Spring 2014, Honor Calculus I, Midterm Exam <Solution> Sign
course | Honor Calculus | with sage GEDB020-42 Prof. Sang-Gu Lee
Major | Year(std) | [ S.N(EHH) | | Name |
# Notice (&M 72ALE Score ( 150 )
1. Write your name and get the signature. Efob XA Mo 0|2 S wiaglo| 7|5t Z=A dolg wouye [ PBL | EXAM
2. Keep your Honor code. If not, serious penalty will be given. http://matrix.skku.ac.kr/Cal-Book/ /50 | /100
var('a,b,c,d’) # HEHO| solve(f(x)==0, x) # Solve HI7H Al E0|
limit(f(x), x=a) # =2t integral(f(x), x) # HXYME
limit(f(x), x=a, dir="minus’) # ZI=st integral(f(x), x, a, b) # B
limit(f(x), x=a, dir="plus’) # 2325 plot(f(x), (x, a, b) # b0 dgll=
limit(f(x), x=+00) # DBICYo|A{Q] 23t | implicit_plot(fix, y), (% a, b), (v, ¢, d))  # S Jam
limit(f(x), x=-00) find_root(f(x), a, b) # APl F517]
diff(f(x), x) # Egs var('t) # HEHO| (7 H L A)
diff(f(9), x, 2) # 2H =gr¢ X=2+2*%t
bool(expr) # Xk AHX mch y=-3*t-2
# of7|M expr 0= SAl E= BEAM | parametric_plot((xy), (t, -10, 10), rgbcolor="red) # ZlM Plot

L ( 2pt x 11 = 22) Mark True(T) or False(F) in the blank (
1.

b
10. ( FHYylfm<=flz)=Mfora<xz=0b, Tﬂ%ﬁﬁw m(b—a

).

( F ) Given two functions f and g, the composite functions f ° g, g ° f are always same. f(z) =2+ 1, glz) =1z

(T ) Iflimf(z) and lim g(x) exist, then lim [f(x)g(x)]=lim f(z)limg(z)

r—a Tr—a r—a

.( F

+

T—a r—a T—=>a

1

25T

1
at the rate of 20, cm/s.

z—a T—a

)y If lim f(z) and lim f(x) exist, then lim f(z) also exists.

( F ) Let f be a function whose first derivative exists on an open interval /.
minimum at c.
1 lim =
. . T - . x o
( F ) By L’Hospital’s Rule, JrrmJ—:hm—lz—} lim = -= =1
=0 e* 250 e° >0 e’ lime” 1

a

) < /if(l‘)(j{l? <= Mb—a)

2

( F ) The parametric equations x=t2, y=t4 have the same graph as J:ZtB, y=t6. The ranges of x are different.

( F ) If f is continuous at a, then f is differentiable at a. However, there are some functions that are differentiable but not continuous.

( F ) Suppose a<b, f(a)>0and f(b) <0, then these exists a number ¢ between a and b such that f(c)=0. f(z) should be continuous.

. ( F ) Air is being pumped into a spherical balloon so that its volume increases at a rate of 100 em®/s. So the radius of the balloon is increasing

If f'(c)=0 where ¢ 1, then f has a local maximum or

11.( T H)Ifu= g(x) is a differentiable function whose range is an interval / and f is continuous on 7, then /f(g (x))g'(x)dx = /f(u)du


http://matrix.skku.ac.kr/Cal-Book

I. (4pt x 3 = 12pt) State or Define.

1. Choose 2 terminology or concept and state its meaning as much as you knows.

Extreme Value theorem, Intermediate Value theorem, Fermat's theorem, Mean Value theorem, Squeeze theorem, Fundamental
Theorem of Calculus, [differential(7]%), dy], [linear approximation( & <*Ah)], [Riemann Sum(2]%HgH], [convexity(E54])],

[inflection point(¥=%)], [Chain Rule(3 4] &)], [Differentiation of Implicit function(& g2 vl &EH)]

» Sol
(1) [differential("]%), dy] Given a function y = f(x) we call dy and dz differentials and the relationship between them is given by,

dy=f'(z)dx. Also f'(xz)dx will be called a differential of f(x) and denoted by dy or df(z). Note that if we are just given f(x)
then the differentials are df and dz and we compute them the same manner. df = f' (z)dx
(2) [the Squeeze Theorem (or Sandwich Theorem)]
If f(z) <g(z)<h(z) and limf(z)=1limh(z)=L, then limg(z)=L.

