Spring 2013, Calculus I, Midterm Exam (Solution) Sign
Course Calculus | with sage GEDB020-42 Prof. Sang-Gu Lee
Major | Year(3tt) | | S.N(3HH) | [ Name |
# Notice (FEM F2AIEH Score ( 150 )
1. Write your name and get the signature. ot ZHAFof 0|2 S& whElglol 7|Ystn ZSX olg woxe | PBL | EXAM
2. Keep your Honor code. If not, serious penalty will be given.
/50 | /100
http://matrix.skku.ac.kr/cal-lab/sage-grapher.html , http://matrix.skku.ac.kr/cal-lab/sage—grapher—para.html
var(‘a,b,c,d’) # HEHO| integral(f(x), x) # BHME
limit(f(x), x=a) # 25t integral(f(x), x, a, b) # HEHE
limit(f(x), x=a, dir="minus’) # zp2st plot(f(x), (x, a, b) # St=0o| Jg=
limit(f(x), x=a, dir="plus’) # =3t implicit_plot(f, (x, a, b), (y, ¢, d)) # sk Jpj=
limit(f(x), x=+00) # BstCjoflAM2e] 23t | find_root(f(x), a, b) # LA F517|
limit(f(x), x=-00) var('t) # Hapgo| (f7HH MY A)
solve(f(x)==0, x) # Solve HIHAl 20| | x=2+2%
diff(fx), x) # EEhg y=-3*-2
diff(f(x), x, 2) # 274 £ parametric_plot((xy), (t, -10, 10), rgbcolor="red’) # %! Plot

L ( 2pt x 12 = 24) Mark True(T) or False(F) in the blank (

)

o) lim f(z)
1.( F )If limf(z) and lim g(x) exist, then lim =% also exists. (Conterexample : 0/0)
z—a z—a T—a g(I) llmg(x)
r—a
2.( T )If f(z) has a local minimum (or maximum) at z = ¢ and f’(c) exists, then f'(c)=0.
3.( T ) Let f be continuous on [a,b]. Suppose a < f(a) <b and a < f(b) < b, then there exists a number ¢ in (a, b) such that f(c) =c.
b b
4. (T ) If flz) < g(x) for all a < x < b, then / flz)dz < / g(x)dz.
a a
b
5. ( F ) If f f(z)dz= 0, then—fHz)=6—onrTfasb}. (Conterexample : f(x)=x on [—1, 1])
a

6. (T ) Suppose that f is continuous on the closed interval [a,b] and let N be any number between f(a) and f(b), where f(a) = f(b)
Then there exists a number ¢ in (a, b) such that f(c) =N.

7. ( F ) The most famous application of the use of hyperbolic cosine is to describe the shape of a hanging wire. If a heavy flexible cable (such
as a telephone or power line) is suspended between two points at the same height, then it takes the shape of a catenary curve with equation
y=-c+astrhtztea), which uses the hyperbolic cosine. (The Latin word catena means “chain.”) ( y=c+acosh(z/a))

8.( T ) Let f be a function whose second derivative exists on an open interval 7. If f”'(x) <0 for all z in I, then the graph of f is concave
downward on /.

9.( F ) Let C(x) be the cost function of producing z units of a certain product. Then the marginal cost is the rate of change of C(xz) with

respect to x, that is, the marginal cost function is C' ’ (af) The marginal cost function is %’Qﬂc‘—} represents the cost per unit when z units

Cl(x)

are produced.

( )

b
10. ( F ) If f (z) is mot continuous on [a,b], then there is no e [a,b] such that / flz)de = f(&)b—ua).

xT
11. ( F ) If f is not a continuous function on la,b], then F(z)= f f(t)dt is not continuous on [a, b] and F(z) is not differentiable on (a, b ).
a

b
12. ( F ) Let f be a continuous finction on [a, b ]. Suppose that " is continuous on [a, b] and that "= f on (a,b ). Then #ﬁ%ﬁ%‘—i“%—)—F—é@%—F

a

( bf(:L’)d;L': F(b)—F(a) )


http://matrix.skku.ac.kr/cal-lab/sage-grapher.html
http://matrix.skku.ac.kr/cal-lab/sage-grapher-para.html

II. 3pt x 5= 15) State or Define.

1. Choose 3 terminology or concept and state its meaning as much as you knows.

Extreme Value theorem, Intermediate Value theorem, Fermat’ s theorem, Mean Value theorem, Squeeze theorem,

