(2003. 6.12 124 ~134) Matrix Theory 3 @ £ (Final)
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(2:0=18%) | 3+8=24% | 4+6=24%) | 5+5=25% 9% (100%)
A A8

L %od (T) or E89 (F) & AL
(F) 1. 985 v,=(1,1,1,1), v,=(0,1,1,0), v3=(1,0,0,1) & pR* oA 12 EHolt}.
(T) 2 F4 A 9 its row-echelon form U ° tfs] F372 R(A)=R(U)°ITH

( T ) 3. Every permutation matrix < orthogonal ©|t}.

(T) 4. WA &1 orthogonal 3+ nonzero WEHE9 o Hx
(F) 5. BadaAd nd A54%e 48 A7k o4 st (5
g 7bd S ek

( F) 6. If A and B 7} diagonalizable ©]™, ABX diagonalizable ©]t}.

(F ) 7. If B is obtained from A by interchanging two rows, then B is similar to A.
( T ) 8. Any square matrix is similar to a triangular matrix.

( T ) 9. A matrix A cannot be similar to A+ I .

IL of2ll Aele NIzt A5-AlL.
(1) Real valued &< f: M,(R)>R 7} otef 37k4] AH& W%t (The)

determinant <t o} if R1) 7 ()= 1 (R2) He] o] npyH

g f #el B35 b vk (R3) f = A el gk A3 el
(2 34 A=[T]%2 “T9 matrix representation w.r.t basis a and B where

a={ v, v -, v} and  B={ w, wy -, w,} ol &
A= [T =[[T<71 Mg L 1 ITCo,)g Ty 02 T
53 [Idl% & 914 g=¢9] transition (or coordinate change) &Zola}l gt}

_<u,v>
(3)  Cauchy-Schwarz H#S2dozrpg —1= Nu ll v I =lges p5As 24 Ho weps

cosf = —Sw,vo> .
fa [l 1Iv Il

FF

e = 0 [0, 7 15 ush v Aele A&(angle, AbelZ)ol

2} g}
(4) A# (Gram-Schmidt A7FA w3t #4) W& S={ x;, Xy, ", X, )
NAZ Zv= pro] Yol REES Wt Al 13W SREEH dojR

AAWZ|A T={ 2z, z9,, 2,17t Wl SAgt}. o7]A,

S
o

-, (=12,

Z<: .
oyl

VI= X1, Y2=3X%—DProjoy . X =

' o — {%x3,¥1> {%3, Y92
V3= X3 Droj ¢y, X3 = 37Ty u s V1T 0y u



s v,, (=4, m)
............... V.= X;— ]Zl <y, v ’ 7

(5) Full rank zt+= A o] W3t Ax=b 9| normal equatione ATAx= ATp I} -2% -
o] WA A9 the only least square solution & x,=(ATA) 'A’p o]t}
a3 b 9 A ¢ column space C A2 29 projection HE b, & b.= Ax, °|t}.
E, be=Ax,=A(ATA) TATD otk 71 p=A(ATA)'ATE
the projection matrix for the subspace C of R" o]&} 3t}
6) DHAwFLLE AAT=L=A"A°1  FUEEIBE & A4° =1, = ATA°IH. 97

A A9 APAA B (conjugate transpose) A*= A= AT=1[ a;; 1,., °Ith

(M) A7 A° R W sAAELEY (4LL,—A)x=09 HEs A0 dSeEe

lﬂ

A% _ a3 it(eigenspace) olgtal gttt o]= Ao W&ste A9 AFHEHEC 9std
A= F7tol

sk,

o

o] ¥e]

o

kel AYhS Ao e 758 FE =(geometric multiplicity)gf

(8) (Schur W2l A&3HA L) Aol 4 Ao AAAPRE 5 Aol (Lhah 2
Wb grozae (4 AR ) B fuekel weol.

III. Find or ¥1ZHS A=}

1. Let Ax) and g(x) be continuous real-valued functions on [0,1] & ®, ¥&-33t

1 1 2
0NN WAL (s g = [, (D8 = poapa | [ 0@ = (1 gy 20w

[fole(x)dx][fong(x)dx] = (ffXg g olBE

Cauchy— Schwarz 1552 (| <u, vd|<||2l|0]] ) I <l=h

P <_ (fiplg.g ©laL TERA
[folf(x)g(x)dx] 2 é[ folfz (x) dx][ folgz (%) dx] o]},

2. Find the volume of the three-dimensional tetrahedron in R? whose vertices
are at (0, 0, 0, 0), (1, 0, 0, 0), (O, 1, 2, 2) and (O ,0 ,1, 2).