Tr—a r—a r—a

2. Choose 2 terminology or concept and state its meaning as much as you knows.

[first derivative and monotonicity(E=3F=9} 9] Z7} 7+4)], [global maximum, global minimum(& o, A9 #eh)],
L
-

33} " 2A)] [Bisection method and Newton's method(o] &8 ¥ FEW)],

[asymtote and limit at infinity (5 g+th
[second derivative and convexity(o] Al=38t=9} @& E-E)] [critical point, local maximum, local minimum( A& 3 =4,

pud

=2)], [equations of tangent line and normal line(FA 3 H A< =34 A)]

» Sol

(1) Let f be a function defined on some open interval that contains the number a, except possibly at a itself. Then lim f(z)= oo means

r—a

that for every positive number A there is @ positive number ¢ such that f(z) > M whenever 0 < |z—al < 4.

(2) A function f is continuous at z =a if limf(z)= f(a). So if a function f is continuous at = = a, then f will satisfy the following

r—a

three conditions : 1. f(a) is defined (that is, a is in the domain of f) 2. limf(z) exists 3. limf(z)=f(a)

Tr—a Tr—a

(3) A function f is differentiable at a if f'(a) exists.

4)
State the Procedure for Newton’s Method.
» Sol Let us consider the graph of y = f(z) and we want to solve f(x)= 0. We start with the (proper, 3] 53| 7}7}-%) initial approximation

x,, which may be obtained by just guessing, or examining the graph of f. Then we use the tangent line L to the curve y = f(x) at the point

(3317 f(a:l)) to approximate the curve and look at the x-intercept of Z, labeled z,. The equation of the tangent line L is

f(551)

y—f(xl):f'(ml)(x—xl). Thus, we obtain O—f(xl):f/(xl)(a:Q—ml). If f’(xl) # 0, we can solve this equation for x,: Ty =, — m
1

Under certain conditions, x, is usually a better approximation to the solution than x,. Then we repeat this procedure with x; replaced by z,, using

f(%)

the tangent line at (x,, f(2,)). This gives a third approximation: x5 = 7, — m Continuing this process obtains a sequence of approximations
Lo

f(xn)

Ty, Ty, T3, ... as shown in the Figure. In general, if f'(z,) > 0 then we have =, , =z, — (2
n

The number x, becomes closer and

closer to the solution if the sequence {xn} converges as n—co. We note that if f'(x,)—0 then the sequence may not converge. In this case, we

have to choose a different initial x,. [

(o)
2
3. (QnA) State its meaning. Suppose that we use limit of Riemann sum to compute the Gaussian integral / e "dx= /7 as follows:
— 00

var('i, n")
f=e"(-(n"2)/2)
A=sum(f(i/n)/n, 1, n)

A .simplify
1=limit(A.simplify, n=00)

l.expand
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Fohe Ae vA 24 W AR o
)

f(x) = e (-x"2)

A= numerical_integral(f, -10, 10) # random output

B= integrate(f, x, -10, 10) HAEFEL 221 102 ¥18 A7)HA
print (A)

print (B)

Answer:  (1.7724538509055163, 1.967819065654781¢-14)
sqrt(pi)*erf(10) where erf = error function ( erf(z) \/_ / —1g
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II. (4pt x 11 = 44pt) Find or Explain or Fill the blank.

1. The followings explain that the equation V/8z—2”=3 has

at least one real root on (1,2) using Intermediate Value Theorem.

var('x’)

f(x)=sqrt(8*x - x"2) - 3

plot(f(x), x, 1, 2) of 4 £ % .
print bool( £(1)*£(2) < 0 ) 02

03

(4daistn 3/ 8)



Answer: True =

Since f(z)= v8z—2*—3 is continuous on (1,2) and f(1)f(2) <0, using Intermediate Value Theorem,

there exist at least one real root of the equation 8r—1>=3 on (1,2).

find_root(f(x), 1, 2)

Answer:  1.3542486889354097 m

2. Differentiate the following function using Definition, if it exists. Then use Sage to confirm your answer.

at
g(t)= bt+c
a(h+1t) _at
, . — . blh+t)+ bt +
h—0 h h—0 h
_ limi (ah+at)(bt+c)—at(bh+bt+c) _ liml ach
oo h (bh+bt+c)(bt+c) noo b (bh+bt+c)(bt+c)
—lim ac __ac
oo bh+bt+c)bt+c) (bt +c)?
var('t, a, b, ¢’)
f(t)=axt/(b*t + ¢)
diff( £(t), t )
Answer: ¢ (t)= Lz m
(bt+c)

3. Is the following function differentiable at = =0?

.1
zlz|sin— x#0
f(ﬂf):{ z
0, =0

» Sol The function f is differentiable at = =0 if and only if f'(0) exists.

h|h|sinL2

= f'(0)= limwz limfhz lim|hlsin %: 0 o The function is differentiable at z=0 W
h—0 h—0 h—0

4. Find the vertical and horizontal asymptote of the following function f and graph them together with f.

2
T

=4

flz)=

» Sol
limf(z)=—oo, limf(z)=oc and lim f(z)=oc, lim f(z)=—oc0 = Vertical asymptotes : z=+2

T2 z—2" T—>— 2" z—>—2+0

limf(z)=1 = Horizontal asymptote : y=1.

xr—> 00

[CAS] Draw the graph.

var('x’)

f = (x2)/(x°2-4)

pl = plot(f, -4, 4)

p2 = plot(1l, -4, 4, linestyle="--", color="red’)
show(pl+p2, ymax=10, ymin=-10) -
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5. Let f be a continuous function with f(3)=0 and f'(3)=3.
Find limf(3+2x)7f(3+f)

in two ways.

x—0 X
» Sol
n 1in3f(3+2$);f(3”) 1ingf(3+2x)_f(3);f(3)_f(3+x)
:hmf(3+2x>—f(3)_ fB+ax)—f(3)
z—0 xz xz
:mmf(3+2;c)—f(3)_nmf< +z)—f(3)
z—0 X z2—0 x

=2f'(3)—f'(3)=f"(3)

2) By L'Hospital's theorem, since lim{f(3+2z)— f(3+z)}=0 and limz=0

z—0 z—0

lim LB +2)=fB+e) _ lim2f' (3+2z)—f (3+z)

z—0 z—0

=2f'(3)—f'(3)=r"(3)

Answer: lim f8+22)=f(3+2)

z—0 xz

=3 |

6. Use differential to approximate 3/63.

» Sol Let flz)= V. Set =64 and Az =—1. Since df = Ax, df = d‘L , we have df|, g, S
T 18
Hence approximately, /63 = f(64+ Axz) =~ f(64)+df|, .= V64 — iz 14981 ~ 3.9791667.
[CAS]
var('x")

f(x) = x~(1/3)
df(x) = diff(f(x), x)

dx=-1

a=f(64) + df(64)*dx

print a, "=", an()

Answer: 191/48 = 3.97916666666667 u

7. Find the Riemann sum by using the Midpoint Rule with the given value of n to approximate the integral.
13 5
f1 (§ﬁ+2)dx, n=4
» Sol
Let f(a:)zgx/;-i-z

13—1
Since n =4, the interval width is Ax = 3

= 3 and midpoints are 3:_,;2 3¢ for 1=1,2,3,4.

So the Riemann sum is

R,= Y fla)az= 3 f(3i)3

1=1 i=1

=(5v3+6)+5BvV6+6)+5Bv/9+6)+(BV12+6)
77.22821 [

R

[CAS] Draw the graph.

var('x")
f(x)=5/3*sqrt(x)+2
plot(f(x), (x, 1, 13), fill=true)+plot(f(x), (x, 0.5, 15))

(4dastn 5/ 8)



8. Find the derivative of the following function.

[ sing?
3e e
. . nx\2
, sin(e™)? . nsin (™)
» - *ne - L]
Sol ¥ 3e* 3e"" —nx
e (&

9. Find lim(&- ¢ 1),

0 ef—e T T
» Sol
. e"+e ¥ 1 . xe'taxe T—e"Fe "
hm(ﬁ——): lim - .
>0 e’ —e z 0 re’ —xe
Since lim(ze® +ze " —e*+e *)=0 and lim(ze® —ze” *) =0, by using L'Hospital's Rule two times we can get
r—0 z—0
) el tre T —et de " . zet —pe” ¥
lim — =lim————
z—0 re  —xe © r—0xe txe " +e —e 7
. ze'+axe TH+e"—e 7
= hm T —x T —x =0
—0 xe  —xe -+ 2e” +2e
[CAS]
x=var('x’)

f(x) = (e"(x)+e"(-x))/(e"(x)- e"(-x)) -1/x
limit(f, x=0)
0

. et te ™ 1
Answer:  lim(=———-=)=0 u
z—0 e —e €

10. A square has each side length 2. Each side increases 2cm/sec. What is the rate of increase of the area of the square

when the side length is 2m ?

» Sol.
A the area of the square
dx
== —9cem/sec
i em/sec
, 9 dA | dx ) ) ) ) )
A=z° => —=2z——=2 + 200 « 2=800cm*/sec when x=200cm [ |

a “Ta

11. Let f be a function given by fxf(a:)das: sinz + C. Compute f'(z).

» Sol
/wf(l')dJT: sinz+ C => xf(x) — (Sin.’L‘+ O)’ —cosy => f(l’) _ COxSLI}
=>(;Uf(1’)), = (COSSL’), => f’ (gj)+ f(x) - SIinx
x T
=> f’(l) = — Sil’lg;— f(T) _ Sijm COrSZJ .



IV. (4pt x 4 = 16pt) Prove or Explain (Fill the blank).
1

1. lim = oo
z—5 (‘1375)2
. 1
Proof : ¥V Large number A/ > 0, [Find § Let 6= —F/— (= —= M)
arg [ ] Navi ( 5 )
If 0<|z—5/ <, then |f(:c)| -1 ~> %ZM
(z—5) 0
. 1
. lim 7= u
e—5 (£ —5)
[Side calculation] Since 1/ >0, (x—5)° >0, V(r—5)=|r—5|>0=|r—5|<9
1 1 1
>—==M =i=—F
(z—5) & VM
2. Let f be a function whose second derivative exists on an open interval 7. i

Show that the graph of f is concave upward ($1Z 25) on 7 if f/(z)>0 for all z in L

Proof - Suppose f is not concave upward on / when f”(xz)> 0 for all  in I.
=> There are some a,bE 7 such that a <b and f'(a) = f (b).

By the mean value theorem, f”(c)= w for some cE€ [a,b] C I.
= f"(c) <0 at ¢=[a,b] € I. It occurs a contradiction.
. f ! concave upward on 1. [

3. Verify the inequality
f edt > / (1+t+—=t*)at
0 0 2

Proof :

N 1
Let fz)=e"—1—2— 5%252 , and define f"(x) the n-th derivative function of f.

= fz)=¢"—1—2 =0 for >0
= flz)=0 (f(0)=0)

1

Therefore /Hf(t)dtz/H(et—l—t—ibﬁ)dt > 0.
0

0
Ty ’ 1
- /edtZ/ (1+t+=t)dt
0 0 2

X X 1
We have proved that / eldt > f (1+¢+ EtQ)dt : [ |
0 0

4. Show a continuous and strictly decreasing function f : R — R has only one solution.

Proof :
BWOC, suppose that f has more than one solution, say a,b& R such that f(a)=f()=0 and a < b.
= fla)> f(b) (- f is strictly decreasing. ) (& HFgtgelddl 2] f’(c)zwzm

= It occurs a contradiction!! (= f(a)=0=f(®) ) (%= f(c)>0 ©°lEZ)

We have proved that a continuous and strictly decreasing function on R has only one solution. Il

(Adaistn 7/ 8)



V. 2pt x 3 =

6pt)

Student Name:
1. (2pt) Number of your QnA participation till today. ( 7]

Score:

20 3

o - 14 - oL, 40%]°]%

o -
e wH, &

2. (QnA, 2pt) Write one good example of your Note or Solution or Answer in QnA.
p.229 Chapter 5.6 Exercise No.7(0ld)

1

Evaluate lim(--)".
n—oco M
1 1 i
. onl ,ITI“Z
Sol) lim(=)" = lime"~ =
n—» 0o n n—>co

[CAS] http://math1.skku.ac.kr/home/pub/2129/

var('x")

f=(gamma(x+1)/(x

"x)M(1/x)

P1=plot(f,x, 0, 100, ymax=10)

P2=plot(1/e, 0, 100, color="red’,

show(P1+P2)
1
Answer @ lim ()" =1
n—oo M €

linestyle="--")

3. (Bonus, 2pt) What you have newly learned and improved from our Honor Calculus with Sage?

T FAE FHA A T 2 AL FA

Aol AbAZE @ FHY typmgoﬂfﬂ L= 2
2w 83 R F Fa3tE

Z°9] W*Eﬂ %Cﬁkkt}% Ao, ﬂxﬂ?—
%

= o
.

AE —‘:Zfiﬁ}.

wwes [FHA]] Honor Calculus Spring 2014, Midterm Exam  ssswssses

http://matrix.skku.ac.kr/cal-lab/sage—grapher.html ,

http://matrix.skku.ac.kr/cal-lab/sage—grapher—para.html

/6

= 100 7))

Hi
o ywely
9w B8

var(‘a,b,c,d’)
limit(f(x), x=a)

limit(f(x), x=+00)
limit(f(x), x=-00)
diff(f(x), x)
diff(f(x), x, 2)
bool(expr)

limit(f(x), x=a, dir="minus’)
limit(f(x), x=a, dir="plus’)

# tﬂ¢_ x|

solve(f(x)==0, x) # Solve YAl Z0|
integral(f(x), x) # HEME
integral(f(x), x, a, b) # MME

plotf(), (x, a, b) # st=0| Ogi=
implicit_plot(f, (x, a, b), (y, ¢, d)) # 2sk~ Jof=
find_root(f(x), a, b) # LA F5}7]
var('t) # HETHO| (D7) H S~ A)
X=2+2*t

y=-3*t-2

parametric_plot((x,y), (t, -10, 10), rgbcolor="red’) # %! Plot

y

y
y=1
1 x .
y= 54"\ y = sinh.x
0 x N 0 X
N — L y=ze"
Y=z y=—1
0 X
y:sinhx:%e"'*%e" y:coshx:—;e“r%e N y =tanh x
Figure 8 Figure 9 Figure 10
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