Spring 2014, Calculus I, Final Comprehensive Exam (Z&& Solution) Sign

Course Calculus | with sage GEDB020-42 Prof. Sang-Gu Lee
Major Year(&tt) | | S.N(3HH) | [ Name |
# Notice (T&Y 7ALE) Score ( 150 )

Final PBL| EXAM
1. Write your name and get the signature. &2t 28 H

2. Keep your Honor code (F™& ¢ HX[).
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var(a, b, <. d) # wanol find_root(f(x), a, b) # AL F517|
y ] ' T o—
limit(f(x), x=a # 3%t T o5 A o
IimitEfEx; x=a) dir="minus’) # 533 implicit_plot(f, (¢ a, b), (. <. d)) FEEs 2
limit(f0), x=a, dir="plus’) # 3%t -
var('t') # ol (D71 8H =1 Al)
.. _ [=§3 =Y
:lm!:(:(x), X:+OO) # T._H:HO'“A‘IEI = I—I' X=2+2*%t
imit(f(x), x=-00) y=-3%-2
_ HEXIAl I
301!;’ ;:-(f(x) 0. %) isoz:i° g4 E0l parametric_plot((x, y), (t, -10, 10), rgbcolor="red’) # % Plot
d:ffzfg;. ))2 ) . 2%:"‘:;3"'* parametric_plot( (cos(t), sin(t)), (t, 0, pi) )
e aT
integral(f(x), x) # BEHE . .
integral(f(x) % a b Y ;(;;I_b',_ exp.partial_fraction() # expQ| RESA
plot(f6d, ( a, b) # g0 Dajm taylor(£(x), x, 0, 5) # f(x)¢] x=0°14 57 Taylord /44

L ( 2pt x 9 = 18) Mark True(T) or False(F) in the blanks ( ).

(=) limf(xz)
1.( F)If lTlE} f(z) and £1£r{} g(z) exist, then £1g} i(i):m also exists. - not true in general -

r—a

1
2. ( F ) The area of the region, bounded by the curves, y=z and y= iz is A:/ [%—m]dx:%. Ans. 1/4
0

3. ( F ) For any function y=f(z) defined on [a,b], F(x):‘/mf(t)dt is differentiable on [q,b] and %F(x):f(m).

- not true in general -

4. ( F ) The radius of convergence of the power series E@

n=0 31

is 5, Ans. 3
5. ( T ) The area of the surface of revolution obtained by rotating the curve y=f(z), a < z < b, about the z-axis is

b
given by S:/ 2rf(z)V1+ [f'(z)]?dx. http://mathworld.wolfram.com/SurfaceofRevolution.html

6. ( F ) The alternating series %f %+%*...+(*1)77'+1%+... does converge. - diverge -
L
7.( F ) / —dr = —2. Ans. 2 -lmproper Integral (Ol&%}=)-

-1

xn

8. ( F ) Since the radius of convergence of the power series Y, oy

n=1

is 1, its interval of convergence is (-1, 1). -

- not true in general (end points case should be checked seperately) -
9. ( F ) For any function f(«) can be differentiated infinitely many times for all z, its Taylor series about z =0 always

converges to f(z)for all z in (—ee), e>0. - Remainder &0| 0 22 £245H0F2 true -


http://matrix.skku.ac.kr/Cal-Book
http://matrix.skku.ac.kr/Lab-Book/Sage-Lab-Manual-1.htm
http://matrix.skku.ac.kr/cal-lab/sage-grapher.html
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http://mathworld.wolfram.com/SurfaceofRevolution.html

I. 3pt x 4 = 12) State or Define.

1. Choose 1 from each category (all 4) and state its meaning as much as you knows in your words.

® Newton’'s Method @ Improper Integral (O|&™&) ® The Arc Length Formula @ Limt Comparison Test

® Leibniz7} 225t <O|29] 7H> 2 FURI7}?  ® ArchimedesE HIEEH £&XIE0| Ho| HAME F5H= HHo|A &gt

<XZ4Es 0| olo|Clo{E FAUI7? @ OIES HIRE OlfE FULUN? ® Arc length T5H= ofo|C|ofol| CHSI0] MESHAIL.