Fundamental Theorem of Calculus, [differential(W]%), dyl, [linear approximation(A1¥AP], [Riemann Sum (]%3H)],

[convexity (B5A))], [inflection point(H=+73)], [Chain Rule(14112])], [Differentiation of Implicit function(3r4=2] w]&%)]

» Sol (1) [differential(W]%), dy] Given a function y = f(x) we call dy and dz differentials and the relationship between them is given
by, dy=f'(z)dz. Also f'(z)dz will be called a differential of f(z) and denoted by dy or df(z). Note that if we are just given f(x)
then the differentials are df and dz and we compute them the same manner. df = f' (z)dx

(2) [the Squeeze Theorem (or Sandwich Theorem)]
If f(z)<g(z)<h(z)and limf(z)=1limh(z)=L, then limg(z)=L.

r—a r—a Tr—a
3) ..

2. Discuss a geometric and physical interpretation of f'(z).

» Sol Geometric interpretation : The slope of the tangent to the curve at a point is equal to the derivative of the function at that point.

Physical interpretation : The average velocity is the ratio between distance travelled (Ad) and the time elapsed (A¢). ®

3. Choose 1 definition, and state in your words what it means.

Vocabulary Intuition ~ Mathematics

£ foralle> 0,
i f(JC) =3 ! & f(x) approaches L there exists N > 0
X—>C

. MR SRR S [ as x grows without  such that
limit at infinity bound if x € (N, %) then

L
t

1) f(x)e(L—¢,L+¢€)
fis continuous at heciaph o ficoes Y
n not have any jumps lim f(x) = f(c)
X=c or holes at x = ¢ i 2
@ C

f has a well-defined

f is differentiable )

atx=c¢ E:E%;?iiﬁ?:slope) ;!%MM extete
) atx=c
. fitias 5
J; f(x) dx, ?Eignei area 1 positively J: Flx)dx =A}1_)rr; k§1 Fflxd)Ax,
the definite integral ofef_:aifinmeex%::fs where Ax = £28 | i
« | Of fon[a,b] fomx =103 o e

negatively

» Sol (1) Let f be a function defined on some open interval that contains the number a, except possibly at a itself. Then lim f(z)= o

r—a

means that for every positive number A/ there is a positive number ¢ such that f(z)> M whenever 0 < |z—al <.

(2) A function f is continuous at z =a if lim f(z)= f(a). So if a function f is continuous at = = a, then f will satisfy the following

r—a

three conditions : 1. f(a) is defined (that is, @ is in the domain of f) 2. limf(z) exists 3. limf(z)= f(a)

r—a r—a

(3) A function f is differentiable at a if f'(a) exists.

4)

(ddsta 2/ 8)



4. State the Procedure for Newton’s Method.
» Sol Let us consider the graph of y = f(x) and we want to solve f(x)=0. We start with the (proper, 3ol 3] 7}7}-2) initial approximation
x,, which may be obtained by just guessing, or examining the graph of f. Then we use the tangent line L to the curve y = f (x) at the point

(w], f(x] )) to approximate the curve and look at the z-intercept of L, labeled x,. The equation of the tangent line L is

, , , fzy)
y—f(ml) =f (wl)(w—wl). Thus, we obtain O—f(;zfl) =f (ml)(mg—xl). If f (xl) # (0, we can solve this equation for z,: z, = 2| — f’(a:l )
1
Under certain conditions, x, is usually a better approximation to the solution than z;. Then we repeat this procedure with z; replaced by z,, using
. L . I fla,) . . . o
the tangent line at (wz, f (;UQ)) This gives a third approximation: T3 = xy — m Continuing this process obtains a sequence of approximations
2
: : o flz,)
Ty, Xy, Ty, ... as shown in the Figure. In general, if f (z,) 0 then we have z, , =z, — m The number x,, becomes closer and
n
closer to the solution if the sequence {mn} converges as n—oco. We note that if f'(x,)—0 then the sequence may not converge. In this case, we
have to choose a different initial x;. u
5. State what you know about the number e = lim (1+ i)”: 1+ E ! + L + ! + - = 2.7T1828:
oo n 1 1.2 1-2-3 1-2-3-4

» Sol The number e is an important mathematical constant, approximately equal to 2.71828, that is the base of the natural logarithm. This number

