+ sinx)dy where C is a
1 = implicit_plot(x==0, (x,—4,4), (v, ¢
p_4 4)): HIPHEILDIORX x Y boundary of the rectangle 0< z< m,
p2 = implicit_plot(y==0, (x.—4.4), (v, 0< y< 1, with positive orientation.
—4,4)); f (2 — coshy)dz + (y+sinz)dy
show(p+pl+p2, aspect_ratio=1) 5

A — *//‘ [ (y+sinz)— o0 —(2?—coshy) |dA

3

9 =/ / cosz +sinhy dx dy

0 0

1 I S W

0 = 7r+27re +27re.

_l . y . .

P 5-8. Verify Green's Theorem by evaluating the line

_3 integral / Mdx+ Ndy (a) directly, (b) using

c

-4-3-2-1 0 1 2 3 4 Green's Theorem, where Mdz + Ndy is:
M=—-y;
N=x; 5. f (zy+y?)dz+ (z*)dy where C is a closed
integral (integral ((diff(N,x) —diff (M,y) )#r, T, c ]
0, 3),t, 0, 2%pi) curve of the region bounded by y=az and

y =z, with positive orientation.

Answer : 18#pi
f(my-i—y )da:+(12)dy

2. /Oxfleydx-i- (e’lnx + 2z)dy, where C is the _// [ (ch+y ) da
positively oriented curve which is the boundary of
the region bounded by y =2, y=z"+1. :// T —2y)dy dx :2_0'
le¥da + (e¥Inz + 2z ) dy
—f/ [— e'lnz +2z) — ( “lev)|dA 6. /p(3x2—8y2)dx+(4y—6xy)dy where C is a
16 boundary of the region defined by y = Vv and
= f 1 f 1 2dw dy=-. y =%, with positive orientation.
(3z2—8y2)dx+(4y—6a:y)dy
3. /C(cosa: siny — zy)dx + (sinz cosy)dy , where 7// [ (4y— 6zy) — y(3m278y2) A

C is a circle of z*+¢* =1, with positive

972 Chapter 15. Vector Calculus
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1 \/; 3
:/ f (10y)dy dz =—.
0 2’ 2

7. / (22— ¢*)dx + (zy)dy where C is a boundary
c

of the region enclosed by the circles
2+ =1 and z®+4* =9, with positive
orientation.

/ (22 —y*)dz + (zy)dy

_// 81 (2;10 y) dA
:// y+ 3y dA,y:rsmﬁ

21 3
= / / (rsind+3r%sin’0)rdr do
0o Y1

27 3
:f f (r*sinf +3r°sin%9)dr dd = 60r.
0

8. f(3x+4y)dx+(2x*3y)dy, where C is a
c

circle of z*+y* =4, with positive orientation.
f (32 +4y)dz+ (2z —3y)dy =

//[ (22 —3y) ——(3x+4y) dA
_/2#/

2)rdrd) =— 8.

9. f(x2+xy)dx+(x2+y2)dy where C is a
c

square of
orientation.

Let p(z, y) =2>+zy, qlz, y) =2*+4*. To
evaluate the line integral, we use Green's Theorem
as follows

/1 /1 (3(1(3:, ) _ ap(z, y) dzdy
-1Y -1 z )

1,1
:/ / (Qx*x)dxdyZO

-1Y —1

10. / (2%ydz + (x — y)dz + zyzdz where C is the
c

x=+1, y=x1 with positive

arc of the parabola y=z* in the plane z =2
from (0,0,2) to (1,1,2).

http://matrix.skku.ac.kr/cal—lab/Sec15—4—Exs—10.html

var('x,y,z,t")

p_l=implicit_plot3d(y==x"2, (x,0,1), (y,
0,1), (z, 0,4),color="red", opacity=0.4);
p_2=implicit_plot3d(z==2, (x,0,1), (v,

0,1), (z, 0,4),color="yellow", opacity=0.6);
p_3=parametric_plot3d((t, t™2, 2), (t, O,
1), thickness=5)

show(p_l+p_2+p_3)

4.0

1.00
0.00 0.50

1.00

Using Green’s Theorem
integral(x "™ 2#x "™ 2+(x—2)*2,x,0,1)

Answer @ — {14} over {5}

11. Calculate the area bounded by the ellipse
2

2
—+ %: 1. Hence deduce the area bounded
a

by the circle z?+y* = d®.

2 2
(a) S+L=1.
a b
x = acost, y=bsint,
A= lf xdy —ydx = l/ (acost)dy— (bsint)dx ,
2 C 2 c
dy = bcost dt, dv =—asint dt
27
:%f (acost)(bcost)dt — (bsint)(—asint)dt
0

27
= [ abeostt+absin®t)dt =L l(ab)ily" = mab
0

2

Put a=0, area of circle : 7wa”.

12. Find the area under arc of the cycloid
x=t—sint,y=1—cost, 0< ¢t< 2m.

13. Find the area under of one arch of the asteroid
T =acos’t, y= asin’t.

CAS14. Find the area of the loop of the folium of
3at’ O pesiC)
1+¢

3at .
3 T=
1+t

Descartes T —

=
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http://matrix.skku.ac.kr/cal—lab/cal—15—2—10.html

@interact
def _(a=(1,(—10,20))):
var('t,b")
def GreenThm(F):
assert(len(F) == 2)
return (diff(F[1],t)—diff(F[0],t))

p_l=parametric_plot( ((3*a*t)/(1+t"~3),(3=
axt ~2)/(1+t " 3)), (t, 0,2#pi()),
color="green");
show(p_1)
x=(3*a*t)/(1+t"3)
y=(3*bxt ~2)/(1+t "~ 3)
Anti=GreenThm((x,y))
ANSWER=(1/2)*integral (Anti,t,0,2+pi())
print ANSWER

3(r—27%)

Answer : — 3
81 +1

2 4 6 8§ 10 *

15. Let P,Q : R?> = R be smooth functions
satisfying the following differential equations:

S )= Q. y). 52w )= Pl ).

Evaluate the line integral / (PXz, y)dz—
c

Q*(z, y)dy>, where C is traversed in the
positive direction of the curve z* +y* = 2010.

Using Green’s Theorem, we have

fP%c y)dz— Qx, y)dy —f/D

= —2// QP+ P(—Q))dA=0.

16. Let (x(t), y(t)) be the solution of the

system of differential equations

Cg—f(% y), =gz, y)

dy
dt

where f, g are smooth functions in variables
z, y. Assume further that (z(¢), y(¢t)) is
periodic with the periodicity 7, namely
y(t) for all ¢.

z(t+T)=z(t), y(t—|— 7)=
Suppose that the

974 Chapter 15. Vector Calculus

(—2QQ, —2PF,)dA

solution curve (phase trajectory) is a simple

closed curve in the phase plane (xy—plane)
and D is the region bounded by C. Prove
that

fD (f. (@ y)+g,(z, y))dA=0.

Preof Recalling Green’s Theorem,

ﬂD(fz(x, y)+gy(x, y))dA:fody*gdx.

Now parametrizing by ¢, the line integral
becomes

/ fdy—gdz
_ /t+T

—f:”fg fg)d

Therefore,

we Obtain// (fx (z, y)-i—gy(a:7 y))dA =0.

)y ®)dt—g(x(t), y(t))a' (¢)dt

17. Evaluate the integral / z'dx + zydy , where
c

C 1s the boundary of the triangular region D
with corners (0, 0), (1, 0), (0, 1) with
positive orientation.

1

6

18. Let C be straight lines from (0, 0) to (2, 0),

from (2, 0) to (1, 1), from (1, 1) to (0, 1),
and from (0,1) to (0, 0). Evaluate

/ ¢ dx+ zydy.
c

Let Pz, 1 ):e”’z, Q(x, y) =xy. Then
/ Pz, y)dm—l— Q(T 1)d1

//' [*)Qamy 8P(337 )dA
—/]DydA
:/01/027yydxdy

7

e

Y L3

(2,0
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19. Let F(z,y)=

—yit+ax]j
x2+y2
closed curve containing the origin. Find
f F- dr.

C

and C is an any

Let’s consider the region D which is the
annulus as shown in the figure. Let ¢ and ¢ denote
the outer and the inner circles of D.

Then by Green's Theorem, we have

/ Pdz + Qdy+/ Pdz+ Qdy
c —-c’

- // (B_Q,B_P)dA
e
Pd:c + Qdy = deJr Qdy

:/Fdr—/Fdr

Using r(t)=acosti+asintj, 0< t< 2r, we can
compute

/CF~ r =fc F. dr:f%F (1) r ()it
: ,’ 0

:/'27r (—asint)(—asint) + (acost)(acost)

dt
a?cos’t +a*sin’t

2w
= dt= 2.
0

Thus the vector field F is not conservative. Note
that curlF = 0. Here D is not a simply connected

domain.
y

A
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@ Curl and Divergence ,

http://youtu.be/IswmJUCTeNA
In this section, we look at two operations, namely curl and divergence, on vector

fields. These operations have many applications in physics and engineering.

Curl of Vector Fields

If F is a differentiable vector field with F = M i+ Nj+ Pk, then

curl F =V XF where V ziH—ij—%ik;
ox oy 0z
i j k
curl F =v xF = |2 2.2
ox 0y 0z
M N P
= (ﬁ_ ﬂ)i-ﬁ- ( 8M_ ﬁ)ﬁ_ (ﬂ_ aM)k.
oy 0z 0z ox ox oy

Find the curl of the vector field F = z¢*i +2yzj — 322’k

Using | ||, we have

i i k
0 0 0
cul F =V xF = o7 ” Py
ajy2 2yz

d
Y AR DN D (22 + -2 (— 3022 |
_(8y( 3xz%) az(2yz))1+(az(fvy )+8m( 3:172)]
0 _ 0 2
+(8m (2y2) 8y(xy ))k
= —2yi +32% —22yk u

2
—3zz

(THEOREM 1 )
Let F=FRit+Fj+Fk and G=Gi+G,j+Gk be
differentiable  vector  fields  with  F = F/(z,y,z) and
G =G (x,y,z), i=1,2,3. Suppose f(z,y,2) has continuous
partial derivatives. Then
(i) curl(F +G) = curl F + curl G

\_ (i) malfY — £ 1 B L (7N

Preof By | 1|, we have

Chapter 15. Vector Calculus
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k

i i
' B N 9 9
(1) curl(F +G) =V x(F+G)= oz oy 0z
F+G F+ G Fy+Gy
1 ] k i i k
_| 20 0 02 0 HTF + ewl G
T | exr oy oz dx 8y 9z | e e
FF, F G G Gy
i 1 k
~ B _|2 92 9
(i) curl(fF )=V x(fF)= or oy 0z
TR fF [F

_ ((%(fFS)— aiz(fﬂ))i + (%(fﬂ )— %(m))j

o= 2Rk

oFy  oF;
(—3—2)i+(F3 af—Fz)ﬂ)i
oy 0z oy 0z
oF,  0Fy), d af \.
(8—_ —)] +(F1_f_F3_f)J
z ox 0z ox
oF, oF
2—])k+(F28f—Flaf)k
ox oy ox oy
oF; oF; oF, oF: oF, oF
Gy (b (5 T
oY 0z 0z ox ox oYy
+(F3‘9ffF26—f)i+(Ea—fnga—f)j +(F26—ffFlﬁ)k
oy 0z 0z ox ox oy

=f curl F +(V f)xF.

THEOREM 2

Let F be a three dimensional differentiable vector field with
continuous second—order partial derivatives. If F is conservative,

then curl F =0.

Preef Since F 1s conservative vector field, there is a differentiable
function f of three variables satisfying F =V f. But we have

i j k
o9 9 0
curl(Vf)=V x(Vf)=|ox oy 0z
of of of
ox oy 0z
2 2 2 2 2 2
:(af_af)i+(af_ af)].+ of _ 0% |,
oyodz  0z0y 0zoxr  0x 0z oxrody  O0yox
= 0i+ 0j + 0k= 0.

Hence, curlF =0.

Section 15.5 Curl and Divergence 977
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THEOREM 3

Let F be a three dimensional differentiable vector field whose
components have continuous partial derivatives. If curl F =0,
then F 1s conservative.

Show that the vector field F =zi +yj + zk is conservative.
http://matrix.skku.ac.kr/cal—lab/Sec15—5—Exm—2.html

Using | ||, we have

i j k
carl F=v xp = | 2 2 2
ox oy 0z
T y z
0 0 0 0
— (2= LW+ -2 )
0 0
2w 2w
=0.