©@ AFE BE #Y YxIQ CTols ME2Q| ofH oto|c|o{7} OIZE ZW27l? @ OIEM MEE oloiFs Hels FUUK]
25t, I Ololl CHstod ot CHE MESHAIR. @ 19M7[ofl SEte LEr =2|(argument)E OI83t04 BHTIEH At
LS FAUII?

®@ differential (infinitesimal-infinitely small) dx £ & £28t7l? @ ZAICIE A9 TaylorZ7F of SL8HX| ok= CHZ
Mesl EAIL. Flipped Learning(JZ1& £=24) 0I2+? ® Gamma function

» Sol http://matrix.skku.ac.kr/Calculus-Story/index.htm

@ Procedure for Newton’s Method.
» Sol Let us consider the graph of y = f(x) and we want to solve f(x)=0. We start with the (proper, 3ol 53] 7}7}-%) initial approximation
x,, which may be obtained by just guessing, or examining the graph of f. Then we use the tangent line L to the curve y = f(2) at the point
(xy, f(x,)) to approximate the curve and look at the x-intercept of I, labeled x,. The equation of the tangent line Z is
flzy)
£ay)
Under certain conditions, x, is usually a better approximation to the solution than x;. Then we repeat this procedure with xz; replaced by x,, using
flay)
f'(ay)

y—f(z,)=f"(z,)(z—x,). Thus, we obtain 0— f(z,) = f"(z,)(zy—z,). If f'(z,)# 0, we can solve this equation for z,: T, = T, —

the tangent line at (x27 f(x,)). This gives a third approximation: x5 = x5 — . Continuing this process obtains a sequence of approximations

flz,)
f'(x,)

closer to the solution if the sequence {xn} converges as n—co. We note that if f'(x,)—0 then the sequence may not converge. In this case, we

Xy, Ty, Ty, ... as shown in the Figure. In general, if f'(x,) 0 then we have z,, , =, — The number z, becomes closer and

have to choose a different initial x;. u
® Improper Integral (0l & &) : http://ko.wikipedia.org/wiki/ 0| & & &
® The Arc Length Formula : http://www.mathwords.com/a/arc_length_of_a_curve.htm

@ Limt Comparison Test : http:/en.wikipedia.org/wiki/Limit_comparison_test
5. LeibnizZ7} AZe <H]E9 /d> & FAd7?

h
(5e] o) SAF AMNA SA0lE BAS AR SEF T WY TAAA? iAol £ A ARF £E8 T3] Ad (4%
oy

seo) AxE olgd) QL A4 F4ske 04 ArE oW Wik 5 A4S U9 Ao YA AR 58 4 5 ) W 5,

g Aol =4 Sxd 2 A FHAA FHESErt FHskE g2 gt

6. 71993 3417173 £EXAF Xz ER P9 Ho]E F3lH = ArchimedesE H|EZ F3xE0] 9 WAL 3}
= WA TAF <HHE> olojt]o]= FAAAN?
(el o) Yd(disc)ol A S WHAZIAY dHAAA Tt FEFAR 2 olo]t]o]  http://www.geogebratube.org/student/m70806

(el o) m4 & wstel gig HF aela RS B9 ol Aol FEe oS, 5 FH99] Fote] W Aotk ¥ 4=
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10. AFH ©F 89 34 CTol: 429 ofd o}omw} &8 A7
gol o) B4 4719 wRe TE A el A% A Bl g BuE Fah AR oeltol: o] 1 ANEE FPsiol
4719 AAHQ mFE doho] ofe] 7 e warﬂ olgHth

11. 1941714 Bernard Bolzano, Augustin-Louis Cauchy, Karl Weierstrass 5& AX WA, F3& 423 =g (argument)
£ o] &3t g FA 3 P FAUNN?
(Fe) o) e —6 A =9 http://en.wikipedia.org/wiki/(%CE%B5, %CE%B4)-definition_of limit