. . . . . . 1 1 1 1
arises in the study of compound interest, and can also be calculated as the sum of the infinite series ¢ =1 +T+ ﬁ+ 1-2.3 + 1-9.3.4 + e

. The constant can be defined in many ways; for example, e is the unique real number such that the value of the derivative (slope of the tangent
line) of the function f(x)=e" at the point # =0 is equal to 1. The number e = 2.71828182845905 ... is defined so that when a = e from

f(z)=a" as x— 1. There is a very important exponential function that arises naturally in many places. This function is called the natural
h

. 1 ’
exponential function. However, for most people this is simply the exponential function. For f(z)=¢e", lim =1 implies f'(0)=1, and from

h—0 h
the general derivative above we have f'(xz)=e". Thus the slope of a tangent line to the curve y = e” is equal to the y-coordinate of the point.

. - . 1\" . - \" -
The Natural Exponential Function : e = hm(l-ﬁ-m)l“ ,e= lim (1+E) or l1m(1+%) =e".

r—0 n— oo n— oo

Since the logarithm is an increasing function, it is one-to-one and therefore has an inverse function, which we denote by exp. Thus, according to
the definition of an inverse function, exp(:v) =y & Iny=2x and exp(lnx) =z and ln(expx) = z. In particular, we have eXp(O) =1 since
In1 =0. exp(1) = e since Ine = 1. We obtain the graph of y = exp(z) by reflecting the graph of y = Inz about the line y = x. The domain of exp
is the range of the logarithm. That is, (—co, c0) which is the range of the logarithm, is the domain of the exponential and (0, o), which is the domain
of the logarithm is the range of exponential. If 7 is any rational number, then the third law of logarithms gives In(e”) = rlne = r. Therefore, by
exp(r)=ce". Thus, exp(z)=e” whenever x is a rational number. This leads us to define e”, even for irrational values of x, by the equation

e” = exp(z). In other words, for the reasons given, we define e” to be the inverse of the function Inz.

Properties of the Exponential Function. The exponential function f(x)= e” is an increasing continuous function with domain R and range (0, oo ).

Thus, e” > 0 for all z. Also lim e =0 lime” = co. So the z-axis is a horizontal asymptote of f(z)=e”. Exponential Function: Consider

T—> — o0 T—>00

the exponential function f (z)=a" where a> 0, a#l.

, . +h)— . z+h _ x . x h _ x . x( h __ 1
From the definition of the derivative: f (z)=1im f(x ) f(x) =1lim a e = lim ada e - lim o (a ) . Thus
h—0 h h—0 h h—0 h h—0 h
h
» . -1 . h)—f(0 z . . L . .
f (z)=da"lim e 7 =a"lim f( ) 7 f( ) =a"f (0). That is, the rate of change of any exponential function is proportional to the function
h—0 4 h—0 4
, o\ 1(, 1 2 n . 1k ! .
itself. Furthurmore lim|—-| =e ' because InS, = —|In—+In—+--+In—| andlimInS,=lim—In—= / Inzdz = [zlnz — 2],
n—oo \ N n n n n n—» 0o n—0 T n 0

n

| 1/n
=—1—zlnz=—1 ifSn:(n') .
n

e is the number such that Ine=1. ]

Continuity



IM. (3pt x 13 = 39pt) Find or Explain or Fill the blank.

1. State the Sage command that plot the implicit function 72? +4.7:y+4y2 —23=0 (—4=zx=<4, —4=<y=<4).

var(‘'x, y')
f = 7T#x"2 + dxxxy + 4xy™2-23
implicit_plot(f, (x, -4, 4), (y, -4,4))

2. The followings explain that the equation sinz = x cosz has

at least one real root on [7r,3/ 277] using Intermediate Value Theorem. 0
53 34 35 55 ; iz T a5

var('x")
f(x)=(x)*cos(x) — sin(x) 1
plot(f(x), x, pi, (3/2)*pi)

| print £(pi), £((3/2)#pi)

»Sol —Dpi,1 =

3

Since f(x)=(x)*cos(x) - sin(x) is continuous on [r,3/2x] and f(x) <0< f((3/2)*x), using Intermediate Value Theorem,

there exist at least one real root of the equation sinz =z cosz on [m,3/2x].

find_root(f(x), pi, (3/2)*pi)