Thus F is a conservative vector field.

var('x,y,z,1,j,k")

M=x; N=y; P=z

curlF=(diff(P,y) —diff(N,z) ) *i+(diff(M,z) —diff(P,x) ) *]
+(diff (N, x) —diff(M,y) ) *k

print curlF

print bool(curlF==0)

Answer : 0, True

Divergence of Vector Fields

If F is a differentiable vector field with
F =Mi+ Nj+ Pk
then the divergence of F is the function of three variables defined by

divF = 2Ly N, oF
ox oy 0z

Notice that the curl of a vector field is a vector field but the divergence of a
vector field is a real valued function. If we use the notation
9

V="i+2+ %k then divF=V- F.
ox oy 0z


http://matrix.skku.ac.kr/cal-lab/Sec15-5-Exm-2.html

[THEOREM 4 h

The following properties are true for differentiable vector fields
F and G and a continuously differentiable scalar function f.

(i) div(F +G)=div F +div G,

(ii) div(fF )=fdiv F +F- V f.
(N Y,

Preof  Left to the reader. =

CAS
Find the divergence of the vector field
F =(x—3y)i+ (2222 + cos z)j + xysz.

http://matrix.skku.ac.kr/cal—lab/Sec15—5—Exm—3.html

We take the three partial derivatives and add them. Then,
div F =14+0+2zyz =1+ 2zy>.
var('x,y,z')
M=x—3%y; N=x"2%z " 2+cos(z); P=x*y*z"2
divF=diff(M,x) +diff (N,y)+diff(P,z)
divF
Answer @ 2#xxy*z + 1 m

Compute the divergence of the vector field

F(z,y, 2)=—yQ2+2z)itzj +yzk

give = 2022y alz)  alyz)
ox oy 0z

= —y+ty=0. ]
If Fis a vector field on R?, then curl # is also a vector field in R3.

Therefore, we can conpute its divergence. The next theorem shows that the divergence of
curlF'is 0.

THEOREM 5

If F =Mi+Nj+ Pkis a vector field on R? and it M, N and P
have continuous second—order partial derivatives, then div(curl
F) =0.

Preef Using the definition of divergence and curl, we have
div(curl F) =V - (V xF)

Section 15.5 Curl and Divergence 979
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_ 1(2_ ﬂ)+ i(ﬂ_ £)+ i(ﬂ_ ﬂ)
ox \ 0y 0z oy \ 0z ox 0z \ 0x oy
o’P  9’N _9*M  9*P  3’N  'M
oxdy  odxdz  0ydoz  Oyoxr  O0zox  0z0yY
=0. u

Show that the vector field F (z,y, z) = zi+yzj— y’k is not the curl of
another vector field.

Note that divF=1+z# 0. If F were the curl of another
vector field, then div# would be zero by Theorem 4. This is
a contradiction to divF'# 0. Therefore F'is not the curl of
another vector field. m

We can rewrite Green’s Theorem using these new ideas. These rewritten
versions in turn are closer to some theorems that we will see. Suppose we write
a two dimensional vector field in the form F = (A, N, 0) where M and
N are functions of z and y. Then

i j k
o o0 0

curl F =V XF = %B_yEZ(NI_MU)k,

M N 0
and so (V xF) k=<0,0,N,—M, ) <0,0,1>=N,—M,. Thus
Green’s Theorem says

fF- erf Mdx + Ndy.
c c

:ffD (Nw—My)dAzﬂD(V xF)- kdA

This is called the vector form of Green's Theorem.

Nature of Curl and Divergence of Vector Fields

The concepts about curl and divergence of a vector field are associated
with the tendency of the vector field to rotate or to diverge where
F(x,y,z) is the velcoity of fluid (or gas) in physics applications. We
can understand the terms in the following discussion, by calculating curl
and divergence of vector fields. If curlF=0 at a point P, then F'is
called bold at P. If div £/'=0, then F'is said to be bold.

For the vector field F(z,y)==xi+yj, it is easy to show that
curl F =0. Thus the vector field F is irrotational. (See Figure 1) On
the other hand, for the vector field H(z,y)= —yi+axj, since
divF =0, a vector field H is said to be imcompressible. (See Figure
2)



N /;?\7 1
/ AN \*:
F({ y)ykrj Flx, y)=xi+yj
Figure 1 H = zi+yj Figure 2 F =—yi+zj

Next we have another differential operator. If f is a function of three
variables, we have

diV(Vf)=V~ (Vf)z 82];'+ 82f+ 82f

ox 8y2 87>

and V- (Vf)=V?f by computing divergence of the gradient of f.
The operator V 2=V - V is called the Laplace operator because of its
relation to Laplace’s equation

We can also apply the Laplace operator V % to the vector field
F = Mi+ Nj+ Pk in terms of its components:

V 2F =V 2 Mi+V>2Nj+V Pk

CAS

Find V - [(xeyz )it (zyz)j— (3y* + 2* )k] .
http/matrix.skku.ac. ki/cal —lab/Secl5—5—Exm—6. html

var('x,y,z,1,j,k')

M(x,y,z) =x*exp(y*z); N(x,y,z) =x*y*z;
P(x,y,z)=—3%xy " 2—2"2

divF=diff(M,x) +diff(N,y) +diff(P,z)

divF

Ans : x¥z — 2%z + e (y*z) m
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CAS

Show that the vector field A(z, y, z)= (z —ye™? )i+ (y2)j+ (z* —y)k
1S not conservative.

http://matrix.skku.ac.kr/cal—lab/Sec15—5—Exm—7.html

var('x,y,z,,j,k")

M(x,y,z)=x—y*exp(x*z); N(x,y,z)=y " 2xz;, P(x,y,z)=
z72—y

curlA=((diff(P,y) —diff (N,z) ) *i+ (diff (M,z) —diff(P,x) ) *
i H(diff(N,x)—diff(M,y))*k)

curlA

Answer @ —jixryre N (xkz) — (v 2 4+ 1)#1 + kxe ™ (x*z)
Since Curl A # 0, A is not conservative. [

CAS

Prove that F = (y’cosz+2°)i+ (2ysinz—4)j+ (3zz*+2)k is (a)
conservative field, (b) find the potential function of F, (c) find the
work done in moving an object in this field from P,(0, 1, —1) to
P, g
http://matrix.skku.ac.kr/cal—lab/Sec15—5—Exm—8.html

—1, 2/.

(a) From the fact that curl F =0,
F is conservative if V XF =0,

i i k
0 0 0
V XE = ox oy 0z

yPcosz+2°  2ysinz—4  3z2°+2
= (0—0)i— (322 —32%)j + 2y cosz — 2y cosz )k= 0

Hence F is conservative.

(b) Let f be a potential function such that F =V f. Then
comparing the components of i, j and k, we get

7]
/ = y2cos:1: +23 R
ox
7] .
—f= 2ysinx — 4,
oy
0
—f= 32’ +2.
0z

Integrating with respect to z,
f= yzsinx+x23 +g(y, z).

Differentiating with respect to y and using
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of

ysinz+0+ L= 20— oy sing—4.
oy oy

Integrating with respect to y
gy, z)=—4y+ c (2).
Substituting n
f=y’sinz+a2* —dy+¢ (2).
Differentiating | ©| with respect to z and using

de
O+3x22—0+d—21: %: 3222 +2

Integrating with respect to z
c (z)=2z+c¢.
Substituting in
flz,y, z) =ysinz+z2* —dy+2z+c.
(¢) Work done

PP =P =2, —1 2 p0 1 - )
=15+4m.

var('x,y,z,1,i,k'")

M=y "™ 2#cos(x)+z " 3; N=2#y*sin(x)—4; P=
3xxkz "~ 2+2

curlF=((diff(P,y) —diff(N,z) )*i+(diff (M,z) —diff (P,x) )*]
+(diff (N, x) —diff (M, y) ) *k)

print curlF

print bool(curlF==0)

Answer : 0, True

var('x,y,z,c'")

fx=y "™ 2*cos(x) +z" 3; fy=2*y+*sin(x)—4; fz=
3xxxz ™ 2+2

f_1=integral(fx,x)  # +g(y,z)

f 1y=diff(f_1,y) # fy= diff(f_1,y)+gy(y,z)
gy(y,z) =fy—diff(f_1,y)
g(y,z)=integral(gy(y,z),y) # +h(z)

f 2=f 1+g(y,z) #+h(z)

f 2z=diff(f_2,z) #fz=diff(f_2,2)+ hz(z)
hz(z)=fz—diff(f_2,2)

h(z) =integral(hz(z),z)

f=f 2+h(z)+c

f # This is a potential function for F

Answer : x*z™3 + y " 2+%sin(x) + ¢ — 4xy + 2%z
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var('x,y,z,c")

f(x,y,z)=x*¥2"3 + y " 2#sin(x) + ¢ — 4xy + 2%z
x0=0;y0=1;z0=—-1

x1=pi/2;yl=—1;z1=2

workdone=f(x1,y1,z1) —f(x0,y0,z0)

workdone

Answer : 4*pi + 15

You will have the same answer : 4+*pi+15.
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15.5  EXERCISES(Curl and Divergence)

http://youtu.be/i7F3xVNdHvVA
1. Find (a) the curl and (b) the divergence of the
vector field.

F(x, vy, 2)= :vyzZi *nyk

(a) curl :
i j k
% (% [,% =<*w2., 2;vy(z+1)7 —x2?)
zyz? 0 —a?y
= —z%i + 2zy(z+1)j—a2’k.
(b) div @ y2*
F(z,y, 2)= a:zyzi +x2y2zj +a:y22k
(a) curl :

(o2 — 2P, ay—yt 2mfe— ),
(b) div : 4zyz+2z%yz.
F (z, y, z) = e"sinyi + e"cosyj + z°k
(a) curl : <0, 0,0, (b) div: 2z.
F(xz, vy, z)=xze’j +ye’k
(a) curl : (% 0, ), (b) div : ze’+ye’.

6 . .
F(z, vy, z)zﬁ(axl +yj +zk)
vty +z

(a) curl : <0, 0,0
(b) div : 12

\/I2+y2+z2
F(xz, vy, z)=e"Ysinzj +y2tan_1(x/z)k
(a) curl :
1 _923
2ytan” ' (z/z) —e"Vcosz, ——, e‘”’sinz>
< Y 2+ 22 Y

z (e sinz +e™a’sinz —y°)
22 +22
F (1‘7 Y, Z): <ll’1$27 ln(my)7 1H($y2)>
(@) curl : <g’__’_>

(b) div :

(b) div : 2prreztay
TYz
F(z,y, 2)= e, e, ™)
(a) curl @ {zze™, —yze™, —eW(z—y))
(b) div : ye™ +ze*? +zye*?”

. Let f be a scalar function and F a vector
field. State whether each expression is
meaningful. If not, explain why. If so, state
whether it is a scalar function or a vector
field.

(a) curlf

Not meaningful, curl must take a vector
field.
(b) gradf

Meaningful, vector field
(c) divF

Meaningful, scalar function
(d) curl(gradf)

Meaningful, vector field
(e) gradF

Not meaningful
(f) grad(divF )

Meaningful, vector field
(g) div(gradf)

Meaningful, scalar function
(h) grad(divf)

Not meaningful
(i) curl(gradF )

Not meaningful
(j) div(divF )

Not meaningful
(k) (gradf )< (divF )

Not meaningful
(1) div(curl(gradf))

Meaningful, scalar function

. Is there a vector field G on R? such that curl

G = {a’siny, cosy, z—zy, ? Explain.
No, V- (curlG ) =2zsiny—siny+1# 0.

. Is there a vector field ¢ on R? such that curl

G= {zyz, —y’z, yz*)? Explain.
No, V- (curlG)# 0.

. (a) Let
Fx, y, 2)=<{f(z, y, 2), g(z, y, 2), h(z, y, 2)

be a differentiable vector field with divF =0.
Define the vector field
G (z,y, 2)= (G, Gy Gy) by

z Y
G (z, y, z)= f g(z, y, t)dt—/ h(z, t, 0)dt,
0 0

GQ(fra Y, Z):_ /zf(xa Y, t)dt, and
0

Gy (x, y, z)=0. Prove that V XxG =F.
(b) Let F=yi+zj+zk Find G such that
V X G=F.