12, FE% A2 g ololFE UL FANA THL, 2 olfol tae] ok B g AT
(F9] o) Fundamental Theorem of Calculus httpI//en.WlklpediaAorg/Wiki/Fundamental_theorem_of_calculus

13. YA EY F& YEl= Keplerd HAS AYsr] fstd v 2EE AL AEL 77?2
(F2] d)) Sir Isaac Newton(1642 - 1727]) English physicist and mathematician, natural philosopher

14, ZAGg 4 ¢ Taylora w7t 9 $23%A ol t= A &3l BAL.
(Z2] d)) http://gmaedu.co.kr/bbs_01/read.asp?kind=1&mode=&top=&field=&word=&page=&webid=695

15. differential (infinitesimal-infinitely small) dx + 9 F23%7}?
(F9] d) http://en.wikipedia.org/wiki/Differential_(infinitesimal) Infinitesimal quantities played a significant role in the development of

calculus. Archimedes used them, even though he didn’t believe that arguments involving infinitesimals were rigorous.[5] Isaac Newton
referred to them as fluxions. However, it was Gottfried Leibniz who coined the term differentials for infinitesimal quantities, and introduced
the notation for them which is still used today. In Leibniz’s notation, if X is a variable quantity, then dx denotes an infinitesimal change in
the variable x. Thus, if y is a function of X, then the derivative of y with respect to x is often denoted dy/dx, which would otherwise be
denoted (in the notation of Newton or Lagrange) v or y . The notation has remained popular because it suggests strongly the idea that
the derivative of y at x is its instantaneous rate of change (the slope of the graph’s tangent line), which may be obtained by taking the
limit of the ratio Ay/Ax of the change in y over the change in x, as the change in x becomes arbitrarily small. Differentials are also

compatible with dimensional analysis, where a differential such as dx has the same dimensions as the variable x.

16. Flipped Learning(&4%I& =) O[Et?
lecture — memorization - tests7} OtL|2t ™ol Zojgtzd AtE2E DIl &&stn, 38 W2 QnAd| EESD 8t £, =M=
e EXME siZdstn, visualization(intuition)-trial-error-speculation-explanation2 &t= SH& Q| dolM. ol
5| FHIE AEQ IWEE 0/8F 50| Us WAyt LRSICH FH0IE SlEs “n7t £ Fof Mol S&UES LotLt cover
)

St=LF 2rCt, dotLt B2 Wg sl =EAZI=7t7t o 323tk 2tn §teict. I MEHCoursera

=]

b

FIIIJ

17. Gamma function
http://ko.wikipedia.org/wiki/7Z} 7} 5

(SKKU 3/ 13)


http://en.wikipedia.org/wiki/(%CE%B5,_%CE%B4)-definition_of_limit
http://en.wikipedia.org/wiki/Fundamental_theorem_of_calculus
http://gmaedu.co.kr/bbs_01/read.asp?kind=1&mode=&top=&field=&word=&page=&webid=695
http://en.wikipedia.org/wiki/Differential_
http://ko.wikipedia.org/wiki/%EA%B0%90

IM. (4pt x 10 = 40pt) Find or Explain or Fill the blanks D .

1. Use differential to approximate /63 .

» sol Let f(z)= V. Set =64 and Axz=—1. Since df ~ Aux, df:(si—;r’j, we have df|,_,, =— L
3Va® 48
Hence approximately, /63 = f(64+ Az) =~ f(64)+df], 5= V64 741_8: %~ 3.9791667.
[CAS]
var('x")

f(x) = x~(1/3)
df(x) = diff(f(x), x)

dx=-1

a=f(64) + df(64)*dx

print a, "=", an()

Answer: 191/48 = 3.97916666666667 ]

sz, V=2 2=0, :132% can be found by Sage.