100
096

% O] ATA: 0 6 5

SO =
SH OO

0 |
6 - %2 O - 45-36= 9
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1 —_
Vol(A) =%\/ det(ATA) =7 V9 =% x 3=1 ~vol(A) = 1

3. Find an orthogonal matrix Q and a Jordan Canonical Form J such that @ TAQ:] for

-3 2 4
A=| 2 —6 2}

4 2 -3
Solve) det(Al;—A)=(A—2)(A+7)% . 247e 1,=2, 1,=—7 o]t}




D Ay=2¢] t&3sh= AFHE = (MI;—A)x=0, x,=(2,1,2)°]1,

2

3
4138t 21:4)(]%: J?; o]t}

2

1l _Sé_é_
Ix 1
3 1
i) Ay=—7° &= LHFHEE (A l3—A)x=0°4 x =4 xy,=—2{—25,x3=5
1 0
olm *27 [ _02 L l _12 o]3 Gram-Schmidt A4 w74 o] &5w
1
V5
_ X2 | =2 0
Z2= — | V5 X3—(X3° 25z, =2
I x5l 5 z3= —
L 0 | X 3=(X3-23)z,] V5
i =R 1
e Aae e e [@j
(2 _1 0 ]
3 Vs
1l =2 =2 )
R=|3 V5 V5 |°la, Jordan Canonical Form J& @QTAQ=] ®Fstal, iAF#tS
2 0 1
3 V5
2 0 0
fzd grow &t—f:lo 70 }olv}
0o 0 -7
1 2 —1 2 100
4, Calculate A% for A= | () 5 —2|, x= 4}. Zuz PAP=D= |0 1 0| 9=3
06 —2 7 00 2
1 01
) 01 2 101:100 100:1 -2 1
= 7F98"E P P=| g o g|el [P:I]=|012:010 |5 010:0-3 2 | ¢
0 A ppipt - 023:001 001:0 2 —1

1 0 1024 1 =2 1 1 2046 —1023
_ |01 2048 | |0 =3 2| - |0 4093 —2046
* — —

1 2046 —1023] [ 2 1025
. Al - {0 4093 —2046] H ~ (2050}
SR X T 10 6138 —30681 171 ~ 13076

-2 0 —2
5. Find a full set of generalized eigenvectors ¢ Jordan ¥3 of A= l -1 1 —2‘

0 1 —1
Sol)  de A=) =—A(A+1)*=0 S =A=1,4=0 o= =z}
-10 —2
e A-A=A+I=| -1 2 —2




ran A+D=2 (A°] + A 3§ A A 3 A HA Po] Udxp d3o=
el 2 4 9lar, A HA 3y 7 AR e Ak 51)
(A+D?x=0 and (A+Dx+0
-1 0 —2 —x—2z
(A+Dx=|-1 2 -2 = | —x+2y—2z|*+0
0 1 0 z y
-1 0 —211—1 0 —217 «] 1 =2 27[«x
(A+D%x=| —1 2 —2”—1 2 =2/ Z[—l 2 —2||y= e
0 1 0 0 1 0 Fd -1 2 =2z o
1 -2 2 1 —2 2]
a3 2 Yo [0 0 Yoas
x—2+2z=0°12t= 20& 45 F Aok
o71o yxpolet 23S A a#sA 1= — 19 g generalized eigenvector
o IR x=(0,1,1) & & 4 Utk
w2} A
-1 0 —2170 -2
x1=<A+z>xz=[ L2 —z}H:l o}
0 1 0 1 1

s =(-2,0,1), x%,=(0,1,1)
@ 1=0 4% 259 E= x=4(-1,1,1D)(teR) @A x=(—-111

-.a full set of generalized eigenvectors of A is

-1 1 0
{x,=(—2,0,1), x,=(0,1,1), x3=(—1,1,1)} and JCF = 74~ 8 _01 8}

6. JCF A2 7.11& ri=n—rank (A—A, 1) o], ©d ;510 sl

v, = rank ((A—A, 1) 1Y) — rank ((A—A,1))EF 3 A; o uist d 3= r; ol ¢
stel  9xlsl  AARE  moFETh o4l Fold 153 AP A9 Sl
det (A—AD=(A—2)°(A—2)5e]® A, o e 9x9 Jordan ExAE A, = =1 <o
Jordan block®] 7H4=¢l 4= /¥ 7} Jordan block®] Z7]E0] 9ste] ¢kdaiA At =, A,