» Sol  4.493409457909064 m

5 1

3. Find f(0), which make f(z)= (1+27) ™ be continuous at x = 0. [Hint: Use lim (1+ZL’);: e]

z—0

5 1
2

» Sol If f(z) is continuous at z =0, f(0)= limf(z)= lim(1+x2)7?: Im[(1+22)" ] °=e

z—0 z—0 x—0

-5

. f(()) = 0,
Sage "%l
x=var('x") # W A4
limit((1+x°2)"(-5/(x"2)), x=0) #e? n
L sin3dz .
4. We plot the graph of the derivative of f(z)= 2a—1) (1 < x < 5) using Sage below.
var('x’) # M A4 il
f(x)=(sin(3%x))/(x*(x~1)) # 3 o9 2
df(x)=diff(f(x), x) # T3k Ak 1
plot(df(x), (x, 1, 5), ymax=3, ymin=-3, color="red’) # =%t L=z 12]7] ol 4 ‘ ‘ ‘ B o
1 15 2 253 35 4 45 >
al
The graph intersects the z-axis at x = 1.2, 2.5, 3.6, 4.7. Sl
sl

(1) Find intervals on which f is decreasing.
»Sol  fl(z) <0 o B FRIN I fa)7) AR 9] 2eLeA
F'@)7 @ % olelel iAlsks W gow .

(714 B3 2381A] Gole Hrk =, d-RioR A= Hrh)
(2) Find z at which f(z) has local extreme values
» Sol f(@)7r EAA LAY f'(z) = 00°] F= critical points (Y7A17)<]
9ol =g £ ()] gol (+) — (=) el |, (=) — (+) ol Favt wek
919 aeze Ba) Avinw
sOFARE JRIE o9 B 2.5, 47, SRS JRE 29 L 12, 3605 =

(BEadsta 4/ 8)



W: 4. Find f'(0) [Hint: Use the definition of f'(0), lim ﬂ: 1, the properties of limits.]

5. lim 5
o * x—0
»Sol 4=Ilim [f(w)—f(g)} sin 2z —lim flx)—f(0) , sin2z )
=0 @ 0 x 2z
=2(lim f(lj:é(()) ) (lim Si2n2w )=2f"(0) « 1=2f"(0) (. the definition of f'(0))
z—0 20
f0)=2 =

Find the limit using natural logarithm and L'Hospital's Rule
1

lim (cosz) ™

x—0
= 1 In (cos )
Sol Let y= (cosz)®” = Iny=—5In(cosz) = %
_ sinz
. . In(cosz) . cos 1,. tanz 1,. sec’r , o
= limlhy=1lim 5= lim =——lim =——lim——— (- L'Hospital's Rule)
z—0 x—0 x z—0 2z 2 z—0 &€ 2 z—0 1
1,. 1
= — —limsec’z=— =
x—0 2
1 _1
= In(limy)=limIny=— B and limy=¢ °* (s continuous ft.)
z—0 r—0 z—0
Lo
lim(cosz)®*=e 2> =
0
dy
7. The tangent line at (0 1) of parametric equation x = tcost, y=tsint, t >0 is - I ;2(1’—0) since dt = _2
: g 1) of p a Y : T i .
dt ,,g
Find the velocity (55X2) and speed (53]) at t= —.
» Sol At (0,2), the velocity (X&) = (d—T 4y = =X 1) and  speed (£¥) = LQ+ 1 m
27 N dt’ dt 2’ N V1
8. Use differential to approximate +/98 .
. dx 1
» Sol Let f(z)= vz .Set =100 and Az =—2. Since df ~ Az, df = —— we have df|,_ = —.
2V x 10
. 1 99
Hence approximately, /98 = f(100+ Az) ~ f(100)+df|, o0 = +/100 =10 %9 =

9. A closed cylindrical can is to hold 500em® of liquid. Find the height and radius that minimize the amount of material needed to manufacture the

can.
. |4 L »
» Sol m°h =500 and h= 008 60 y
e ;
500 1 P
S§=2mr? + 2mrh = 21t 4+ 2 If
r 20| y
,_ 1000 y
= & =dmr 2 ET) 5 L 10
Let §'=0 2o ¢
‘ 1/3 ;
. 3] 250 and = 200 2/3:10(3) - 40l ]
™ 7(250/7) ™ !
http://matrix.skku.ac.kr/cal-lab/cal-4-4-exs-5.html R
>
var('xy');
f=2+pixx"2 + 1000/x
P= plot(f,x, xmin=-10, xmax=10, ymin=-60, ymax=60)
df=diff(f, x) h
Q=plot(df, x, xmin=-10, xmax=10, ymin=—-60, ymax=60,linestyle="--", color="red’)

solve(df==0, x) # (250/pi)~(1/3)
numerical_approx( (250/pi)~(1/3), 100) # 4.3 w

show(P+Q)

(Bgadsta 5/ 8)
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10. If P(z) is the total value of the production when there are z workers in a plant, then the average productivity is

Find A’. Explain why the company wants to hire more worker if A" (z)>0 ?
P'(z)r—P(z)

2
T

If A'(z)>0, then P'(z)z—P(z)>0 (. 22>0)
P'(x) is the rate of productivity.