2. The area of the region, bounded by the given curves y =

Sol) http://mathl.skku.ac.kr/home/pub/2180
var('x, y')

f(x) = 2

g(x) = 1/cos(x) \
show (integral ( f(x)-g(x) , x, 0, pi/6) )

1 1 1 3
Answer : ———1Og(2)—5108(—) | /\ : /\

3 2 2

3. Explain how you find the radius of convergence and interval of convergence for the series Y, %
n=1

Sol) (&o] HFut AZsle. FET FE ol Hijh

Let a, = % Then
. a, . . (_1)w+1($+2)n+1 371, . 1

_ = —|x+2].
| |7 Ty [ Mgl

Using the Ratio Test, the given series is absolutely convergent and therefore convergent when |z+2|<3, and divergent
when |z+2|> 3.

i (—1)"(z+2)"

n
n=1 3

1. z=1, = Y, (=1)" is not convergent.
n=1

o

[ee) _ n . n
2. 2=—5, Y %: Y11 is not convergent.
n=1 n=1

Answer:
the radius of convergence R=3

interval of convergence (-5, 1)
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2
4. Find [—2 11 g4
n /(x3+1)(x2+4) v

Sol) Decompose the original function to partial fraction.

z2+1 __a br+c dr+e
(®+1)(a*+4) 2+l —z+1 2°+4
at+b+d=0
—atbtcte=0

2 2 5 12

S5a+4b+c =1 => qg=———, b=——-, c= -, d=———, e= — ——
—da+4b+4c+d =0 15 39 39 65 65
da+4dcte=1

[CAS] http://matrix.skku.ac.kr/cal-lab/cal-7-4-Exm-3.html

var('x')
exp = (x2 +1) / (x*3+1)*(x*2+4))
exp.partial_fraction()

1/39%(2+x + 5)/(x"2 - x + 1) - 3/65+(4=xx + 1/(x™2 + 4) + 2/15/(x + 1)

2241 2 20 +5 122+ 3

)i +4) 1@+ 30 —2+1) 65> +4)

2241
\/(z:;+1)(a:2+4)d$

TE
- 3tan (2)
15 65 39 130

4v3 [ v/3@2z-1)) 2ln(z+1) 6ln(2’+4) In@i-z+1)
T ( 3 ) - *

[CAS]  http://mathl.skku.ac.kr/home/pub/2196

integral ( (x"2+1)/(x"3+1)*(x"2+4)), x )

4/39+sqrt(3)*arctan(1/3%(2%x - 1)*sqrt(3)) + 2/15%log(x + 1) - 6/65¢log(x"2 + 4) + 1/39*log(x™2 - x + 1) - 3/130*arctan(1/2*x)

— x
2 — - 92 2 3tan 1(*)
2 +1 43 tan,l( V3 2z 1))Jr 2n(e+1) 6lna?+4) In(?—z+1) 2ic m

Answer : / P 0™ T 39 3 15 65 39 130

5. Sketch the (parametric) curve T = cost (1 + cost), Y= sint(1+cost), 0 < t < 27 and indicate with an

arrow the direction in which the curve is traced as the parameter increases.

Sol) [CAS] http://mathl.skku.ac.kr/home/pub/2252

var('t, X, y")

x=cos(t)*(1+cos(t))

y=sin(t)*(1+cos(t))

a=0

b=2%*pi

p=parametric_plot( (x, y) , (t, a, b) )
small=0.001

step=pi/16

n=(b-a)/step

arr=sum([arrow((x(t=ati*step), y(t=at+i*step)), (x(t=at+i*step+small), y(t=a+i*step+small))) for i in range(l, n) ])
ptamr
Answer : [the above graph] |

(4dadsta 5/ 13)
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6. Plot the point whose polar coordinates are given. Then, find the Cartesian coordinates of the point.

13
(T59)2(87—ﬂ-)
3
Sol) ol
xr = rcosf = 8c0513f37r = 4
13 i
y:TSiHQZSSin?ﬂ' = 443

The Cartesian coordinates of (r,0) is (4, 4v/3).
[CAS] http://mathl.skku.ac.kr/home/pub/2258/
def Polar(r, theta): 5¢

#converts Polar to Cartesian Coordinates

CartC = ([r*cos(theta), r*sin(theta)]);

return CartC;
pt=Polar(8, 13/3*pi);
show( vector(pt)) # (4, 4v/3) S
list_plot([pt], aspect ratio=1, xmin=3, xmax=4, ymin=3, ymax=8) . .