o &l ry=4, =3, r3=1,r,=1 9 71 A9 s 4 =¥ g




A;; 10 000 000
04, 1 00 0O0O0TO
00 A1 00 O0O0O
000 A 0 0 0 O0O0
Ja=10 00041000
000 0O0A0O0TO0
000 0O0O0MUAGT1oO0
000 0O0O0O0A0
0000000 0 A g,
Review (38 ol : -5 ~ 13 ) & nywg e Eoje) ~5%-
P —2x" —5x" +6x=0 an
0 1 0 0 1 0
Z o] Ay A= _a(; _a? _012 B _g g %L} IFFS A =1, A,=—2, A3=3
dEz A v uZsvbsam, nfdd  dgde  wsdEe  az
1 1 1
v ﬂ VT VT e we xt = Ax o Qusie g9 670 sl
X 1 1 1
x ()= |x, =cll1 e'+ ¢ —2}e‘2t+ cs| 3] e

olaL, 2 (19 dtdl= x = x °|BE vh53 &

(D) =2, (D=cre'+ coe 2t cpe® g

IV. Prove or W1Z+& <=k
1. EAUAFTE v 9 Ao ¥y y, v o st tho] A Hgt

I<u, vo| < llull v ] (Cauchy-Schwarz H54])

Z % u=0°9 trivia. "Y uf0 then P= Proj ¢y, v=tu= Cu, uy? o4

w=v—p ot ¥ (w,p> =0 °Ith

0 < <w,w> =<w,v—p> =<w,v> —<w,p>
= (w,v> = v—p,v> =<v,v> — £p, W
= v, v —t<u,v>=<v,v>—M<u,v>
(v, v
Cu,u? <v, vy = <u,v> <v,u>
lall?lIvI* = <u,v> <u, v> = [[Ku, v>I? O

2. U if A is an idempotent matrix, then #{(A)= rank(A) 9 TH8 = w8 AL, .
=) $A A7} an idempotent matrix ©|B =2 AHALzZrg) & o}

'—E_j‘ nxngﬂaéi lﬁ%gud tV(A):a 11+"'+a7m:/1 1+"'+/1 no‘lq



S A THETS A Gi=1, -, FOH A,=0 or A,=1 (i=1,-,n). Bz
(A © Fobd af3t=e] 7lg ol olzle] ut2 A Aot dx|gity. A+ REF
9] leading nonzero ¢ 7l , & nonzero ilfrgke] 7t 2 AYLS ojn #E vF Ut
o

lolB2 7 A%7t mh2 1§ B p(A) % 2ot Ak

3. Show A-:adiA = (detA)I, .

(A : dd]A) i A (i)cldj(A) * = ;(ZilaikAjk = 8,']‘ - detA
detA- 0 - 0
0 detA - 0
=>A-adiA = : P = (detA)I
0 oo detA

4 gl AAAEE A7 U4 bsE BaFREAe AT e dAEHA 6%
HEAEE 2 gelth (o] W, Ax AN TR A4, FUAAYROR 2 o
S ERNERE X EREN

% % (=) (You know it!)
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olg} atal o]3ls AHWEE ZIe P&
P=[ p(1) p(2) p(n) ] olg} sk, #H
AP :[Ap(l) AD(Z) Ap(n)]
:[/111)(1) /]Zp(Z) /lnp(n)]

Ay 0 - 0
—[p® p@ ... p (W] O /1? -0
0 0 4,
=PD
gy pe dEHES Ao BERE pe Yot} upebA
P 'AP=D = diag( 41,43, ", 4,)

°|il A+ izt 7hs sttt O

5. For mxn A, rank(ATA) = rankA.

% % Rank-Nullity A2l 93] null space N(ATA)=N(A) 4 Hol¥ Hr}

(=>) For all x in N(ATA)) => ATAz=0 => < Az, Az >=2"ATAz=270=0. => Az=0
=> 2 in N(A)

(=>) For all x in N(A)) => Az =0 => ATAz=0 => 2 in N(ATA)

kA N(ATA) = N(4).
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V. 9%) 34 He
L33 #le] 27 Q&A, &S, “FH2" A3l 710 WEs et M sahAal

2. (3%) H<lo] &

ox

@ maAEe] Ygd o AgelA =7 e NEHAL

3. (34d) %79 A7] %% <2 Belended learning(both on and offline learning)ol A uvj%
Holl} /et st & o/ ALl - 7] 1 BFOI R TS olF 7] vl