. Evaluate the line integral / F- dr, where
c

F(z,y, z) =9’ + Qzy+e*)j +3ye*k and C

Section 15.5 Curl and Divergence 985
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is the curve given by @ ax(t)=¢"",
t 1
(t)zsin( ™ ) 2(0) = Lin (00 4 1),
4 2 +1 3
0< t< 1.
Let r(t)=<az(t),y(t), 2(t)>. We then

observe that r(0) =<0,0,0>, r(1):<17 l’lnTQ>'

Note first that direct computations show that
V xXF=0, which implies that there exists a scalar
function f with Vf =F. We then have the
following  equations:  f, =y,  f,=2xy+e”,
f. =3ye*. Solving these equations, one can see that
fa,y, 2) =xy® +ye¥* + K, where K is a constant.
Thus, due to the Fundamental Theorem for line
integral,
F- dr= f Vf dr
c c

=f(r(1))—f(r(0)) =3+ K—K=3

Find V - [(e"’z)i-l- (xyzz)] — (y2 —2° )k}
http://matrix.skku.ac.kr/cal—lab/Sec15—5—Exs—7.html

X,y,z1,j,k=var('x,y,z1i,j,k'")
P(x,y,z) = exp(x*z);
Qx,y,z) = xxy " 2%z;

R(x,y,z) = =y " 24+272;
A(x,y,z) = Px+Q#j+Rxk;
A(x,y,2)

Chapter 15. Vector Calculus

CAS 8,

jExky N2%z — (y N2 — 27 2)%k + ixe ™ (xkz)

divA = diff(P,x)+diff(Q,y)+diff(R,z)
divA(x,y,2)

Answer : 2#xky¥z + zke N (xkz) + 2%z

If A=Qxy+2*)i+z* +322°k

a. Prove that the line integral A- dr 1is

c

independent of the curve C joining two
given points P, (1, —2, 1) and P,(3, 1, 4).

b. Show that there exists a scalar function f

such that A =V fA =V f and find f.
c. Also find the work done in moving an object
from P, to P,.

. Let r =zi+yj+zkand Irl= Vol + o> +2°.

Then verify the following identities:

(1) Virl=-—~
It
(2) curlr=0
1y___r
(3) V(m)* BE
(4) ¥ (Inlr) =
1]


http://matrix.skku.ac.kr/cal-lab/Sec15-5-Exs-7.html

Surface Area

http://youtu.be/x X6tNVpegbs

The curves in 2 dimensional space can be defined by a function
y=f(x), an equation ¢ (z, y)=0, or parametrically by equations
r(t)=<z(t), y(t)>, a< t< b. A curve C described by a continuous
function y= f(z) can be parameterized by letting z=t¢ so that
parametric equations are xz=t, y= f(t). We have two variables to
parameterize a surface § in R® defined by a function of two variables
z=g(x, y). Letting z =v and y=wv, then parametric equations for
are z=u, y=v and z=g(u, v).

Parametric Surfaces
A set of three functions of two variables

r=z(u, v), y=ylu, v), 2=2z(u, v)
are called parametric equations. The two variables v and v are called
parameters and the set of points (z,y,z) in R? defined by | 1] is called
parametric surface S. The surface S is described by a vector—valued

function of two variables

r(u,w)=x(u,v)i +y(u,v)j+z (u,v)k

The parameters vary over the rectangle
R={(u,v)la< u< b,e< v< d} in Figure 1. As the parameter
(u, v) varies over R the vector  r(u, v)=z (u, v)i

+y (u, v)j+ z (u, v)k sweeps out the surface § in R®.

r(u, v)=xu, V)i+y(u, v)j+z0, vk
»

d

Figure 1 A rectangle in uv-plane is mapped to a surface in xyz-space.

We used the fact that the function was in the form z= f(z, y) to
quickly write down a parametric representation. This can always be
done for functions that are in this basic form;

z=flz, y) = rlz, y) =zityj+flz, y)k
z=f(y, z) = rly, z) =fly, z)i+tyj+zk
y=f(z, z) = rlz, z) =zi+ flz, 2)j+ 2k,
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which are called the parametric surface.

A parametric surface S with a parametric function r (u,v) is called
smooth if r(u,v) is smooth. As with parameterized curves, the
parametric description of the surface is not unique. (e.g.)

Cylinders: In Cartesian coordinates, the set

{(z, Y, z) | & =rcosb, y=rsinf, z=2,0< < 27, 0< z< h}
1s a cylindrical surface of radius r and height h with its axis along the
z—axis. Letting the parameters v=60 and v=2z, the parametric

description of the cylindrical surface is

r(u, v) =z (u, v)i+y(u, v)ji+z(u, v)k=rcosui + rsinuj+ vk,

where 0< w< 27 and 0< v< h. (See Figure 2.)

r(u, v)=rcos@i+rcosfj+uvk z

v v

I \ ‘B
\ B

R | h
0 2 u . ,i’ / \\\Z
5
Figure 2

Cones: In cylindrical coordinates, the set

{(r, 0, 2)10< r< a, 0< 6< 2m, 22%}

1s a surface of a cone of radius a and height A with its vertex at O. z

1s fixed, we obtain r= ah—z; therefore, on the surface of the cone

az . az .
x =rcosf = e cosf and y=rsinf = ——siné.

Letting the parameters v =460 and v =z, the parametric description of
the cone surface is

r(u, v)=2(u, v)i +y(u, v)j+z(u, v)k= %Cosui +%Sinuj+vk,

where 0< u< 27 and 0< v < h. (See Figure 3.)



r(u, v)= AV cosui+ % sinuj+vk

h

Figure 3

Spheres: In spherical coordinates, the set
{(p,0,¢)lp=a,0< r< a, 0< 0< 21, 0< ¢< 7}

is the surface of a sphere of radius p centered at O. Therefore, on the
surface of the sphere

x = psin ¢ cosd y=psin ¢ sinf Z=pCcos ¢.

Letting the parameters u = ¢ and v = @, the parametric description of
the sphere surface is

r(u, v)=2 (u, v)i +y(u, v)j+2z(u, v)k
= psinucosvi + psinusinvj+ pcosuk,

where 0< v < 7 and 0< v< 27. (See Figure 4.)

2‘7’[1 1(i, v)=psinucosvi+psinusinyj+p cosuk ZT
R I \
0 P u
Figure 4

Find the parametric equations for the plane = + 3y + z = 5.

Let x =wu and y=wv be parameters.
The parametric equations are given by

z=u, y=v and z=5—u— 3v.
Also we can find the vector function

r(u, v)=ui+vj+(B—u—3v)k ]
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Find the parametric equations for the cylinder z®+¢* =4 and
0< z< 9.

Let z =2cosu and y= 2sinu be parameters with 0 < u < 27
and z =v with 0 £ v< 9. The parametric equations are given
by z=2cosu, y=2sinu and z=v, 0< u< 27, 0< v< 9.
And this cylinder is described by the vector function

r (u, v) =2coswui + 2sinuj + vk,

where 0< u< 27 and 0< v < 9. [ ]

Find the vector—valued function for the paraboloid z = 4z* + 4y* with
0< z< 16.

Let z =vcosu, y=wvsinu and z= °,
The vector—valued function for the paraboloid is

r(u, v)=vcosui +vsinuj +4v°k

for 0< u< 27 and —2< v< 2. [

Tangent Plane to a Parametric Surface

A surface § described by a vector—valued function of two variables
r(u, v)=2(u, v)i +y(u, v)j+z(u, vk
The partial derivatives of with respect to v and v are

0 . . 0 . .

O _Dmy oy 0ry g O 9w dy. . 0%

ou ou ou ou ov ov ov ov
as tangent to the grid lines ¢ and ¢, that lines on §.

For the constant parameter values
r (uo, vy) = (uo, vo)i +y (uo, vy)i +2 (uo, vy k= ol +yi + 25k

defines a point P(x,, y,. z,) on a surface S. The vector r (uy, v,) is a
vector defined by the both vector functions, C; and C, intersect at

(xg, o, 29) in Figure 5.
Note that ar/ou# 0 at (uy, v,) is a vector that is tangent to the grid
line ¢, (v= constant = v, ). Similarly ar/ov# 0 at (u,, v,) is a vector
or or

that is tangent to the grid line ¢} (u = constant = u, ). Thus Pty

1s defined by



i i k

or 0y 0z
or or _— = —
B_ ><a—= ou du ou
C0 e oy oz
ov  odv  ov

is orthogonal to O and & (the surface S).
ou ov

0 or . .
If a vector é X 8—2 is nonzero at (u,, v,), the tangent plane to § is
. . or or
the plane which is orthogonal to the normal vector o X rm and

passes through P(z, 3y, 2,) as follow:

|

or _ or
ou %)(umvo))‘ (=20, y=yo: 27 29)=0.

CAS

Find the tangent plane to the parametric surface defined by
z=u*+v*, y=2u and z=wu+v at the point corresponding to v =2 and
v=1.

http://matrix.skku.ac.kr/cal—lab/Sec15—6—Exm—4.html

At w=2 and v=1, the point on the surface is (5,2,3). The

surface is defined by the vector function r (u, v) = (u*+v?)i
+2uj + (v +v)k, then

or . . or .
—=2ui +2j +k, —=2vi +k
ou ov

and

i ]
2u
2

ar or
— = 2
v 0

ou ov

=2i — (2u—2v)j—4duvk

—_ =)

The normal vector is 2i—2j + 8k to the surface at v =2 and
v=1. The tangent plane is

2(x—5)+(—2)(y—2)+8(2—3)=0 or z—y+4z—15=0.

var('x,y,z,u,v,n')

x=u"2+v”"2;y=2*u;z=utv
r_u=vector([diff(x,u),diff(y,u),diff(z,u) 1)
r_v=vector([diff(x,v),diff(y,v),diff(z,v) 1)
n=r_u.cross_product(r_v)

print n

nO=n.subs(u=2,v=1)

x0=x.subs(u=2,v=1);y0=y.subs (u=2,v=1);z0=z.subs(
u=2,v=1)

print n0
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v=vector([x—x0,y—y0,z—2z0])
simplify (n0.dot_product(v)==0)

Answer : (2, —2%u + 2%y, —4%xv)
(2, —2, —4)

22072 + 24+v72 — 8xu —4xv + 10 == 0 =

Establishing the Area of the Surface

Let S be a smooth surface given by the vector valued function
r(u, v)=x(u, V)i +y(u, v)j+z(u, v)k (u,v)ER

where R={(u, v)|la< u< b, c< vs d}. (See figure 6) The
functions z, y and z are assumed to have continuous partial derivatives
with respect to v and v. The rectangular region R in the wv—plane is
partitioned into rectangles, with sides of length Av and Aw that are
ordered in some convenient way, for k=1, 2, ---,n. The kth rectangle
R, corresponds to a curved path S, on the surface S, with area AS,.
Let (uy v.) be the lower left corner point of R, . The other corners
can be expressed as (u, + Au, v;.), (u,+ Au, v, + Av), (u;, v,+ Av)
and so the area of R, is AA = AuAv. Two of the edges of S, can be
approximated by the vectors
r(uk—l—Au,vk)—r(uk,vk): r(uk—’—Au’Zf: r(umvk)Auz S—ZAu
r(uk,vk-l-Av)—r(uk,vk)
Av

r (up, v+ Av) =1 (uy, v,) = RS g—;Av.
As seen in Figure 6 these vectors actually form two of the edges of
parallelogram 7} lying in the tangent plane at r (u,, v, ). The area AT,
of the parallelogram 7} approximates the area AS, of S,

ar or
—_ >< [
ou ov

ar or
AT, = | —Au X —Av
ou ov

or or
AuAv=|— X —
ou ov

AAd=x AS,.

The Riemann sum

n

Yy

k=1

or or
N >< _
ou ov

AA

gives an approximation of the area A (.S) of that part of surface §
corresponding to the point in R.
The surface area of S is

or or
>< —_—

— AA.
ou ov

A(8)=lim 3

n-— o k=1




Then we can define the surface area of S as the following definition.

R

[ L]

(u,',., i)

4 R
id uk,‘uk)' 2 (uk“l-dz', o)

S

|

=

A~
a b
Figure 6

DEFINITION 1

Let f be a continuous function on a smooth surface S given a
parameterization
r(u,v) =z (u,v)i +y(u,v)i+ 2z (u, vk
where R={(u,v)la< u< b, c< v< d}.
The tangent vectors

0X . 0 0z
r,=—i+—> 245 +—kandr = X o, it+t—k
611 6u ov v ov
are continuous on R and the normal vector n =r, Xr, is nonzero

on k. Then the surface area of S is

6r
au

T iA.

Note that we will see

//fx,y, )dsS = //f (u,v) or P

dA 1in section 15.7.

Find the surface areas of the following surfaces:

(a) A cylinder with radius r > 0 and height h (excluding the circular
ends).

(b) A sphere of radius p.

http://matrix.skku.ac.kr/cal—lab/Sec15—6—Exm—5.html

The critical step is finding the normal vector n=r, Xr,. It
needs to be done only once for any given surface.
(a) As shown before, a parametric description of the cylinder is

r(u, v) = {z(u,v), y(u,v), z(u,v)> = {rcosu, rsinu, v,

where 0< w< 27 and 0< v < h. A normal vector is
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z+4 Normal vector with
| lxl=r

A N v
Figure 7

/ NS .
—L (! Normal vector with
7 Ty lxl=p’sinu
Y A p
x P |
Figure 8
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i i k

ow oy oz i ik
n=r,xr, =|0u du du|= ‘—rsinu rcosu 0

ow oy 0 o 0 1

ov ov 0v

= {rcosu,rsinu,0) .

Notice that the normal vector points outward from the cylinder, away
from the z—axis. (See Figure 7.) It now follows that

r, <r,| = Vr*cos’u+ risin’u =r.