» Sol A'(z)=

, P
P (x)——ix)>0 (v xz>0)
, P
Pia)> L)
T
. e N s . Plx) . . .
This means the rate of productivity P (x) is larger than the average productivity Az) = Twhlch means if the company hire more
workers, then they can expect to have a better productivity. u
11. Evaluate the area covered by y* =z +2 and z—y=0.
» Sol Consider z =y and z=y>—2. Then the area is
’ 2 ’ 2
/ {y—(y —2)}dy:/ (y—y +2)dy
-1 -1
1. 2
2 3
=|lcy — 5y +2
[2 3V L .
4 8 1 1 _9 2
To 3T T3y / {y— (" —2)}ay
-1
Sage :
var('y")

integral(y-y™2 + 2, y, -1, 2)

Answer: 9/2 m

12 % is an anti-derivative of f(z). Find / f@)f (x)dx. [Hint: Substitute v = f(z) and du= f'(z)dz]
f(x):( sinz ),: cosz(1+zsinz)—sinz(sinz + z cosx) _ cosz —sin’z
1+xsinz (1+axsinz)? (1+asinz)?

, B 1. 1. _ (cosz—sin%z)?
ff(T)f (z)dz= fudu— EuvaC = 2{,)‘(&)}2+C* 2(1+zsinz)* +C =

13. A honeybee population starts with 30 bees and increases at a rate of n(t) = 3 — 2t bees per week. How many honeybees are there after 10 weeks?
10

» Sol Since the net change in population during 10 weeks is / n(t)dt = 2400 , the total number of honeybees after 10 weeks is
0

30+2400=2430. =

(Bgadsta 6/ 8)



IV. (4pt x 4 = 16pt) Prove or Explain (Fill the blank).

1. limz®+2z—8=—9

z—>—1

»Sol V e >0 [Find 6 ] Let = Ve

If0< |z+1l<d, then |f(2)—(=9)=la*+22+1= [z+1) = [+ 1)|* <& = c.
[Side calculation] f(z)— f(—1) = 2*+22—8+9 =z*+2z+1=(z+1)°. N

xr —XT xTr — T . .
. e —e € (& : h r__ _—x d
2. Show sinhxz=———, coshx=——— and tanh z = SInz _ - implies — (sech )= — sech z tanh z.
2 2 coshx %4 @ dx
. d 1 ,  0—sinhx sinhz 1
Proof - “ ) — — — — - - ™
roo. o (sech z)= ( oshz ) (cosha)? coshz coshz tanh z sech x

T
3. If f is a continuous function on [a,b], then F(z)= f f(t)dt is continuous on [a,b] and it is differentiable on (a,b) and F'(z)= f(x).
a

_ x+ Ax T
Prool : Let « be a point in (a,b). W = ﬁ{/ f@)dt — f f (t)dt}

z+ Az

ks

1 z+ Az
By Mean Value theorem for integration, there exist £ in [z, + Ax] such that Az / f@)d = f(€)

, . Fla+Az)-F . 1 vt Ar .
Since £ —> x as Az — 0, andf(x)iscontinuous.F(x):hmM: lim — f@)dt =lim fE)=f(z). m
Az—0 Az Ao Az J o
YA
4. Find fln—xdx Inx
1 T UZT
1
e
» Sol The integrand suggests using u = Inz, so then du = dx/z.
Now when z=1, u=1In1=0 ; when z=¢, u=1In e=1.
¢ lnz ! 2101 0 /1 ¢ *
Thus 7dx:/ udu:f} =— [
LT 0 2,
Figure

(QnA Participation, 4pt) Write one good example of your Note or Solution or Answer in QnA.

More than 400 problems were solved and revised and finalized in Q&A . I have made more than 4*7 contributions in it including ...