Answer : (4, 4\/?) [ |

7. Calculate the volume of the solid obtained by rotating the region bounded by the given curves about the specified

line.

y=+Va’—1,2=2,2=5,y=0; about the z-axis

» Sol  http://matrix.skku.ac.kr/cal-lab/cal-6-2-4.html

Ax) = 7w(Wa?—1)7 V= / Alx) dx = 367
2

48+

4,

3.2F

var('x, y') 241

pl = parametric_plot((2, y), (y, —1, 5), color='blue") L67

p2 = parametric_plot((5, y), (y, —1, 5), color='green') 0.8

p3 = implicit_plot(y==sqrt(x~2-1), (x, 1, 6), (y, —1, 5)) ol

p4 = parametric_plot((x, 0), (x, 0.5, 6), color='red') “os|
show(pl+p2+p3+p4d) 08 16 24 32 4 48 56

print integral (pi*sqrt(x"~2—-1)"2, x, 2, 5)

Answer : 36pi [ |

(4dadsta 6/ 13)
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8. Find the area bounded by the given curve on [0,27]. (one loop).

r=2sin20

Sol) http://math1.skku.ac.kr/home/pub/2281

var('theta")
polar_plot(2*sin(2*theta), (0, 2*pi), fill=true).show(aspect ratio=1, xmin=-3, xmax=3, ymin=-3, ymax=3)
= 2*sin(2*theta)
A = integral ( 1/2*%172 , theta, 0, 2*pi)
show(A)
3+
2+
1}
I3 2 1 2I 3
2k
3F
Zn
Answer @ 2m |
Y
2_
9. Find the (arc) length of the cardioid r=1+cosf.
l l
» Sol The full length of the cardioid (see Figure) is given by the parameter interval 0 < 6 < 27.
2w
L:'/o r+(gg) 9 ! 1 2x
_l -
27
= f V(1 + cosf)? + (— sing) do
0 -9l
=1+ cosf

27 27 S0
= v2(14 cos @) db :f ,/40052(5)0’,9
0

f” (5|02 f 2eos{g oo =s[sinl 3]
= 2c0s dfo=2 2cos|— =8|sin|— = 8 ]
0 0 2 2 0
var('x, t')
X = 2*(cos(t/2))
2*integral(x, t, 0, pi)
Answer: 8 [ |

10. Find the first three non-zero terms of the Maclaurin series for e” cosz.

» Sol Multiplying the Maclaurin series for e” and cosz, then collecting like terms, we have

2 3 )( 2 4 Iﬁ 1,
* +7+7+7+ 1——-&-*—*4— =1 — - =, ]
e’ cosx = T 30 2 1 6l +x 335

(Adadsta 7/ 13)
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IV. (6pt x 5 = 30pt) Prove or Explain (Fill the blanks B )-

1. Show lim #*+2z—5 = —6 using € — & method.

z——1
» Proof :
Ve>0 [Find 6] Let 6= Ve
F0<|r+1/<8, then |2 +22—5+6/=(z+1)><8*=(Ve)> =¢

[Side Calculation] f(z)—f(—1) =2’ +2z—5+6 =2>+2z+1=(z+1)* =

. 1
2 lme e
» Proof : V Large number 1/ > 0, [Find §] Let §= ﬁ = %: M)
1 1
It 0<le—5<6, then |f(z)| = e M
. 1
L lim——s= |
TLO (33*5)2 “
[Side calculation] Since A/ > 0, (x—5)" >0, V(x—5)"=|z—5[>0=|r—5|<4
1 1 1
>—==M =0=—F=
(x—5)7" & VM
3. Verify the formula /%dmzf sin'it o (@>o0). by Sage .
zVz?—1 x
1 1 1
» Proof : Let z =csct, dv = — csct cot tdt = = =
zVa?—1 csctycescit—1  csctcoti
1 -t — -
Thus /mdm—fcsctwtt (—csct cott )dt fdt t+C
_ 1 . _ — 1 o w 11
r=csct = x—smt:>t— sin " —. Hence ‘/7zmdl sin erC.
Verify the above formula by Sage
var('x)
f = 1/(x*sqrt(x"2-1))
assume( x > 0 )
i f,
» Sol integral( f, x )
—arcsin(1/x) # = —sin” 1% + C
=> LHS (&®) = RHS (%) [
4. Show the improper integral / ze “dr=1 by integration by parts and CAS.
Sol) /xeil'dm = |- I]t + / —te t+[—e ] = —te T—e t+1
0
/ re Tdr = hm/ ze Ydr = lim(—te '—e t4+1) = 1. O
0 t—o0 t—oo
[CAS] http://math1.skku.ac.kr/home/pub/2232 ‘ / -
var('x") ) /
g = integrate(x*e”\(-X), X) /
pl=plot(g(x)-g(0), x, 0, 10) J/
/
show(pl)
int = integrate( x*e"(-x), X, 0, infinity)
print(int) # 1
Answer : / ze "dr=1 [ |
0

(4dadsta 8/ 13)
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5. (Conic section) A conic section (or just conic) is a curve obtained by intersecting a cone (more precisely, a right circular conical
surface) with a plane. The three types of conic section are the hyperbola, the parabola, and the ellipse. The circle is a special case

of the ellipse. | expect that you know about the process of forming the formulas of hyperbola, parabola, and ellipse as you see
below.
Circle: plane . Ellipse: plane Parabola: plane Hyperbola: plane
perpendicular to cone axis cuts one half of cone parallel to side of cone cuts both halves of cone

Asymptote Asymptote

yo_be b
! a y a,
\ a
\
\\‘ N ) ‘/
Q P y \ ™\ 7/
Parabola |PF|=|PL| Vil—a, O\ ~ | /" / Vila, 0)
/ Focus \\} Iz
8] g
F(=c, 00/ | \Fic, 0)%
Vertex/ center \Vertex FQ. ) /7 \
F Eo ) » VA BN
\\ / Plx, v) /7 “\
. ! \
~_ pfvertex ™ T / \
(0, 0)
|PE|+| PRy = |QF| +1QF,) directrix: y=—p | Lix j—p) Major axis horizontal
s Z 7
T =1
a b

Identify the type of conic section whose equation is given and find the vertices and foci.

22° = 4y— y2

Sol) 223+ —dy=0

222+ (y—2)* =4

0,2)

vertices: (v2,2) , (-+2,2), (04), (0,0) ' e
foci : (02+vZ) , (02-v3) ]
[CAS] http//math].skku.ac.kr/home/mm?2013/1053/ - 1
var('x, y') .
ellipse=implicit_plot(x"2/2+(y-2)"2/4 == 1, (x, -2, 2), (v, -2, 8) )  °| ]
f1=point((0,2-sqrt(2)), pointsize=20, rghcolor=(1,0,0)); o8 1
f2=point((0,2+sqrt(2)), pointsize=20, rghcolor=(1,0,0)); ol 1
v1=point((-sqrt(2),2), pointsize=20, rghcolor=(0,0,1)); .

v2=point((sqrt(2),2), pointsize=20, rghcolor=(0,0,1)); T
v3=point((0,0),pointsize=20,rgbcolor=(0,0,1));

v4=point((0,4),pointsize=20,rgbhcolor=(0,0,1));

show (ellipse+f1+f2+v1+v2+v3+v4, aspect_ratio=1, xmin=-2, xmax=2, ymin=-1, ymax=5)

(Jdadsta 9/ 13)
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<60+ will get full credit>

Student Name: Score:

(

V. (2pt x 3 = 6pt)

1. (2pt) Number of your QnA participation till yesterday.

)

average was 100 A

2. (QnA, 2pt) Write one good example of your creative or original Note, Comment, Solution or Answer in QnA.

ok

(Example) A% : Center of massE #l9-& o] - U&%

=

AYFAS WS ol f AUF AN Ho] FAR AN ] A2 5 3, 1 AFFAL Ak A
Ao] 4194707] uhielk

In physics, the center of mass in space is the unique point where the weighted relative position of the
distributed mass sums to zero. Calculations in mechanics are simplified when formulated with respect to the
center of mass. In the case of a single rigid body, the center of mass is fixed in relation to the body, and if
the body has uniform density, it will be located at the centroid. The center of mass may be located outside the
physical body. The center of mass is the mean location of all the mass in a system.

J2|1 ADE 34 24 http://www.youtube.com/watch?v=LI1P_57qluo

newly learned and improved yourself from our Honor Calculus with Sage?

3. (Bonus, 2pt) What you have
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st [Appd] Honor Calculus Spring 2014, Final Exam =eassu smz 2= 5uch

Derivatives of Inverse Trigonometric Functionsl) Definition of the Hyperbolic Functions?
) T _ _—ax Ty
i(sin—lx):; i(cscﬂx):f; sinhz=5—%— coshz="5—
dz /1 _ 1‘2 dx z :1?2 1 2 2
inh T _  _—x h Ty z
i(cos’laz)=— 1 i(sec"lzc): 1 tanh z = sinhx _ eL eﬂ coth = C(?S T _ eﬁ ew
dr 12 dr x\/xzj coshx " +e sinhx " —¢
_ 1 _ 1
A (tan10) = 5 (ot r)=— —— 1 2 1 2
dx 1+z dz 1+z sech z = =—="— c¢schz=— =—=
coshz "4 7 sinhz " —¢ *

The graphs of the hyperbolic sine and cosine can be sketched using graphical addition as in Figures 8 and 9.

y
1 y y=1
y=§e"\ y = sinh.x -
0 < X 0 X
y= —%e N
y=-1
0 X
y=sinhx= %e“f Ee’* y=coshx=%e*+ %e"‘ y = tanh x
Figure 8 Figure 9 Figure 10
Derivatives of the Hyperbolic Functions
d , . d
——(sinh ) = cosh z —(cothz)= —csch’x
dx dx
d . d
E(cosh z)=sinhz E(sech z)= —sech z tanh z
d ) d
E(tanh z)=sech’z E(csch x)= —csch z coth

Relationship to the exponential function

Definition of the Inverse Hyperbolic Functions
Derivatives of the Inverse Hyperbolic Functions

sinh 'z=1In(z+ Va®+1) (z€R) J
R 1
cosh™'z=In(z+vVa’—1) (z=1) —(sinh™'2) = ——— (z€ER)
L1, 1+ de Vita®
tanh™ "z = =1In (lzl<1) d 1 1
21—z d—(cosh x):72 (z>1)
1 1. z+1 x " —1
coth I=5ln — (lzl>1) d 1
* . d—(tanh’lx)= 5 (lz]<1)
4 1+Vil—z v -z
sech” 'z =1In — (0<z<1) d( ) 1 ( )
—(coth™ 'z) = lzl>1
1, Vi1—2? . 1-a?
cschz=1In Z+T (I#O)

The volume of the solid obtained by rotating about the y-axis the region under the curve y= f(z) from a to b, is

/b(27rx) [f(z)] dz  where 0<a<b.

a

(circumference) - (height) - (thickness of shell).

b
Formula for the area A4 of the polar region R is A= / %[f(e)]%w. Since 7= f(#), it may be written as

Sage Calculus Grapher : http://matrix.skku.ac.kr/cal-lab/sage-grapher.html

1) http://www.math.ucdavis.edu/"kouba/CalcOneDIRECTORY /invtrigderivdirectory/InvTrigDeriv.html
2) http://en.wikipedia.org/wiki/Hyperbolic_function
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n+1 T
/x”dx:m +C (n=—-1) /de:ln\:cH-C /eldm:e’-&-C fa’dx: a
n+1 T Ina

/sin:rdx:*costrC fcosxdx:sinx+0 /seCdez:tanerC fcsczxdx:*coterC
/secxtan:cdx:secw+0 /cscxcotxdz =—cscz+C /tanxd:c:mlsecwl-i- C
/cotxdr=ln\sinz\+ C /sinhxd;r:costhr C /coshxdz=sinhx+0

! %‘Jra lzl > a>0

1 . ,1(:c) 1 1
———dx=sin" | = |+ C, lz| <lal and a> 0 ————dx = —sec
/.\/az*a:2 a zVz’—d® a

1
/ ! dT:il - +C, a#0 /71 dx = (n—1)(z—a)" ! (n=1)
2 a? 2 T+(z —a)"
r—a (z—a) Inlz—al (n=1)
1
- - # 1
f T dp = 2n—1)(2%+a2)" ! (n )
2 n
(a®+a”) %ln\x2+a2| (n=1)

Table of Integration Formulas [Constant of integration is omitted. ]

Lo+l T
1. ‘/‘m”dx:‘z m=—1) 2. /de:hl\:zl,x#o 3. /e’d.r:ez 4, /a’dz:L,a>0
n+1 T Ina
5. /‘Sinxdr:*cosr 6. /cosxdr:sinz 7. /SeCQxdr:tanr 8. /csczxdr:*cotx
9. /secmtanxdm:secm 10. /cscxcotxdw =—cscx 11. fsecmd:v:1n|secx+tanx|
12. /cscxdx:hl\cscz—cotxl 13. /tanxdwzmlsecxl 14. /cotzdeInlsinz\
15. /sinhxdx:coshw 16. /cosh:cdx—smhx 17. / rlfl(£ ,a#=0
22 +ad? a
dx T de 1 T—a dx - > 3
18. ———==3sin |(—], a0 19. =5 In ,a#=0 20. ————=lInlz+ V2" £d’|
Va*—a? a 22—a? 2a r+a /22 % a2

Midpoint Rule

L —(z;_, + ;) =midpoint of [z,_,, z;].

ff Yz ~ M, = Az[f(zy)+ f(z3) ++ f (z ]whereA:cJ’T“andx .

The Trapezoidal Rule
/bf(z)da:x T, = %[f(xo)Jr2f(x1)+2f(x2)+-~+ 2f (x,_ )+ f(z,)]where Az= (b—a)/n and z,=a+iAzx.

http://matrix.skku.ac kr/cal-lab/Area-Sum.html

(Composite) Simpson’s Rule
/f o = 8, = B {f(eg) + 47 () + 2f (ey) +4f () 4o +27 (2, )+ 4f (o, )+ f o)

where n is even and Az = (b—a)/n.

[4] Error Bound for Simpson’s Rule

Assume that | f<4) (z)l < K for a < 2 < b. Let Eg be the error involved in using Simpson’s Rule, then

Kb—a)’

| B <
s 180n*

b b b
The symbol / f(z)dz is defined by the equation / flz)dz= lim / f (z)dx
> t—>—oco¥

o b
The improper integrals f f(x)dz and / f(x)dx are called convergent if the corresponding limit exists; otherwise they

are called divergent.
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Chain Rule

Substitution Rule

\ 4

Fundamental
I Theorem of Calculus

Antiderivative \l!

Mean Value Theorem

¥

Critical Point Theorem

Monotonicity Theorem

Taylor’s Formula

v

Max-Min Existence

Derivative Theorem Definite Integral

Intermediate Value Integrability Theorem

Power Series

Infinite Series
Multiple Integral

Gauss'’s Theorem

Iterated Integral
Surface integral

Theorem

Partial derivative

Fundamental Theorem of

Green's Theorem
Line Integrals

v
Directional Derivative

Stokes’s Theorem

3
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A4zl =1+ke+ k(gjl)xﬂ k(k713)!(k72)x3+~- = 20
where (k): k(k—1)~~~‘(k—n+1) (n>1) and (k)ZI.
n n! 0

k) n
z o,
n

(f k is any real number and |z| < 1)
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