By |1, the surface area of the cylinder is

27 h
A(S) Z/f |r, xr,|dA 2/ / rdvdu= 2wrh.
R o Yo

var('x,y,z,u,v,r,h'")

assume(r=>0)

x=r*cos (uw);y=r*sin(u);z=v
r_u=vector([diff(x,u),diff(y,u),diff(z,u) 1)
r_v=vector([diff(x,v),diff(y,v),diff(z,v) ])
n=r_u.cross_product(r_v)

print n

Answer : (rxcos(u), r+sin(u), 0)

integrand=n.norm()
integral(integral(integrand,v,0,h),u,0,2#pi)

Answer: 2:#pixh*r

(b) A parametric description of the sphere is
r(¢, ) = {psinpcosh, psinpsiné, pcose¢),

where 0< < 27 and 0< ¢< w. (See Figure 8.) A
normal vector is

n =r,xXr, =| pcosgcost pcos¢sing —psing
—psingsinf psingcosh 0

= (p’sin’pcos b, p’sin’psinb, p*cos gsing) .

i i k ‘

Computing |r, <r,| requires several steps. However, the
needed result is quite simple: |r, xr,|=p’sin¢ and the
normal vector n= r, X1, points outward from the surface
of sphere. By | 1, the surface area of the sphere is

27 m

A(S) =ff |r, xr,|dA :/ / pisingdpdl = 4xp’.
R 0 0

| |



Find the area of the cone r = (ucosv)i+ (usinv)j+ 2uk, where
0 u<1,0< v< 27,

The surface is an upper portion of the corn. First we compute

or C . ar . .
—= cosvi+ sinvj+ 2Kk, R sinvi+wu cosvj
v

and then form the cross product

i k
or _ or J . .
— X —=| cosv sinv 2|=—2ucosvi— 2usinvj + uk
ou ov .
—wusinv ucosv 0

The magnitude of the vector is

or or .
— X — = \/4u2c052v+4u251n2v+u2= \/gu

ou ov

Thus, the area is
or

A(S)szR ™ dAZ[/R\/gududv

27 1
:\/gf /ududv:\/gw. |
0 0

or
>< —_—
ov

Surface Area of Graph Surfaces

Any surface described by z=g(z, y) can be parameterized by the
parametric equations

r=u, y=v, z=g(u,v).

We can parameterize S by setting
r(u, v)=ui+vi+g(u, vk

and so we obtain r, =i +g, (u, v)k and r, = j+g, (u, v)k.

Since the normal vector is

the length of r, Xr, is

I, <r 1= /[ g, (u, 0)]2+ [g, (u, 0)]2+1.

Therefore, the area of surface is

995
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A(S)= \/[gu(u,v)}z-i-[gv(u,v)]?-#-l dudv.
R

Find the area of the surface z=2x+3y, 0< z< 1, 0< y< 1.

Let z=u, y=v and z=g(u, v)=2u+3v with 0< v < 1 and
0< v< 1. Since the partial derivatives of z=g(u, v) are

gu:2’gv:3’

by | 5|, the area of the surface is
1 1 1 1

A(S)z/ f \/22+32+1dA=/ / V14 dudv = /14. =
0 0 0 0

CAS

Find the surface area of the portion of the surface 2z = zy, which is
contained within a cylinder z®+3* =4.
http://matrix.skku.ac.kr/cal—lab/Sec15—6—Exm—8.html

var('x, y, Z')

pl=plot3d(1/2*x*y, (x, -2, 2), (¥, -2, 2), color=Ted', opacity=0.5)
p2=implicit_plot3d(x"2+y"2-4=0, (x, -2, 2), (v, -2, 2), (z,-2, 2),
color="blue', opacity=0.5)

show(pl+p2)

Let Z:f(%y):%xy, R: 2" +y*< 4.
Then

A =[] i+, )P+ (f,)? dda
D

= ﬂ3¢1+(y/2)2+(x/2)2 dA= %/fﬁmdxdy

By the polar coordinate system, letting xz=rcosf and
y=rsinf with 0< < 27 and 0< r< 2,

A(S) :%f%/Q\/ZH-rQrdrdH: 8 2z —1).

gﬂ'

Figure 11

var('r, theta')
1/2*integral(integral(sqrt(4+r"2)*r, r, 0, 2), theta, 0, 2*pi)
Answer : 1/3%pi*(16xsqrt(2) — 8)
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m
S 4

Figure 10

Mobius
strip

Oriented Surfaces

A surface is orientable if it has two sides. Then one can orient the surface by
choosing one side to be positive side. However some orientable surfaces are not
orientable because they have only one side. One classical example is called the
Mobius Strip. The Mobius Strip is not orientable because this is a surface that
only has one side (see Figure 10). The Mobius Strip, named after the German
mathematician August Mobius (1790—1868).

More precisely, we say a smooth surface S is an oriented surface if
there exists a continuous unit normal function n defined at each point
(x,y,2) on the surface. The unit normal vector n is called an
orientation of the surface. Note that if n is an orientation of S, then
—n is also an orientation of S in the opposite side. (See Figure 11
(a).)

A surface S defined by z=g(z,y) has an upward orientation when
the unit normals are directed upward, and has downward orientation
when the unit normals are directed downward. (See Figure 11 (b),

(c).)

n

<.
= i
_(:) (b) (c) (d)
Figure 11

In this case we define a new function h(z, y, 2) =2—g(z, y) or
h(z,y,z) = g(x,y)— z depending on the orientation of S. If a smooth
surface S is defined by h(z,y,2)=0, then the unit normal vector on

the surface § is

n

_Vh _ —g,i—g,itk Or[ 9,i+tg,i—k ]
VRl (g, )+ (g,)7 +1 Vg )+ (g, +1

If a smooth surface S is defined by a parametric equation

r(u, v) =z, v)itylu, v)j+ 2z, v)k

then the unit normal vector on the surface S is

. r, X1,
u v
|r, x|
. . . . . rV >< rU
and the opposite orientation is given by —n= W
\4 u

Section 15.6 Surface Area 997
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Find two orientations of the surface of the sphere
(x—a)2+(y—b)2+ (z—c)2 = p2 (p> 0).

Method 1. Let h(z, y, z)=(z—a)*+ (y—b)*+ (z—¢)* — p°.
We have the gradient of 4 and the norm of the gradient of h
as follow;

Vh =2(x—a)i+2(y—>)j +2(2—c)k

and
IV Rl = \/4(x—a)2+4(y—b)2+4(z—c)2 =2p.
Thus, by | 6|, two orientations of the surface are
n=""9%i+%42j+2 "k
p P p
and
n,=—n = x—aii y—b]. B z—ck
p p p

The vector field n defines on outward orientation, whereas
n, =—n defines an inward orientation from the sphere.

Method 2. This sphere can be parameterize by parametric equations

(¢, 0) =a+psingcosh, y(p,0) =b+psin¢sinb,
2(¢,0) =c+pcose.

Since Iy, X1, = (p*sin’¢cosb, p’sin®psing, p’cospsing)
and |r, xry|= p’sin¢, the unit normal vector of the sphere is

n =-———7 =<singcosh,singsinb, coso, .
|r®><r9|

Also we have the opposite orientation

Iy X1, ) . .

=0 ,— , — .

n {—singcosh, —sin¢sinf, —cos¢p, .M
7R3



15.6

EXERCISES(Surface Area)

1-3. Find a parametric representation of the surface.

3.

. y=3x+5z

Let the parameters r=wu and z=wv,
we find that parametric surface is given by equations
r=u, z=v and y=3u+5v.
Therefore, the plane is described by the vector function
r(u, v)=ui+Bu+5v)j +vk.

ety =

Let the parameters y=wu and z=v,
we find that parametric surface is given by equations

y=u, z=v and = Vu’+v*—4 .

Therefore, the plane is described by the vector function

r(u, v) = Vil +oP—41i+uj +ok.

The portion z*+2* =16 from y=0 to y=4.

4-5. Find an equation of the tangent plane at the point
on the surface corresponding to the given parameter
values.

4.

T = ucosv, y=usinwv, z=ud 40}, u=2,
v=20.

At v =2 and v=0, the point on the surface
is (2, 0, 8). The surface is defined by the vector
function

r (u, v) =wcosvi +usinvj + (u®+3uv+v®)k, then

or . . .
—=cosvi +sinvj +3u’k ,
ou

or .. .
—=—ysinvi +ucosvj +3v’k
ov
or or i ] k
and — X —= cosv sinv  3u?
ou ov . 5
—usSinv wCcosSv 3u

= (3v?sinv—3u3cosv)i — (3v?cosv—3u’sinv)j+uk .

The normal vector —24i+2k to the surface at
uw=2 and v=0. An equation of the tangent plane
at that point is —24(z—2)+0(y—0)+2(2—8)=0
or

—12x+2+16=0.

r(u,v)=4uv’cosvi +4u’sinvj +3u’k; u=2,
v=rm/4.

1
Yy =uv, ZZEUQ, 0 u<g 3,05 v 2.

. .1
r =v%i tuvj+ 5u2k

or . or . .
—=vj+uk —=2vi+uj and then form the cross
ou ov
i j k
0 0 . .
product T lo v u =2+ 2uvj—20°k
ou ov
20 u 0
oo = V' +4u o + a0t
ou ov

= V(W +20*)? =1’ 420

The area is
o Xﬂ dA:f/ (u2+2v2)dudv
R

A(S):ﬂﬁ ou’ v
:fofo(u2+2v2)dudv:/o

2
:/ (60°+9) dv=[20* +90]} = 34.
0

1. 3
—ud+ 2uv2}
3 0

. The part of the plane =+ 2y+ 3z =6 that lines

in the first octant.

. The part of the plane 3z +2y+ 2= 6 tha lines

inside the cylinder z*+y* = 3.

6-8. Calculate the area of the surface.

6. The surface with parametric equations z = v~,

2
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Surface Integrals

You@@®  http://youtube/nrzirMadoLo

As we did with line integrals we now need to move on to surface integrals of
vector fields.

Surface Integral

We think about integrating functions over some surface S in
three—dimensional space. The region § will lie above some region R
that lies in the zy—plane. Also note that we could just as easily look at
a surface S that was in front of some region R in the yz—plane or the
rz—plane.

If the surface is given by z=g(z,y) and f(z,y,2) is a continuous
function, then the surface integral is

[/Sf(x,y,z)dS = /fRf(x,y,g(x,y))\/(25)24-(25)24_1 dA .

See Figure 1. The surface integral is similar to areas of surfaces in section
15.6.
Next we have the definition of surface integral for parametric surface.

DEFINITION 1

Let S be a smooth surface given the vector valued function
r(u,v)=z(u,v)i +y(u,v)j+z(u,v)k, (u,v)ER

and f be a continuous function.
Then the surface integral of the function f over S is

/fsf(imy,z)dS: //Rf(l’(uaU)ay(u,v),z(u,v))‘ Z—;x% dA

Remark If f(z, y, z) =1, the integral is the surface area of §;

A(S)://R

oror

X dA.
ou ov



http://youtu.be/nrzIrM4doLo

Evaluate the surface integral // 6xydS where S is the portion of the
S

plane z+y+z=1 that lies in front of the zy—plane.
http://matrix.skku.ac.kr/cal—lab/Sec15—7—Exm—1.html

For using | ||, we need to write the equation of the surface in

120 the form z=g(z, y). This is z=1—z—y. (See Figure 2)
Next we need to determine just what R is. Then R is the
projection of S on zy —plane, le.,

0.60 R=(z, y)l0< 2< 1,0< y< 1—ux.

Since 99 _ —1 and 99 _ -1,
0.00 ox oy
0.00 120 Lol
0.60 0.60 //633de = / f 6xy X \/gdydm
s 0v 0
1.200.00 1
Figure 2 :f 6\/§($3—2x2+x)da: :%.
0
var('x,y,z")
implicit_plot3d(x+y+z==1,(x,0,1.2),(y,0,1.2),(2,0,1.2)
)
n

Evaluate f/ x? + y2 +22dS, where S is the sphere
s
=2+ yQ +22=09.
http://matrix.skku.ac.kr/cal—lab/Sec15—7—Exm—2.html

For the sphere, the parametric equations are x = 3sinucoswv,
z=3sinusinvand z=3cosu ,for 0 u< mand 0< v< 27.
The vector function is

r (u, v)=3sinucosvi +3sinusinvj + 3cosuk.

Since the normal vector is

or  or ! U k
— X — = Jcosucosv Jcosusinv —3sinu
ou ov . . .
—3sinusinv 3sSlnucosv 0
= 9sinucosvi +9sin®usinvj +9cosusinuk,

or or B . B 3
8_><8_ = \/81 sinucos?v +81sinusin®v +81cosusin’u

u v

=9sinu.

Then /f Vat+y' + 2 dS:f/ 27sinudA
s R

Section 15.6 Surface Integrals 1001
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27 T
= / / 27 sinududv = 1087.
0 0

var('x,y,z,u,v, n, nn')

assume( sin(u)>0 )

x=3#*sin(u) *cos(v);y=3*sin(u)*sin(v);z=3*cos(u)
f=sqrt(x "~ 2+y " 2+2z"2).simplify_trig()
r_u=vector([diff(x,u),diff(y,u),diff(z,u) 1)
r_v=vector([diff(x,v),diff(y,v),diff(z,v) 1)
n=r_u.cross_product(r_v)

nn=(n.norm() .simplify_full() ).simplify_trig()
t=f*nn

integral(integral(27*sin(u), u, 0, pi), v, 0, 2+%pi)

Answer : 108*pi1

The concept of surface integral is a generalization of a double integral

// f(z, y)dedy taken over a plane region R. In a surface integral
R

f(z, y) is integrated over a curved surface.

Let S be a two—sided surface with one side of § taken arbitrarily as
the positive side (the outer side if S is closed) in Figure 3. A unit
normal n at any point of the positive side of § is known as the positive
outward unit normal.

In the R?, the equation of a surface S is given by

gz, y,2)=0

Vg
IV gl~

When S is represented in parametric form as r(u, v)=z(u, v)i
+y(u, v)j +2(u, v)k with the two parameters » and v varying in a
region R of wv—plane, then the unit normal n to § at P is given by

with the unit normal n =

LN
IN|

where N =r, Xr,.



P

Figure 3

The surface integral of a continuous vector function F taken over an
oriented surface S with unit normal n is defined as

[/SF- dS= ~//5F. nds.

This integral is called the flux of F across S.
If r(u, v)=2(u, v)i + ylu, v)j + z(u, v)kis a parameterization of the

surface S, then
[ F- nas= [[ F et o) (8—rx8—r)dA.
g R ou ov

where R is the parameter domain.
Let S be the surface of the function z= f(z,y) on D in zy—plane
and F =F,i+F,j+F;kbe a vector field.

Since r(z,y) =zit+yj+ flz,v)k, r, Xr, == f,i—f,i+tk.
Thus
_ _p o _g of
/fSF dS—f/D( F = F, 3 4B fddy.

Flux

Suppose the velocity of a fluid in R? is described by the vector field
F (z,y,2). Let § be a surface in R®. The flux across S is the volume
of fluid crossing S per unit time. Figure 4 below shows a surface S and
the vector field F at various points on the surface.

Section 15.6 Surface Integrals 1003
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Y

Figure 4

What is the formula for the flux? Let us consider the flux through an
infinitesimal piece of the surface with area d§ above the point (z, y,)
in the zy—plane. (The surface is denoted by the dotted region.) Let n
denote the unit normal vector to the surface. Let us suppose that the
velocity vector of the fluid is F (zg, vy 2,). The normal component

F- n is a scalar. Then the flux of F represents the total quantity of
fluid flowing in unit time through (across) the surface S in the positive
direction. The flux of F across § is given by the surface integral

Flux of F across S=//F- nds.
s

Find the flux of the vector field F(z,y, 2)=yi+2j+ 2k across the
sphere z°+y* +22 =4.

Using the spherical coordinate system, the parametric
equations
x = 2sin ¢cosf, y = 2sin¢psinf, z = 2cos ¢,

with 0< ¢< 7 and 0< 6 < 27.
Then F=2sin¢cosfi+2sin¢sinfj+2cos ¢k and

2—;>< 2—22 4sin®¢cos 0i+4sin’psinfj+4cos ¢sin pk

/fSF' nds= f/RF(r(cb,e))- (%x %)dq’)de
= f;ﬂfoﬂSsin%sinM—f—8cos3¢sin¢d¢d0

2m T 2 g
=/ sin29d9/ 83in3¢d¢+/ d9/ 8cos’psin ¢ do
0 0 0

0
16 32w
= X——=——.
0+ 27 3 3 [ ]

Evaluation of a Surface Integral

A surface integral is evaluated by reducing it to a double integral. Let
D be the projection of S onto the xy—plane.



dzdy
In- k|

//F- ndSZ//F- n dx dy .
kS D |1'l‘ k|

where n is unit outward drawn normal to S. The double integral on the
right in z, y over the plane region D is evaluated as a two—fold
iterated integral.

Then, dS=

In a similar way the surface integral can be evaluated by projecting .S
onto the yz—plane as D; and zz—plane as D, as follows

ffF ndS= /fF ndydz
[/F nds= //F ndmd’z.

Evaluate the surface integral / F- ndS where F =6zi
s
+(2zx+y)j —2k and S is the surface bounded by the cylinder
2’ +2°=9,2=0, y=0, 2=0 and y=38. (See Figure 5.)

E The entire surface S consists of 5 surfaces: S; is the curved
C_ | >D (lateral) surface of the cylinder (ABDCA), S, is the plane
(AOFEC), S; is the plane (OBDE), S, is the quarter of circle
(CDE), S; is the quarter of circle (CDE). Then

[/SF. nas= f/51+52+~~+55
“/A@/B\AZ :~/].5+f/5+m+/f5

Figure 5
= SI, + SL + SI, + SI, + SL.

We will use — to evaluate the surface integrals of .5,
i=1, -, 5.

On the curved (lateral) surface S, of the cylinder, since the
unit normal vector is

V (2?4 2%) _ 2xit+ 22k witzk

SV @) a4 3

F- n= %xz andn- k = % And the projection of S; onto zy

—plane is D= (z,y)|0< z< 3,0< y< 8. Then

//F nds= ffF nd"”dy

Section 15.6 Surface Integrals 1005
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8 p3
:/ / 5x dz dy = 180.
00

On the plane S,, since z=0 and n =—k, F- n=2z
n- k=—1. Then

8 3
SIQZ// F- ndS:/ /xdwdy:36.
S, 00

On the plane S;, since x=0 and n =—i, F- n=-62
n- i=—1. Then

8 p3
Slg,:/f F- ndSZ/ / —6zdzdy =—216.
S, 0Y 0

On the plane S,, since y=0 and n = —j, F- n = —2z
n- j=—1. Then

5142/] F- ndSZ/] —2zxdrdz
5, OAB
3 po—2?
:f f —2xdrdy =—18.
0Y 0

On the plane S;, since y=8 and n=j, F- n =22+38
n- j=1. Then

5'15:// F- ndS:” (22 + 8)dx dz
S CDE
3 V-2
:/ f (2z+8)drdy =18+ 187.
0 0

Thus the required surface integral is

[/F- ndS =180+ 36—216—18+ 18+ 187 = 18.
5

and

and

and

and



15.7  EXERCISES(Surface Integrals and Flux)

1. Evaluate surface integral

//\/1+x +y*+2° dS, where S is the

surface defined by the vector function
r (u, v) =asinucosvi +asinusinwvj
+acosuk, where 0< u< 7w, 0< v< 27.

The graph of r(u,v) is called sphere.
Substituting z =asinucosv, y=asinusinv and
z=acosu Into the integrand and we have
= V1+a’sinu®cos?v+a’sin®usinv +a’cos*u

—Vira

or . . . .
o =aqacosucosvi +acosusinvj —asinuk and
U

or
B—Z—asmu sinvi +asinucosvj

v

or _ or ! L k
a5y = | acosucosv acosusinu asinu
woov —asinusinv asinucosv 0
=—a?sin®ucosvi +a’sin®usinvj +a’cosusinuk
or or

7><7

ou ov

= \/a4sin4u0052v +a*sintusin®v +a*cos®usin®u
=da’sinu

ﬂ\/1+x2+y2+z2dA

—f/ V1+d® d®sinududv

=d’ \/1+a2/ / sinududv =4ra®V1+d*.
o Yo

Evaluate /f yzdS, where S is the surface
s

with parametric equations = 2v,
y = wusinvand Z =1 COSv 0< us< 1,
0 v< .

3. Evaluate // zydS, where S is the part of the
s

plane z+2y+3z=6 that lies in the first
octant.

. Evaluate // zdS, where S is the hemisphere
P

z= \/9*x2*y2.

Yu@@® hhttp:/youtu.be/s_ MRgW2By38

5. Evaluate / V2 dS, where § is the portion of
s

the paraboloid z=4—2"—4* between z=0
and

2= /3.

Evaluate / A- ndS where
s

A =18zi—12j+3yk and S is that part of the
plane 2z + 3y + 6z = 12 which is located in the
first octant.

Here S can be thought of as a graph
712_2(;”_3‘”. The
unit normal to this surface is given by

surface of a function f(xz,y)=

:<*fw*fy71>:% %j+k 6(1 1 k_)

e —i+—j+
VI+2+1 [49 T\3 2
36
Thus A- n—g(6276+3y

Hence //A ndS= //A n drdy
In- Kkl

12— 3y

4
—/ / 62*6+3yd;rdy=/ *%y2+9ydy=24.
0

. If S is the entire surface of the cube bounded

by a:=0 r =0, y=0,y=b,z=0, and z=1b
A =4zzi—y*j+yzk then  evaluate

fA ndsS.

Here S can be spilt into six surfaces S,

Sy, ..., 9 as shown in the figure. It is easy to see
that normal to 5,, S,, ..., S; are —k, i, j, —i, —7j,
k respectively.

Se

Sy
S S,
SQ
Sy

ﬂA ndS= /] —yz) dxdy ﬂ Odxdy =0

Section 15.6 Surface Integrals 1007
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b b
f/ A- ndS= f/ dzzdydz = / f 4bzdydz = 2b"
Sy D, 0v 0
ﬂ A- ndS= [/ —dxz) dydz = / Odydz—

T her e f or e
/ A ndS=p, Sy
S 2

/

9. Find the surface integral over the parallelepiped

Sy

Let S be the surface of the cylinder
z?+y* =16 included in the first octant

between =0 and z=5. Evaluate z=0, y=0, .ZZOQ. v=1, y=2, 2=3
f A- ndS where A= i+ aj—3y*k when A =2zyityz’j+azk
s
We spilt S into five pieces S|, S, ..., S5 as [/ A. ndS:/f Sy dyd :2/3/2ydydz=12,
shown in the figure. 5 p oY o

3 p1
/]A ndS= [/ dxdz—f / L2 v dudz [/A' ndS:/f yz2d;tdz:2/ /sz:vdz:
D, | : 0 5 D, 0v 0
= 7(&@&4_/‘ f.z'dzcdz ﬂA- ndS:ﬂ ( —2zy) dxdz=0,
fufo V16 — 22 0 o 53 by
5 4 5 4 ) _ 2 _
:/ zdz/ #dx%—/ dz/ xdx /ng nds [/‘D( yz") dady=0,
0 0 V16 —2> 0 0 ! !
25 0 1 16 ﬂA~ ndS:[/ (—z2)dxdy=0,
:—f dt+5 —=50+40=90 S5 Dy
16 =2Vt 2 3 p1
f/A~ ndS:// xzda:dz:?)/ /;r:dxdz:?).
//A ndS= /]. |n dxdz—// x)drdz =—40, 50 n 0o o
D,

Therefore // A- ndS=33.
s
/]A ndS= ﬂ | dxdz—/ / 2)dydz =—50,
D, 0v o0
Se
ﬂA ndS= ﬂ d:vdy f/ 3y zdady =0
D, | S

S, S
S,

y A - n

A dS:[/ —dxd
// . o In k[ S,
*// Syz dxdy = —15ﬂ 2d:vdy

/2
- 715/0 /0 (rsing)*rdrdg 10. If S is the surface of the sphere
_ —15/7r/23in29d9/4r3dr P+ =4 and A = axi+ byj+ czk,
evaluate f/ A- ndS.
=—2407. g
Therefore / A ndS= —240nr. The sphere can be given a parameterization

r (¢,0) = {dsin¢cosb, dsingsiné, dcosd) ,
A(r (¢, 0)) = <ad sin¢ cos 0, bd sin ¢ sin, cdcosf) ,
r, X1, = {d” sin’p cos 0, d* sin’¢ sin 6, d’ sing cos ¢)

/fA- ndS:[/~ (r,xr,)dA
s D
2w m
:/ / ad®sin®¢ cos’0
0o Yo

+ bd®sin® ¢ sin?6 +cd® sin ¢ cos®p d¢ d6
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T 27
=ad3/ sin%dqﬁf cos?0 do :/Df[—y(—Qa:)—x(—Qy)+4—;r2—y2]dA
0 0
™ 2r _ 2 9
+bd3f sin3¢d¢f sin% do fo(4+4xy *—y’)dA
0 0

(4+4r*cos@sin 0 —r?)rdrdf

I
Q\N

5
e (3]

T 27
+ed? f singcos’p d o do
0 0

:adg(%) (7r)+bd3(%) (x) + cd3(%) (21) = fo%(4+%cosesin6)d0 = 8.

= 4?ﬂ-cli’)(a-i-b-l—c)

11. Evaluate /fF ds.
s

Here F =4i +2j +zk and § is the boundary of

the solid surrounded by z=4-2>—4* and
z=0.

1) S, : There S is a graph surface of z=g(z, y)
=2—22—¢? on >+’ < 4.
We have F, =y, F,=x, F; =z and

99 — 9y, 29 — gy,
ox oy . .
Hence by | |, 3) §=85+65,:
[ (g 29 09 //F dS:f/F- dS+//F- ds.
/]SF. ds _f/D( Fi 0% —F, 3% +F,)d4 ] . 5
=87 +0 = 8.
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Stokes’ Theorem

Yol B http://youtu.be/tdskc_Pzlvg

We introduce another important theorem of vector calculus, namely Stokes’
Theorem. Stokes’ Theorem can be thought of as an extension of Green's
Theorem. Green’s Theorem relates the integral over a plane region D
to a line integral on the boundary of D (with positive orientation).
Stokes’ Theorem on the other hands relates a surface integral over an
orientable surface S to a line integral over the boundary of S. The
orientation on S is taken as positive.

[THEOREM 1 Stokes’ Theorem )
?ilrgngeSrlggeOSG)"‘briel Stokes Let F = Pi+ Qj+ Rk be a vector field whose components have
Irish mathematician continuous second order partial derivatives in a domain containing

a surface S bounded by a simple closed curve C. Then

/F~ dr ZﬂcurlF- dS
c s

where C is traversed in the positive direction.
. J

We shall prove this theorem for special class of surfaces namely a graph surface.
A general proof of this theorem is beyond our scope.

z Preef See Figure 1. Let S be a surface as z = f(z, y), (z,y)ER. Then
' =2, v r(z, y)=zi+yj+ 2k is a position vector of S.
‘ | / Since
‘ l i j k
crl F = |22 20 = (g —Qi— (R —P)i+(Q,— Pk
ox 0y 0z v # ’ ? ’ v
P Q R
’ - and dS:(a—rx 6—r)d d =(a—rx 6—r)dA with
Figure 1 oxr 9y v or 9y
ar  ar bk
8—><8— =1(10%,| = —z,i—z,jtk
v Y 01z,

ffcurlF- ds =ffcur1F- (ﬁxﬂ)d/l
S D ox oy

_ /f — 2, (R~ Q)+ 2, (R, — P)+(Q,— P,)dA.
D

Let ¢ :ax=2x(t), y=yt), a< t< b be a closed curve of D and
G = Mz, y)i+ N(z, y)j be a vector field in zy—plane and r= zi+ yj
be a position vector of R. Since dr= dzi+ dyj,
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/ G- dr =/ de+Ndy=/( dm)dw( dy)dt
O] Cl dt

Let C:r(t)=z(t)i+yt)j+2(t)k,a< t< b be a closed curve of S.
Then

dr _ dx. +dy +( dx dy)k

- a T a T Eea TAa

AP . dx dy . ( dx dy))
Thus /CF~ dr —/a(PH—QJJrRk)- (dtl+ dtﬁ— % T Ay, k|dt

- /:

Let M =P+ Rz, and N =Q+ Rz,
By Green Theorem, can be changed the following:

/CF' dr = fD(%(QJrRZy)— aiy(P‘Fsz))dA

- f/D(Zz(Qz —R)+2,(R, — P.)+(Q,— P))dA.
By and ,fCF. dr :ﬂgcurlF' ds. -

Note1 Stokes’ Theorem can be expressed by

/ F- dr =//curlF~ dS=//cur1F~ (ﬂxﬁ
c s D ox 0y

where S is the surface of r (z,y) that is a position vector and D
is the projection of S on zy—plane.
And Stokes’ Theorem in rectangular form is

/f [( o4y o4, )cosa +

where n = cosai+cosfj+cosyk, and «, 3, v are angles made
by the normal n with the unit vectors i, j and k.

dx dy
(P+R zI)E+ (Q+Rz,)—- o )dt

dA

2z ox

04, 04,
ox oy

)cos*y} ds

) COS

Note2 Green’s Theorem in the plane is a special case of Stoke’s
Theorem.
Suppose S is a surface lying in the zy—plane, with upward unit
normal vector k. Let C be the positive oriented boundary of S.

Then / A- dr Z/fcurlA- kdA which is nothing but the
C S
vector version of Green’s Theorem.
Note3 The circulation of A around a closed curve C is given by the

line integral f A- dr where A represents the velocity of a
C
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fluid circulation. This has applications in fluid mechanics and
aerodynamics.

z Let S be that the part of the plane 2z +y+ 2z =8 in the first octant,
oriented with the upward—pointing normal and let C be its boundary,

oriented counterclockwise. If F =uzzi—yj+a’yk verify Stokes’

I(O, 0, 4

Theorem by computing both / F- dr and [/ curl F- dS. (See Figure
c s
2.)

/4, 0,0 ¢ 0,80 Stokes” Theorem states that

Figure 2 /F dr Z/]curlF- (8—r><£)dA.
c D or 9y

First we will find / F- dr.
c

Here C is the curve consisting of C;, C, and C;. So

fF- dr:f +f +/ = LI+ LI+ LI
c e , c,

On (), a simple parameterization of this line segment is
r(t) =<4,0,0>+¢(<0,8,0>—<4,0,0>)=<4—4t, 8, 0>

where 0< t< 1.

Thus dr = <{—4,8,0>dt. In terms of this parameterization,

the vector field F = zzi— yj + 2’yk becomes

F(r(t)) =<0, —8t, 8t(4—4t)*)
Then

F(r(t)): dr =<0, —8t, 8t(4—4t)*)- {(—4,8,0>dt
= (—64t)dt

Thus

1
LI, :f F- dr:/ — 64t dt =— 32.
e} 0

Similarly, on G, it's parameterized by r(t) = <0,8—8t,4t),
SO

F(r(t)): dr =<0, —8+8t,0>- <0, —8,4>dt
= (64— 64t)dt

Thus

1
Ll :f F- dr=/ (64— 64t)dt = 32.
G, 0

Similarly, on C;, it's parameterized by r(t) = {4t,0,4—4t),
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SO

F(r(t))- dr = {16t—16t% 0,0)- <{4,0, —4>dt
= (64t — 64t%) dt

Thus

! 2 32
LI =/ F- dr=/ (64t — 641" ) dt = —.
C 0 3

2
Hence, /F dr =L[1+L[2+L]3=3?.
c

Next we will find /f curl F- dS. This triangular surface is a
S

graph (using z=4—z— %y) over the  triangle

D= (z, y)|0< y< 8—2x, 0< < 4 in the first quadrant of
the zy—plane. Thus we can parameterize it as

r(z, y) = <x, Y, 4*x*%> for (z,y)ED.

Since F = zzi—yj+ 2%yk we get

1] k
_ |9 9 9 |_ . -~ .
curl F = oz oy 07 = 2°i+ (x — 2zy)j.
re —UY x2y
Similarly,
1] k
LU S RS O DS
oxr oy 01 1 2
2
Then

//curlF dS ://curlF- (a—rxﬂ)dA
g D ox oy

4 8—2x 1 ) 392
— 2 = —
—/0/0 (LE +2x zy|dydz 3.l

CAS

Evaluate //curlF- dS where F=(y—z2)i+ (z—2)j+ (z—y)k and S
S

is the portion of the plane z+y+2z=4 that lies inside the sphere
2yt =1.
http://matrix.skku.ac.kr/cal—lab/Sec15—8—Exm—2.html
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var('x, vy, z')

pl=implicit_plot3d(x "™ 2+y "~ 2—1==0, (x, —2, 2), (y,
-2, 2), (z, 0, 6), color='blue', opacity=0.3)
p2=implicit_plot3d(x+y+z==4, (x, —2, 2), (y, —2,
2), (2,0, 6), color='"red', opacity=0.5)

show(pl+p2)

In Stokes’ Theorem, we will use
f/curlF ds :ﬂ (curl F)- (ﬂxa—r)dA
s D or 9oy
i j k

15} 0 0 . .
curl F = | — — — | = —2i—2j—2k
or 0y 0z
Y—2z2—xT—Y

Since r=zit+yj+(d—z—y)k

or or k
, X —1
Figure 3 ox oy —1

=itjt+k

]
0
1

O = o

Since D is a unit circle in zy—plane,

/‘/curlF' dS
s
://curlF (6—r><6—r)dA://—6dA:—67r.
D ox oy D
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15.8 EXERCISES(Stokes’ Theorem)

cAs1. Evaluate / rdx+ydy+zydz using Stokes’
c

Theorem, given that C 1s the circle:
#?+4y*+ 2> =4 that lies inside the cylinder

z?+ 4> =1 and above the zy—plane.
http://matrix.skku.ac.kr/cal—lab/cal—15—8—1.html

Note that the curve of intersection is the
circle at the plane z= /3.

var('x, vy, z, t")

pl = implicit_plot3d(x"2+y "~ 2+z"2==

(x, —2, 2), (y, =2, 2), (z, 0, 2),
opacity=0.2, color="red", mesh=True);

p2 = implicit_plot3d(x"2+y "~ 2==1, (x,
-2, 2), (y, =2, 2), (z, 0, sqrt(3)),
opacity=0.5, color="blue", mesh=True);

p3 = plot3d(0, (x, —2, 2), (y, —2, 2),
opacity=0.3, color="orange", mesh=True);

show(pl+p2+p3, aspect_ratio=1)

var('i, j, k')

r_t = vector(SR, [cos(t), sin(t), sqrt(3)1);
dr_t = diff(r_t, t);

F = vector(SR, [x, vy, x*y]);

Frt = vector(SR, [cos(t), sin(t),
cos(t)=sin(t)1);

print (F_r_t)

integral(F_r_t*dr_t, (t, 0, 2#pi))

Answer : 0

2. Evaluate (a) directly (b) using Stokes’ Theorem
/ 4zdr — 2xdy+ 2xdz where C is the ellipse
c

that intersect between z*+¢*=1 and
z=y+1.
Let x =cost,y=sint,z=sint+1.
So r(t) =<cost,sint,sint+1)> and
r'(t) =<{—sint, cost, costy . Hence,

/ dzdx — 2xdy +2xdz
27r
= / 4(sint+1)sint — 2cost cost + 2cost cost] dt

= - 4(51nt+1)51ntdt

2ﬂ'
= —4/ sinftdt = —4n
0

. Verify Stokes Theorem for the vector field

A =2z —y)i—yz%—y’zk over an orientable
surface S which is the upper hemisphere
2+ +2°=1 and 22 0.

Note that the curve C is z’+y*=1, z=0
with positive orientation. Since curl A =<0,0,1),
we have

27 /2
[/curl A dS:f / sin ¢ cospdpdd = .
s o 7o

Next we compute / A- dr where

r(t) =(cost, sint, 0), 0< t< 2m.

Hence / A dr*/ Alr r' (t)dt
2w

:/ (—2sintcost+sin’) dt
0

21— 082
=0+f 1zcosat
.2

Hence verified.

Verify Stoke’s Theorem for a vector field

A =21 +zyj over an orientable surface §
which is the square 0< z< a, 0< y< a in
the ay—plane. [Hint] ¢ is a square of
0 z<a, 05 y< a,2=0. ERE
http:/matrix.skku.ac.kr/cal—lab/cal—14—7—4.html :
o
var('x,y,z,a')

M=x"2; N=x*y; P=0
curlF=vector([diff(P,y)—diff(N,z),diff(M,z)
—diff(P,x),diff(N,x)—diff(M,y) 1)

print curlF

xX=x;y=y;z=0
r_x=vector([diff(x,x),diff(y,x),diff(z,x) 1)
r_y=vector([diff(x,y),diff(y,y),diff(z,y) 1)
n=r_x.cross_product(r_y)
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w=curlF.dot_product(n)
ANSWER=integral(integral(w,x,0,a),y,0,a)
print ANSWER

Answer @ a™{3} over 2

Verify Stoke’s Theorem for a vector field
A = (2 +4*)i — 2zyjover a rectangle bounded

by t=a,x= —a,y=0b, y= —b. ELEE
http://matrix.skku.ac.kr/cal—lab/cal—15—5—5.html 1
R

var('x,y,z,a")

assume(a>0)

M=x"2+y " 2; N=—2:#x*y; P=0
curlF=vector ([diff(P,y) —diff(N,z),diff (M, z)
—diff(P,x),diff(N,x)—diff(M,y) ])

print curlF

X=x;y=y,;z=0
r_x=vector([diff(x,x),diff(y,x),diff(zx)])
r_y=vector([diff(x,y),diff(y,y),diff(z,y) 1)
n=r_x.cross_product(r_y)
w=curlF.dot_product(n)
ANSWER=integral(integral(w,x,—a,a),y,—a,
a)

print ANSWER

Answer : 0

. Evaluate / F- dr, where F (z, y, z)= —¢’i
c

+ 2% —2°k and C is the curve which is the
intersection of z’+3y*=1 and z+y+z=1.
(C' is upward anticlockwise).

curl F =3(2*+4*)k and the curve C is a
boundary of S:z=1—-z—y on D={(z,y)|
22+y? < 1}. Using Strokes' Theorem and the ploar
coordinate system,

fF- dr:f/curl
F. dS= ﬂ3x+y dA = 3fhf

We consider the vector field F (z,y, z)=
(—day+az2)i+(2y—yz)j + (22— 22)k and the
curve C which is the boundary of the triangle

- drdQ— —
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with

vertices P(2,0,0), Q(0,3,0), R(0,0,6).
Compute the work done by the force field F in
moving a particle along the curve C. (First,
the particle goes from P to @, and goes from
Q to R, finally goes from R back to P).

Consider the region D: %—k%—l—%: 1,
z,y, 22 0. The C is the boundary of D. Since
r=zityj+(6—3cx—2y)k, r,xr,=<=3,2,1) and
V XF =<y, v+z y+dx),
Using Stokes' Theorem, we have

/F dr—/ V XF- dS
c
221/2
—/f (12—6y) dydx =48.

6

x

. Evaluate / F- dr. Here F (z, y, 2) = (z+4°)i
c

+(y+2%)j+ (z+2%)k and C is a triangle with
vertices (1,0,0), (0,1,0), (0,0,1).

curl
i i k
o 0 17}
F = . oy Py ={(—2z, —2x, —2y).

(x-!—yz) (y+22) (z+2?)
The surface bounded by C'is z=g(z,y) =1—2z—y and
this can be represent a parametric vector
r =<{a,y,1—z—y>. Sowe get r, Xr, =<1,1,1>. And
the domain is the projection of the surface on
zy—plane as D={(z, y) | |0< 2< 1,0< y< 1—a}.

F dr = curlF ds

1— 1
7[/ —22—2x—2y)dA = f /
0

2) dydx =—
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Divergence Theorem

Carl Friedrich Gauss (1777-1855),
German mathematician.

Painted by Christian Albrecht
Jensen

x
Figure 1

You@D  hitp://youtube/3BmcFr81kuQ

This section deals with the third important theorem, called the Gauss Divergence
Theorem. It is an extension of the vector version of Green's Theorem to vector

fields in R? and relates the integral of a derivative of function (div of
a vector field A) over a region to the integral of the function F over
the boundary of the region. The region in this case is considered as a
solid region and its boundary i1s a surface. We make certain
assumptions about the region and its boundary.

We assume that § is a closed surface, that is 9 encloses a solid
region in R®. For example, spheres, cubes and ellipsoids are closed
surfaces whereas planes, paraboloids, etc are not closed regions. We
further assume that § has positive orientation. That is, the unit normal
vector is directed outward from S.

(THEOREM 1 Gauss Divergence Theorem

Let S be a closed surface in R? which is the boundary of a solid
region V. Let A be a vector field defined on some open set T'
containing V. Suppose the components of A have continuous first
order partial derivatives and n 1s an unit normal vector that is
directed outward from S. Then

f/sA. ndSZ//VV' AdV
Zﬂvdiv AdV.

. J

Preef We prove this theorem for a particular type of 5. Assume § is
a surface such that any line parallel to coordinate axes meets S
in at most two points. Let .§; and S, be the lower (below) and

upper (top) portions of § having equations z=f,(z, y) and
z=f,(z, y) and having n, and n, as normals respectively (See

Figure 1). Let R be the projection of the surface S on the zy
—plane. If A= A;i+ A,j+ A;k, then the result of Gauss

Divergence Theorem in component form is

//S(A1i+A2j+A3k)~ ndsS= fffV

Thus it is sufficient to prove

. 94,
//Alr ndSZﬂ/ av,
s y 0

av.

oA 04 oA
1 n 2 n 3
ox Y

0 0z
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[ o ]
S v
[/A3k~ ndSZf/
s v
Consider the next equation.
// V:/]/ dzdydx
2z
Z*fzaA
A=
R AR O L7

=/f Ak nd5+ff Ak ndS
S, s,

Since for the upper surface S,, k- ndS=dydx while for the
lower surface S, k- ndS=—dydz, then

=

Similarly, projecting S on to the yz-—plane and zz—plane we

dydzx

have
04, .
///‘ ox E 11 ndS,
04, .
f/f 5 2]+ ndS.
v s
Adding | 3|, and | ©|, we get the required result | 2. [

Note1 Gauss Divergence Theorem (GDT) transforms volume integrals
to surface integrals and vice versa.

Nete2 GDT in rectangular form can be written

W

aA1 04, 04,
+ dxdydz

=/f A11+A2j+A3k)- (nyi+ nyj + nyk)dsS
S

sz(Aln1+A2n2+A3n3)dS
S

= [/ (A;cosa+ Aycos B+ Azcosy)dS
g

where n; =n- i=cosa, n,=n- j=cosf, n;=n- k=cosy.
Here «, 3, v are the angles which n makes with the positive z,
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y, z axes.
E D
C r=2 Note3 GDT is also known as “Green’s Theorem in space” because the
GDT generalizes the “Green’'s Theorem in the plane” by
replacing the (plane) region R and its closed boundary (curve)
C by a (space) region V and its closed boundary S (the
surface).
O V4
B

Note4 The left hand side of | | | is referred as the flux of A through the
¥ ytI=9 surface . Thus Gauss Divergence Theorem says that under the
or certain conditions, the flux of A across the surface S is equal to

F=V9—y the triple integral of the divergence of A.
Figure 2

Note5 When A =V =velocity of a fluid then the GDT has the
following physical interpretation:

(diverging) from a closed supplied from within

Volume of fluid emerging } { Volume of fluid
surface in unit time volume V in unit time

Let us verify the Gauss Divergence Theorem in the next examples.

Verify f/A~ ndS:/Z/ V- AdV of the Gauss Divergence
s v

Theorem for A = 2z%yi— v + 422’k taken over the region in the first

octant bounded by the cylinder y*>+2?> =9 and the plane z=2. (See
Figure 2.)

Since V- A =4xy—2y+8xz and
V= xvyv )|0< r< 2,0< y< 3,0 25 9—y

Vo B
then///V AdV= f// ’ (4xy — 2y + 8xz)dzdydx

=f0 fo (493y—2y)(\/9—y2)+4x(9—y2)]dyd;z:

3
_/ (2— 43: 3/2)

2
=/ —18(1—2x)dw+/ (1082 — 362 )dx = 180.
0 0

2

3
) 3
dx

0

2 3
dx+ / 36yx—4xy—
0 0 3

The entire surface S consists of five surfaces .5), .S,, S5, S,

f/A- ndSz/f +ff +---+f/ = S + Sk +--+ SI.
S S, Sy S5

We will use - in section 15.7 to find the followings.
On S,: OAB, since t=0 and n = —i, A- n =0. Then
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S[lsz A.- ndS=0.
5

On S, CED, since z=2 and n =i, A- n =8y and n- i=1.

Then
SIQZ/‘/ A ndSZ[/ 8ydydz
S, S,
3 pyo- 2 3
:/ / 8ydydz=f4(9—zz)d2'=72.
00 0

On S;: OBDE, since y=0 and n = —j, A- n =0. Then

S[3=f/ A- ndS=0
SS

On S,: OACE, since z=0 and n = —k, A- n =0. Then

ngff A- ndS=o0.
S,

On Si: ABCD of the cylinder: 3*+2° =9, since the unit
normal n is

V(y2+z2) 2yj + 22k _ yi + 2k

n: = y
IV (P +25) V4 +42° 3
A-n= _yag4%3= _y3+4$(2_y2)3/223 and
yi+ 2k z \/9—y2
N I T

Projecting the surface .S; on the zy—plane
_2)\3/2 3
ngﬂ A ndszf 4@y )"y’ 3 dx dy
S R 3 /9_y2
I
= 49—y ) — ———— |dxdy = 108.
00 97y2

Thus f/A- ndS=0+72+0+0+108 =180. Therefore, the
s

Gauss Divergence Theorem is verified. ]

Find the flux of a vector field A(z,y, ) = zi+yj+ zk over the sphere
S: z*+y*+2° = a* using the GDT.

Note that div A= 3. Thus by GDT, we have flux of A across

//;A- ndSZ/ffz2+ div AdV

v+ 2 d?
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=sff v
w2+y2+z2§ a’

= 3 xVolume of the Sphere §

=3><%7ra = 4ra’. [ |

Find the surface integral /f A- ndS, where A= 2%+ y3j+z2k over
g

the surface § which is bounded by z°+3*< 9 and 0< z< 2.
http://matrix.skku.ac.kr/cal—lab/cal—15—9—Exam—3.html

Note that div A= 32>+ 3y* +2z. Thus by the GDT, we have

[/A ndS = // divAdV
Figure 3
=f// 32243y  +22)dV
v

By the polar coordinate system, letting = rcosf, y = rsind,
then dedy =rdrdd and (r, )0< r< 3, 0< 6< 0. Thus

27 3 2
ffA- ndsS :f f / (3r% 4+ 22)dz rdrdf = 2797.
S 0 0 0

var('x,y,z');
def Div(F):
assert(len(F) == 3)
return (diff(F[0],x)+diff(F[1],y)+diff(F[2],2))
F=vector([x"3,y"3,2"2])
Div(F)

Answer: 3*x72 + 3xy "2 + 2%z

var('t,r')

x=r*cos(t);y=r*sin(t) # polar coordinate system
f=3%x"2 + 3%y ™2 + 2%z
integral(integral (integral (f*r,r,0,3),t,0,2%pi),z,0,2)

Answer : 279%pi n

In the next example we have volume of a region bounded by a
surface S by the Gauss Divergence Theorem.

Find the volume V of a region bounded by a surface .

By Gauss’ Divergence Theorem

Section 15.9 Divergence Theorem 1021
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///VV~ AdVZ//SA- nds.

Choose A =zxi, so that V- A =1, with this reduces to

V=Volume=//vl' av
_ //Sz(i. )dS = //Sxdydz.

Similarly by taking A =yj and A = zk, we get
VZ/]ydzdx and VZ/]zdxdy
s s

or V= %[/ (zdydz + ydzdx + zdxdy).
s
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15.9

1-4. Using the Divergence Theorem, evaluate the
surface integral // F- ndS
s

CAS1. A=gzyi+yzj+zzk and the boundary of a
region is the sphere z’+¢°+2° =4. @EnmuE
http://matrix.skku.ac.kr/cal—lab/cal —14—8—1.html 1

Define “Div” function LR
var('x,y,z')
def Div(F):
assert(len(F)==3)
return

(diff(F[0],x)+diff(F[1],y)+diff(F[2],2))
F=vector([y*z,z¥x,x*y])
Div(F)

Answer : 0

Since divergence is O,

//SF- ndS:‘//;FdV:().

A=2*i+2%yj+azyk and S is a closed surface
consisting of the circular cylinder z*+ y* = o
and the circular disks z=0 and z=0b. mEEEE
http://matrix.skku.ac kr/cal—lab/cal—15—6—2.html %

CASQ.

var('x,y,z")
def Div(F):
assert(len(F)==3)
return
(diff(F[O],x)+diff (F[1],y)+diff(F[2],2))
F=vector([x " 3,x " 2*y,x*y])
Div(F)

Answer : 4xx72

var('a,b,t,r')

assume(a>0,b>0)

x=r*cos(t);y=r*sin(t) # polar coordinate
system

f=4*xx"2

integral(integral (integral (f*r,r,0,a),t,0,2%pi),
7,0,b)

Answer : pi¥a”4xb

Then ffF ndS:[/ S FdV =a'br.
S Vv

EXERCISES(Divergence Theorem)

Youl® http://youtu.be/NGMLoGWF11Is

CAS3. A=sinzi+(2—ycosz)j+ayk and § is the

surface bounded by 0< z< 3,
0< z< 1.
http://matrix.skku.ac.kr/cal—lab/cal—15—6—3.html

0< y< 2,

var('x,y,z")
def Div(F):
assert(len(F)==3)
return
(diff(F[0],x)+diff (F[1],y)+diff(F[2],2))
F=vector([sin(x),2—y*cos(x),0])
Div(F)

Answer : 0O
Since divergence is O,

ffF- ndssz S FdV =0,
S Vv

CAS4, A= (z* —yz)i—22"yj+ zk and § is the cube of

side b. s E
http://matrix.skku.ac.kr/cal —lab/cal—15—6—4.html 1
EEEL

var('x,y,z,b")
assume(b>0)
def Div(F):

assert(len(F)==3)

return

(diff(F[0],x)+diff(F[1],y)+diff(F[2],2))

F=vector([x "™ 2—y#z,—2ix ™ 2%y,z])
integrand=Div(F)
integral(integral (integral (integrand,x,0,b),y,
0,b),z,0,b)