That changed my ...

(Bonus, 2pt) what you have newly learned and improved from our Honor Calculus with Sage?

Now I can draw, find and explain. And eventually I can solve most of problems in any calculus book by hand or by Sage! That was a difference.

(Bgadsta 7/ 8)



wwee [FHA]] Honor Calculus Spring 2013, Midterm Exam <

http://matrix.skku.ac.kr/cal-lab/sage—grapher.html , http://matrix.skku.ac.kr/cal-lab/sage-grapher—para.html

var(‘a,b,cd’) # Bl=H™ 0| integral(f(0), x) # HHEMB
limit(f(x), x=a) # 23t integral(f(q), x, a, b) # MME

limit(f(x), x=a, dir="minus’) # zp2st plot(f(x), (x, a, b) # gh=0| Tz
limit(f(x), x=a, dir="plus’) # 3% implicit_plot(f, (x, a, b), (y, ¢, d) # et Jejm
limit(f(x), x=+00) # BSiCjo)Ale] 23t find_root(f(x), a, b) # A #5}7|
limit(f(x), x=-00) var('t) # HEHo| (Of7HHFLFHA)
solve(f(x)==0, x) # Solve WA E0| x=2+2*t

diff(f(x), x) # D8k y=-3*-2

diff(f(x), x, 2) # 24 &k parametric_plot((xy), (t, -10, 10), rgbcolor="red’) # %l Plot

L . o ) Definition of the Hyperbolic Functions2)
Derivatives of Inverse Trigonometric Functions!)

xr - xr —T

. e —e e +e
A (sin )= — (e lp) e L sinhz = ——— cosh = ————
dz Vi—g2  dx o2 —1 2 2
d Sy 1 d I 1 tanh @ = sinhm: et —e * coth = = CQth: e“+e *
dx (cos™'z) -2 dr (sec ') = e —1 coshz P4 @ sinhz ¥ —¢™ 7
d _ 1 _ 1
7(‘[ IL): p f(cot 11'):—7
dz 1+ 2* d 1+ 2* sech z = L 2 csch z = L 2

coshe e?4e * sinhax ¥ —¢™®

The graphs of the hyperbolic sine and cosine can be sketched using graphical addition as in Figures 8 and 9.

¥
Y 1
1. . y=
y=5€‘\ y=sinh.x
0 X
0 X
N Lo
y=-ze
y=-1
0 X
=qi — 1 x 1, — coch v = 4 o 1 - y = tanh
y=sinhx= je'— Je y=coshx=7e"'+ e y = tanh x
Figure 8 Figure 9 Figure 10
Derivatives of the Hyperbolic Functions
d , . d
——(sinh ) = cosh z —(cothz)= —csch®z
dx dx
d . d
—(cosh z) = sinh « —(sech ) = —sech z tanh =
dx dx
d 2 d
——(tanh ) = sech? z ——(csch )= —csch z coth z
dx dx

Definition of the Inverse Hyperbolic Functions
Derivatives of the Inverse Hyperbolic Functions

sinh 'z=In(z+ vVa’+1) (zER) g
R 1
cosh 'z=In(z+ Va®—1) (z>=1) —(sinh™'2)= —— (z€R)
1. 14z du Vita®
tanh 'z=—_-In— (lzl<1) 1 1
2 T 1—=z —(cosh™ ') = ——— (z>1)
. 1, z+1 d -1
coth™ 'z = ZIn—— (lzl>1) d 1
* . d—(tanh’lx): 5 (lz] < 1)
. 1+Vi—z v -2
sech Izlnf (0<z<1) d( ) 1 ( )
—(coth™ 'z) = 2] >1
1, V1—2? dx 1-a?
cschz =1n ;+T (z=0)

1) http://www.math.ucdavis.edu/ kouba/CalcOneDIRECTORY /invtrigderivdirectory/InvTrigDeriv.html
2) http://en.wikipedia.org/wiki/Hyperbolic_function

(H¢ddista 8/ 8)
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Spring 2013, Calculus I, Final Comprehensive Exam Sign

Course Calculus | with sage GEDB020-42 Prof. Sang-Gu Lee
Major | Year(3tt) | | S.N(3HH) | [ Name |
# Notice (T&Y 7ALE) Score ( 150 )

Final-PBL| EXAM

1. Write your name and get the signature. &2t A ZXo| o|§ &S wEelol 7[5ty Z4SXA Eols gHoMe.
2. Keep your Honor code. If not, serious penalty will be given.

/50 | /100

http://matrix.skku.ac.kr/cal-lab/sage-grapher.html , http://matrix.skku.ac.kr/cal-lab/sage—grapher—para.html

integral(f(x), # BEHE
var(a, b, ¢, d # B3Ol " egral(f(x) 9 b # ;;u
limit(fe0, x=a) # 38 integral(ied, % & b) o=
R s i plot(f(d, (x, a, b) # gl def=
limit(f(x), x=a, dir="minus’) # z}=2st imblicit plot(f b d # 93tA Jalm
limit(f6), x=a, dir="plus) # 238 mplicit potls € & Bl & & &) se e
o, x=a, dir=p T el ma | find_root, a, b) # AW 2817
limit(f(x), x=+00) # SO M2 S5t var(t) # HAKO| (U718 4 H Al
limit(f(x), x=-00)
_ X=2+2*%t
solve(f()==0, x) # Solve Y B0l |\ _ 342
; sta
:':g?(; X) 2 :;Ingﬂ* parametric_plot((x, y), (t, -10, 10), rgbcolor="red’) # =M Plot
(), x, & . .
T f.partial_fractions(x) # BEEST

L ( 2pt x 9 = 18) Mark True(T) or False(F) in the blanks ( ).

(2) lim f(z)
1.( F ) If limf(z) and lim g(z) exist, then lim Ha) _ z2a’  aiso exists. (0/0)
r—a r—a T—a g(f) llmg(m)

2. ( T ) The most famous application of the use of hyperbolic cosine is to describe the shape of a hanging wire. If a heavy flexible
cable (such as a telephone or power line) is suspended between two points at the same height, then it takes the shape
of a catenary curve with equation y = c+ acosh (z/a), which uses the hyperbolic cosine. (The Latin word catena means
“chain”.)

3. ( F ) Let C(x) be the cost function of producing z units of a certain product. Then the marginal cost is the rate of change

of C(z) with respect to z, that is, the marginal cost function is % The marginal cost function represents the cost

per unit when z units are produced.

»
M

) (Example 7-4-7) We always have the form of the partial fraction decomposition of the function as following;

R i it e ) A B Cx+ D

(l’+1)(:};*2)(:};2*1‘+4)4_1‘+1 -2 (pP—gp44)t

5.( T ) Consider an object moving along a straight line with position function s(¢). Then the force F on the object (in the same

2
direction) is F= md—j. And the work done is defined to be the product of the force £ and the distance d that the

object moves.

! bf (x)dx)

b—aJ,

b
6. ( F ) The average value of f on the interval [a, b] is defined as f,,. = ﬁ‘/ flz)dz (fave =

~N
-

) The Simpson’s Rule gives a much better approximation to the exact value of the integral than does the Trapezoidal Rule
or the Midpoint Rule. The Trapezoidal Rule gives a better approximation to the exact value of the integral than does the
Midpoint Rule.

8. ( F ) The area of the surface of revolution obtained by rotating the curve y= f(z), a < x < b, about the z-axis is given by

a

ot dx)2 (dy)2 . 7/*’ [ o (dr)2
) Thus the arc length L—fa ((w + 20 df of the polar curve is L= ) -+ a0 de.

b b i
S:/ 2rf(z)V1 = [f ()] dz (5= orf(2) V1 + [f ()] dz)

©
—

Work



II. Bpt x 4 = 12) State or Define.

1. Choose 4 terminology or concept and state its meaning as much as you knows in your words.

@ Newton’s Method @ Fundamental Theorem of Calculus @ Definite Integral @ Indefinite integral ® Improper Integral (0|43 &)
® Integration by parts @ Volume of a solid of revolution The Arc Length Formula © Comparison Theorem for integral
@ Volume of a solid S that lies between z =a and z =b @ The method of cylindrical shells

Vocabulary Intuition Mathematics

T [ :
I f( x) dx, the signed area positively f fle)dx =31r_1; El fxp) A,
a o between the graph g b
the definite integral offand the x-axis where Ax = === -
: fr L = X =0+ kAx,
) of f on [a, b] ORLE=ahox=h e and xf € [x,_;, %, ]
f f(x) dx, the [fx) dx is the family of [fxydx = F) + €,
. i . Hiderivatives of f(x) where F(x) is an
indefinite i o : Y
te ntegral (i.e. the set of functions whose antiderivative of f(x)

?) Off derivatives are f(x)) (ie. f'(x) = f(x))

the area for x e [a, b], this area
accumulation A(x) = signed area : S forxe la, b,
function for E?}‘:ﬁ?ﬁ ceah Rt Ae)=[row
® fon [a, b] from a to x =t
» Sol

Let us consider the graph of y = f(z) and we want to solve f(x)= 0. We start with the (proper, ol &3] 7}7}%) initial approximation z,,
which may be obtained by just guessing, or examining the graph of f. Then we use the tangent line Z to the curve y = f(x) at the point
(x,, f(z,)) to approximate the curve and look at the z-intercept of L, labeled ,. The equation of the tangent line L is
fla 1)

f "(z 1)

Under certain conditions, 2, is usually a better approximation to the solution than x,. Then we repeat this procedure with x, replaced by z,, using

y*f(a:l):f/(ml)(x*xl). Thus, we obtain ()*f(.rl):f'(xl)(xg*xl). If f’(wl) # 0, we can solve this equation for z,: z, = 1 —

the tangent line at (, f(x,)). This gives a third approximation: x5 =z, — . Continuing this process obtains a sequence of approximations

flz,)
f’(xn)

closer to the solution if the sequence {zn} converges as n—oo. We note that if f'(x,;)—0 then the sequence may not converge. In this case, we

T, T, Ty, ... as shown in the Figure. In general, if f'(z,) > 0 then we have =, , =z, — The number z, becomes closer and

have to choose a different initial x;. [ ]

b b b
The symbol / f(z)dz is defined by the equation / f@)dz = lim / fa)dx.
— oo — oo t

t—— oo
oo b
The improper integrals / f(z)dz and / f(z)dz are called convergent if the corresponding limit exists; otherwise they
a -~

are called divergent.

The volume of the solid obtained by rotating about the y-axis the region under the curve y= f(z) from a to b, is

/b(27rx) [f(z)] dz where 0<a<b.

a
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I (5pt x 8 = 40pt) Find or Explain or Fill the blanks [ .

1. (MidTerm) Use differential to approximate /98 .

» Sol Let f(z)=+Vz. Set z=100 and Az=—2. Since dz ~ Az, df = du ., we have dfl,_ 0= _L
2vx : 10
Hence approximately, /98 = f(1004+ Ax) =~ f(100)+dfl,_ 5 = /100 —%: ?319.9.

2. (Sage) Sketch the region enclosed by y=2—1, y=5—2% z=0, z=2 and find its area

f(x)=x-1

g(x)=5-x"2

show(plot(f(x), x, 0, 2) + plot(g(x), x, 0, 2))

print integral( g(x)-f(x), x, 0, 2 ) _ i
"

£

Answer : 22/3

3. Verify the formula f o —ztdr = %(z a2*z2+azsin7]%)+ C by Sage .
Proof) z=asinf,dz = acosf e [— %,%]

2
‘/\/azfﬁdw =fa2c0520d9 = %(9+ sinfcosf)+ C = %(m a2fx2+a251n’1%)+0

Verify the above formula by Sage
» Sol

var(x, a’);

integral(sqrt(a”2-x"2), x)

1/2+«a"2*arcsin(x/sart(a™2)) + 1/2xsart(a™2 — x"2)*x # 1y azfx“raQSin’l% +C

2
=> RHS= LHS [ ]

4. Calculate the volume of the solid obtained by rotating the region bounded by curve y=2°, =2, y=0 about the z-axis.

»Sol Alz) =), V=A)= %”
(Sage)
var('x") " /

f(x)= pi*(x*3)*2

print integral(  f(x), X, 0, 2 ) 5 /

128/7*pi # 12

7 ™

(SKKU 3 / 10)



5. A 8 it chain weighs 24 Ib and hangs from a ceiling. Find the work done in lifting the lower end of the chain to the ceiling so
that it is levelled with the upper end.

1
» sol 8k = 5><24

6. Calculate the total area of A part and B part marked in the graph below. Here f(z)=¢" and g(z)=cos(z)+1.
» Sol (Sage)

var('x’)

f(x)=exp(x)

g(x)=cos(x)+1
x1=find_root(f(x)==g(x),0,2)

a=integral( g(x)-f(x), (x, 0, x1) )

b=integral( f(x)-g(x), (x, x1, 2) )

a+b i
ol ