(2003. 4.25 122 ~13A) Matrix Theory3] 2 # (Mid. Term) 5 'H g2l

A2 &hd: sh: Name : A A /100

I. 229 (0) or & (x) ¥ A Q. 2+14 = 28
( X ) 1. (317) 5x5 permutation matrices 5> ¥ 2}5 g olt},

) 5x5 permutation matrices N4 5x4x3x2x1 = 5 =120 el A YL 2B/5xKE dx gowmg
LI < 4 gldh

0|=

(0) 2 WEFzke] ®E gpanning set & 1 kel 71A S g}

7] A+ minimal spanning set ©]t}.

(0)3. A 7} mxn matrix with rank m ©] the column vectors of A span R™ %t}
W) rank A = dimC(A) = m e=% m A9l 43 HUR1 Column m A7 E A3,
m A MEFE R m A & e 1A Yol 2 R™Y A7 drk
BzZAe 3.1 pol). wekA span Fho).

( X )4 (318) 38 A ¢ its row-echelon form U © tha] €¥7+& C(A)=C(U)o]t}.
@) FFHe gov dFLe tE F 9ok

[l T Wy

(X)5 (323-1) {AeM (R | AT=A"')y & wg3 M,., (R F5#7kot}
§) False. Let W={AeM,.,|A"=A""Y =M, (R

6. (X ) If Ais a nilpotent (Z, A% = 0), then I—A ¢ & #FPLE [+ A+ + A" o)t}
A T+A+ +AYHY = 1-A% = not I+A+ + A"

7. (X ) (0118 38 M cos’x, siny, 1,¢") &= A5849 W27 C( RN YAEPeo|o)

) ¢ cos e+ cosinZe+ ¢+ c e =0 ©] nontrivial 3l ( ¢ = o= 3= ¢4#0)S Zr=t}.

{1, sinx, cosx, -+, sinkx, coskx} %= linearly independent.

8.(0) M,., (R) °li= AB-BA=1, & vFsli= 32 A 9 B = flth
) tr(AB-BA)=tr(AB+(-BA)) =tr(AB)- tr(BA) =0 °]iL tr [,= n#+0= tr{AB— BA)

9. (X) ®wd o9 A7} MEF Ve dAEY FRAFEH, 48 UBE dA=Holrt
&) Let e={c,ca}, B={cat+ca,cac?t 22 AAS5HHAT ool &,
adJB={ci,ca,cotcy, c3cqf © 2AFS . False.

10 (X)) U< Vo7 wgazkdy, U7 Ve 3EF70d dF212 dmU<dimV o]t}
e wkel: R oA if U= Rx{0}>x{0}, V={0}x R R, then dimU<dimV .
But U is not a subspace of V (%, 3372 idomorphic)

(0 ) 11. If a matrix A is both idempotent ( A?= A) and invertible, then A=1 ©]t}.



g A=A"'A’=A"'A=1,
(0) 12 (26) 9Fd A is n*n skew-symmetric matrix and n is odd, then detA= 0.

=) A=—AT =>detA=de—AD=(—1)"det(A")
=>2detA=0 (" detA=deiATandn=odd) ..detA=0(

(0) 13 (222) For A, B, C, DE M,.,.(R), def[ "61 pl= delA*detD

OK -12]i} 9wk o & def[“é Bl +de1Ax detD— detBx et C.

(0 )14 LT T:V ->W < T7 1-1 iff kerT={ 0 }

(Prob 4.7)
II. MIzHS A$-A 2. 36 = 18 #
WAF I+ - M (R)—>R 7} op) 37FA A A S WkESEH determinant $Ha-e} gl

if (R f (=1
(R2) #de] aho] wpyw 4= f gke] & 7} wpant
(R3) f &= AA o] qgd AF FFolvk (W7} o] e AU FdstA EAdc})
(2) A@wste] s)alsty ou)i= W Fhe| A “x oA vy WFOZ line &
TCx) oA T(y) Wao 29l line 08 B 84" aki= Aolu},

@ ¥a A= [T] 'g‘;— “T9] matrix representation w.r.t basis a={ o, ,..., v, } and B °|&8}aL

A=[T1 =11 TCo )lg || [TCuy )5 Lppn <2 o},
@) [S+T14=[S1%+[T1% [kS] b=#k[S]% olm
[T-S17=[715:[S14, [T '1%= (T15H"

5) 714 dsel A B8 Q=[1d % =[ [wl, | [wd. | -~ | [wd, ]
olwl [x] ,=[1d] 2[x] ; o1¥ [Id] 4= Q=[[wi] | = | [w,], Jelch.

(ie. Q '=[Id] ? = vector x ¢ 7|4 a-coordinates® 7|4 p-coordinates® B}F4+o) Zt}, )
o] Q=1[1d] 55 B oA a=2] transition 3 (or coordinate change 3 4) &} o}

[x] 5= [1d] 5[] .= Q "' [x],
6) Let A=[a,leM, ri=Au2™W PA) = {zfﬂm|0£ff£l,z':l,2,-",n}
2 p=20]" parallelogram(33 § A} M &) o|31, =319 parallelepiped °lt}.

II. Find or WZFS A9} 3+6 = 18 A

1. (p138) Let T: R>—> R by Tlx, y] = (x+2y , 0, 2x+3y) w.rt.

standard basis € and &€ resp. Find [T] E

[y 2
s [7] ¢ —[(0) 0]
(2) 3



2. The volume of the parallelepiped with edges determined by the vectors (1,0,4), (0,-2,2) and (3,1,-1).
= 24

3. (Problem 3.11) Find a basis and dimension of the sub spaces of all nxn diagonal matrices

whose traces are zero of M,.,(R) of all nxn matrices. Let E,; & (i, j) A% 1 o]a &

09 34,

% dimension< 7 — ]_ a basis{ E;,—F,, with i=1,...,n—1 )}
3. (& 4 Find a basis and dimension of the sub spaces of all n¥n matrices whose traces are zero of

Mﬂ*”(R) of all n*n matrices. Let E';; = (i, j) A¥uk 17o]m 25 0 ¢l P4,

; dimension-> % ]. ’

a basist E;; with 1<iz=7<n with 1<=+F=;j<n and E;;—FE, , with i=1,....,n—1 )

4. (¥4 2.10) Vandermond 34 42] of order n

2 -1
1 x xi = «f
1 x xE e x;e—l
A=| 1 % 2 |9 gage deA = TI (x,—x) otk
: 2 : | 1=¥j=n
b
I x, x5 = Xn

5, Az[‘; 2,] AQu f AT=A o] A=LDU=LDL" and b=c °|t}. ad+0

[a Y2 1DL7% factorization ahod 2}, Sol) lb Na=[a b 9
-2 o et
a
1 b
Sol) SA= lb 0] @ Obg 1 a
~ 1 0 d—-?‘— 0 1
b
= ElJ 0 a 052 1 a] = LDL
E 1o d—‘&f 01
10 8 0 —1
M A o 01 —2 0 —5]|g
6. (MIT) 34 A ¢ REF 7} 00 0 1 4 2 wj
00 0 0 o0
(a) A 9 rank, 27t 4, d&F7ke] €1, Null spacee] #9122 242t 3, 3 |3 2

S

(b) AZ7te) 1/<1~ st ZoAo.
{1080 —11,[0 1 —20 —51,[0 00 1 41}
(c) E&7te] 7145 sht oA, {(1,0,00), (0,1,00), (0,010}

(d) Null space®] 71A & sl oA
{{—-82100,[150 —4 11}

IV. Prove (W 2H& A §-A1 L) 37 = 21
1. A ¢ B7} row-equivalent 3§ & duw] A 7} nonsingularel™ B X nonsingulare] t}.
Pf) (=) If A is invertible, then A and I are row-equivalent.

A and B are row-equivalent. ©] =%



So B and I are row-equivalent.
B is invertible. (by Theorem 1.8)

2. (2.19) For an m#*n matrix A and n*m matrix B, show that a‘et[ —OB ‘?] = det( AB)

B I

o 1o ] 8y o sl S AL 14

=> det(ElEg)=| Z%B ﬂ = det(AB)det(]) (= by2.93) = def( AB)=>
=> del E,\E>) =det( AB)
=> delE, = delAB (.

0 A
| _B T = det( AB)

|é (}‘:dgtf*detfzn

detC;

3. A€l 2.8 (Cramere] ¥2)) If Ax=b °]3. detA+0 °|d, = A i=1,2,
ra

where C_,; = [A(l) | vee | bl e |A(;!)]

X1 bl
X2 = = A p = 1 | O
(th ; x A b oA aajA 5
Xn b)a
. — b Ay+ baAsit+ -+ b,A,; _ detC;
! delA delA

4. (Quiz . p. 103 Problem 3.21) Show A 7} 7} &l do]w Show N(B) 2 N(AB)
VXENAB)
= (AB)x =0
= A(Bx) =0
= AT'ABx)=A"'0=0
= Bx =0
= x & N(B)
ekA] dim N(B) = dim N(AB), 221 2 & rank(B) < rank(AB) < = « (+%)
ek Al rank(AB) < rank(B) o] =& (xx) o] €]&]A] rank(AB) = rank(B) °|t}.

5. (4ol 2.2) determinant ¥4 €] 44 detAB = detA - detBS H.o|A Q.
Ok (C1) A7} not invertible detAB= (0= delA - detB
(C2) AdWtAH o2 detEB= delE - delB ©] 2% (E7} elem. 3 4)
A7} invertibleo|W A=E\Ex--E, 2} & 4 9lovg
detAB=det{ E, EyE,B)
= detF\delEy -delE,detB
— del( E, Ey+E,)delB
= delAdelB
6. ( Problem 3.7) Show that the set {1,x, x>,--+, x"} is a basis for P,(R),

the vecter space of all polynomials of degree<n with real coefficients.
(Proof)

,



Let S={1,x,x%, -, x"}
(i) Suppose ¢y cix++c,x"=0, VxR
= g=c==c,=0 (. xol W3 FF2)
S+ LL J%
(ii) For ¥V p(x)= ay+ ayx++ a,x"= P,(R),
There are aq, a@;,+, @, such that p(O)7F 1,x, 2%, "2 L.C.

. (S>=P,(R) <. Sis a basis for P,(R)
7. (Thm 4.7) (& A Ae) ¥ VS V ¢ W 7} iso. <=> dim V = dim W

P (=>) T: V-> W 7k iso o2 { v, s, =+, 0, } © V| a basis o]%
We only need to [Show {T(E), . T(;,:) } ©] W9l a basis]
DI Show LIl 0= o T(o)+ « + ¢, T(v)) = T(c,v,+  + c,v.)

=> O =cu+ = + cuu, (0 T71-1)
=> gq=w=...=c, =0 (" v/s7}FLIL)

2) Span [Show V ye W I xeV 2 T( x)= vy ]

Say * = Sav = v =T( x =T Zla;;)=zlaff(?)

=1

WA dim V = n = dim W
(<=) dim V = dim W ]y

—>

Let ({ v, =, wp}, {wi, w,} & Ve Wel 7142 i)
a8y 2 LTT:V->W = T(v)=(w) VI=1 .. n
[Show T 7} 1-1 1 easy and [Show T7} onto ] Do! easy
. T &= isomorphism H

(Bonus) If nonzero &% A, B ol tid] AB=0 , then det(A)=0 & det(B)=0 <& H.ojg},
Ph). A, B o & 2ol Fo] HelW vt ZAzdHola, w4l ABZF Z9 HeW =t
we 7] ojmz A B o 271 n Aol AAztAHo|gaA,
A

Ay
Ay

Let A= : and B=[Bm B? B@ ... B(n)] nen

A(n)
and let (AB) @ = ith column of AB, (AB) ;= jth row of AB .

(1) kAl e 917 il zero dHo] oyl 34 Be] A WHA column BU)O] nonzero vectorgl 7FA kA, 18] 3 ABe]
A WA columns K,



ACL)BU)
A@BY| [ anbu+ apby +-+ @b
4B W A(S)B(l)

A( ;B(l) anlbll+aﬂbgl+---+ambnl

= AP+ AP by + AP by 4+ AP,= G (o AB=0)
2 ¥A "L et} o]+ column vectors of A E9] linerar dependents €] W] &}arl | then det(A)=0,
(i) 2 wyor Avkd e 4A &5 A9 3 WA row Ay°] nonzero vectorgt 742 18]al ABS] 3
row 5 H,
(AR =[AwBY, AwB?, AwBY, .. | AwB”]..,
=[ anbu+apby+-+anba, ..., anbitapby,+ o+ anbli,
=anByytagBg+ +G,,B(n)=a ( ""AB=0)

o]+ row vectors of B 59| linerar dependents 2]v]&}al | then det(B)=0. &4 &.



(27, 5E-FaAg ol &3te] WA A4 & F AEsa, B AlY AlFEALl )

A sha: s Name : A3 /15
R

V. (15%) #<o] 3913} ¥l Project (Term paper) Proposal ol tl3] o2& 94 2.
57 1. ¥<le] 7k Q&A, FHSHAY “PH 2 7 F 5 7193 Y8 s A EshA Ll
(1) Q&A 713 ¢ ( ) 3], = °oF ()3 (2) £ AE Ei= Finalized the questions ¢F ()3
(3)

(4)

(5)

104 2. Project Proposal : (F7FatAl & 108 A &4) FA4= “ojAg” o “fd &7
A2y AAY AN E A5E AASY (TR Ao A4S 7Hd £ Fa AAHol Fash Usd

%2 X314 (Term paper)= ‘?_E—EE.-%P“J ok
0) WA AlE o4 Iz 52199 AlE (58 26¢ - F48 AF)
(1) ﬁ?ﬁ}ﬂf FA E=E :‘?':°’FJ AL (AFA §2el - Yes or No)

(2) Ae) :  Either 791 Z 2 A E( ) or

L
9 g AE: ( Z) . ZRAEYA =R

(3) AT FAG /¥ FuAm o F wE ALY AolE Fi

(4) 22 ofd Hog dAS T FY7?

FaLAlol E

icampus dE&FE Fa A7
http://matrix.skku.ac kr/sglee/
http://matrix.skku.ac kr/nla/index.html
http://matrix.skku.ac kr/sglee/Projects.htm

(Bonus) 7]E} vbell A &} A& weo