Answer: —1/3#(2+b ™3 — 3*b "2 — 3#b)*b "2

5-13. Verify the Gauss Divergence Theorem for :

CAS5. A =4zi—2y%j+2°k taken over the 15“‘
region bounded by z’+y* =4, 2=0 ksl
and z=3.

http://matrix.skku.ac.kr/cal—lab/cal —14—8—5.html
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var('x,y,z,t")

pl = implicit_plot3d(x "~ 2+y "~ 2==4,
(x,—2,2), (y, —2.2), (z, —5,5),
opacity=0.2, color="red", mesh=True);

p2 = implicit_plot3d(z==0, (x,—2,2), (y,
—2,2),(z, —5,5), opacity=0.3, color="blue",
mesh=True);

p3 = implicit_plot3d(z==3, (x,—2,2), (y,
-22), (z, —5,5), opacity=0.5,
color="orange", mesh=True);
show(pl+p2+p3, aspect_ratio=1)

var('x,y,z,t,r")
def Div(F):

assert(len(F)==3)

r e t u r n
(diff(F[0],x)+diff(F[1],y)+diff(F[2],2))
f=Div([4*x,—2%y ~2,2"°2])
g(r,t,z)=f.subs(x=2%*cos(t),y=2#sin(t),z=z)

integral(integral (integral(g#r,r,0,2),t,0,2%pi),

2,0,3)

Answer : 84#*pi

r (6, z) = {2cos6, 2sinb, z),
A(r(0, 2)) = {8cos O, —8sin’0, %),
ryXr, =<2co0s0, 2sinf, 0,

//;A ndS:ﬂ A- (ryxr,)dA

1024 Chapter 15. Vector Calculus

= ‘// 16c0s%0 — 16sin°9
2

—48/ cos?0do — 48/ sin®0df =487 —0 = 48,

/fA nds= /f —2%) dady =0,
//A nds= /fzda:dy 9// dwdy=9(47) = 367.

Therefore / A- ndS=84r.
s

. A = (2*—yz)i— 22% + zk taken over the entire

surface of the cube 0< z< a, 0< y< a,
0< z5 a.

ﬂA- ndS:/] (2®—yz) dydz

S D,
:[/l (a®—yz) dydz=a5—fa/ayzdydz=a5—%a4
f/A ndS= ﬂ 3 dxdz,

_ 2.
—/ / ) dadz = 34
:\//‘yzdydz:la4
0v 0 4

f/ A ndS=// 2x2d:cdz=/d/a2x2dxdz=za4
f/A ndsS= ﬂ —2)drdy=0 (Since z=0 on
S ), [/A nds= ﬂzdﬂ:dy—a/ ldxdy—a

Therefore / A ndS=d+d.
s

Ss

S;
S, S
Si

Ss

¥ divA =322 +1. Hence

M diVAdV=/ufa/a(3x2+1)dxdydz=a5+a3.
v 0vo0v o

7. A =axi+byj+czk taken over the entire

surface of the sphere of radius d and centered
at the origin.

http://matrix.skku.ac.kr/cal—lab/cal—14—8—7.html EIE

oL

=


http://matrix.skku.ac.kr/cal-lab/cal-14-8-7.html

var('a,b,c,x,y,z")
def Div(F):

assert(len(F) == 3)

return
(diff(F[0],x)+diff(F[1],y)+diff(F[1],2))
Div([a*x,b*y,c*z])

Answer : a+b (a+b+c)
So, integral of a+b+c over the entire surface of the sphere

. . 4 .
of radius d is %d"(a+b+c).

Compute the second part, and show they are equal.

A =2zyi +yz*] +xzk and § is the total
surface of the rectangular parallelepiped
bounded by the coordinate planes and =z =1,
y=2, z=3.

http://matrix.skku.ac.kr/cal—lab/cal—15—8—Exs—8.html

5.0

2.5

0.0

5.0 0.0

var('x,y,z,t")
pl = implicit_plot3d(x==1, (x,0,5), (y,
0,5), (z, 0,5), opacity=0.2, color="red",
mesh=True);

p2 = implicit_plot3d(y==2, (x,0,5), (y,
0,5), (z, 0,5), opacity=0.3, color="blue",
mesh=True);

p3 = implicit_plot3d(z==3, (x,0,5), (y,
0,5),(z, 0,5), opacity=0.5,
color="orange", mesh=True);
show(pl+p2+p3, aspect_ratio=1)

def Div(F):

assert(len(F) == 3)

return
(diff (F[0],x)+diff (F[1],y)+diff(F[1]1,2))
d10=Div([2#x*y,y*z "~ 2,x%7])
integral (integral(integral(d10,x,0,1),y,0,2),z,
0,3)

Answer : 48
Compute the second part, and show they are equal.

. A =2zzi+yzj+ 2’k over the upper half of the

sphere z°+¢° +2° = d’.

A parameterization of sphere is
r (¢, 8) =<asin¢cosb, asinpsinb, acos¢) ,
A(r (g, 6))
= {2a%sin ¢cos ¢ cos b, a’sin ¢cos psin b, a’cos’ ¢y |
r, <1, = {a’sin?¢cos b, a’sin’ ¢sin b, a’sin pcos ) ,

0< ¢< % 0< < 2r.
Hence S=,+5, (See the figure).

o

ﬂﬁA- ndS:/fDA- (r,xr,)dA

2w ks .
:f /22a4sin3¢cos¢00526+a4sin3¢cosgz5sin20+
0o Yo
a*cos®psing do do
27 /2
:2a4/ COSQOdO/ sin®¢ cosgde
0

0

27 /2 .
+a / sin0 do f sin’¢ cospdg
0

0

2 /2
+a4/ d@/ cos®¢ singdg
0 0

ot () )ty [ L)t () L B
=2a (7r)(4)+a (ﬁ)(4)+a (27r)4— 1 T,
[/A‘ ndS:// — 22 dA=0.
5 D,
5q?
Therefore //A- nds= -5
s

Compute the second part, and show they are equal.

10. A :(xZ*yz)i—l—(yQ*xz)jﬁ-(22*acy)k taken

over the rectangular parallelepiped bounded by
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the coordinate planes and z=a, y=0 and z=rc.
%(a2b+2ab2)c.

11. A =z%+4%+2°k taken over the surface of the
2

2 2
ellipsoid 5+ L+ Z=1.
a b c

Let
r (¢, 0) = {asing¢cosb, bsin¢sinf, ccos¢> be a
parameterization of S.

A(r (¢, 0)) = {a’sin®pcos?0, b’sin’¢sin0, Ccos’¢) |
r, <1, = {besin®¢cos, acsin®¢sin @, absin gcosp) .

Hence //SA- ndS=ﬂDA- (r,<r,)dA

2m by
= / / a®besinpcos®d + ab’esin’g sin®e +
0o Yo
abc®sin ¢ cos®pde do
27 m
=a2bcf cos39d6f sin‘pde
0 0

2 T
+ab’c f sin®0 d6 / sin'p de
0 0

27 T
+ abé® / o / cos’¢singde
0 0

=0+0+abc*(2r)0=0.
Compute the second part, and show they are equal.

12. A =zi +yj taken over the upper half of the
unit sphere z®+1¢° +2° =1.
r (¢, 8) = {singcosb, singsinb, cosd) ,
A(r(¢, 0)) = {sin¢cosh,sinpsind, 0)
r,xr, = (sin’¢cos 0, sin’¢sin@, singcos ¢ ,

//A- ndS=/f A- (r,xr,)dA
S D,
2m S
=f /QSin3¢c0520+sin3¢>sin20dA
0o Yo

:/%/%sin%d(de
—/QTdG/ sin ¢d¢ 27T) *7r,
0
ﬂA~ ndS:[/ 0dA=0.
s D,

1026
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Therefore [/A‘ nds= %ﬂ'.
s

Compute the second part, and show they are equal.

13. A =2+ 2%j+2%2k taken over the closed
=a?, bounded by

region of the cylinder z*+ ¢
the planes =0 and z=1b

r(0, z)=<acosh, asinb, z) ,
A(r(0, 2)) = {a®cos®0, a®cos?0sin, a’cos’dz) ,
ryxXr, =<acosh, asinb, 0) .

//A~ ndS:// A- (r,xr,)dA
S D
b 27 . .
:/ / a*cos 0 +a'sin®0 cos®0 do dz
0 0
b 27 )
= / / a*cos?0 dodz
0 0
b 27
=a4/ dz/ c0s?0d0 = a*b,
0 0
[/A‘ ndS=/] (—2%2)dA=0,
S D,
[/A- ndS:// x2sz=b/f 22dA
S Dy Dy
27 a
:b/ fr2c0529rdrd9
0 0
27 a
:b/ cos2edef Pdr=——
0 0

4
Therefore //A~ ndS= 526 .
g

Compute the second part, and show they are equal.

14. (a) Prove Green's first identity :

//0ng~ ndS:// [fV2g+V f Vgldv.

a

(b) Let B= {m, Y, Z 2)|x? -I-y + 22 <1} and
fle, y, z)=ax+y+z. Flnd// f

15. Let D Dbe a solid surrounded by

2?4+ y*+2°=3% and 2= Vv’ +¢* and vector
field



Fz, vy, z)=<yz, 2T, a:y+z2>.
Find the flux of F, that is,

ﬂ F- dS
aD
, oF, oF, oF,
divF = —+—+—=22,
0 oy oz

T
//F~ s :// divRdV
S E

_ / u / i f 90086 pPsing dpde do
72/ 1d9f0 cos¢sm¢d¢/
*4”(‘2)71 T

16. Evaluate /SF~ ds.

Here F (z,y,2) = 3zy*i + ze’j +2°k and 9 is
the boundary of the solid surrounded by
y2+22=1, r= —1, z=2.
divF = 3y* +32°
Let x =2, y=rcosh, z=rsind .
f F- dS
s

2T 1 2
:/ / / (3r%cos?0 +3r%sin0)- r dxdrdd
o 4o 1
27 1 2
:3f / f P dpdrd) = 2T
0 0Y —1 2

17. Let S be a surface z? +y* =9 between z=0
and z=2 and F(z, y,t)=yi+yj —zyz’k
Find a flux f/F ds.

s

_ oF, oF, oF, .
divF = —+—+—=0+1+uzyz".
0 oy

//SF. ds—//E;ideV :
:ﬂE(5xyz5+1)dV
:ﬂD/OZ[(5xyz5+1)dz]dA

(32zy+2)dA
D

27 3

= f / (3272cosfsind +2)rdrdf
o Yo

= 18.

18. Evaluate the surface integral / F- ds,
s

where
F(z,y, 2)= @+ 4" — 20102*""yj+ 2k and
S 1s the part of surface of the paraboloid

z=1—2>—14y* above zy—plane.

Let 51:{(Jc, y, 0) ]z +4% < 1} and £ be the
region bounded by S and 5.

Then, with the aid of the Divergence Theorem,

F- ds :/]/V~ FdV. Since n=(0, 0, —1)
LS E

and z=0 on 5, we can see that[/F dS =0. On
5

the other hand, V- F =1, and therefore, we have
/ F- ds —///dV = volume of F, which can be

computed as follows:

f/EdV:ﬂs(1*w2*y2)dA=f;f;ﬂ(lfrz)rdrdo

2
= 27r[ ;
Let

F(z,y,2)= (x+y2)i+ (y+ 2+ (2 + 27k
Evaluate F- dS, where S is the part of
K
the sphere 2’ +¢*+ 2> =4, 2> /3.
Note that S, =5u S,
S={(zy2)le*+y?+2* =4, 22 V3}
Sy = { (zoy,z) [+ < 1, 2= \/g}
Using the Divergence
Theorem and polar coordinates x =cosf, y=sind,

where
E={(r,0,2)|0< r< 1, 0< 0 < 2,

V3< z< Va2 )

we compute // F ds = /f F- dsS— // F- ds .
5, : //F dS:// divF. ds
S E

2 1
:3/ / Va—1*— \/3rdrdd

0 0
3 1
2)5_ \/572]

1
s —5(4—7“ 2 .

=6w(fﬂ 8) (16—9/3)x

S, :n =(0,0-1) [/F s = //F nds

=/ *\/_*x ds
S
21 1
= / / (— /3 —1r*cos’0) rdrdf
0o Yo
27
—f ( —_— —COSQG)dH ( \/?T—i)ﬂ'.
S8 —

//FdS f/FdS//FdS
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:(16—9\/§)ﬂ+(%+ \/§)7r:

25

T—S\/g)ﬂ.

20. If A=(x3—yz)i—2x3yj+2k, evaluate /Z/
1%

(V- A)dV over the volume of a cube of side v.

21. Evaluate /f/ (V- B)dV over the solid region of
v

the sphere z° +y° +2* = o> when B =paxi +qyj +rzk
where p, ¢, r are constants.
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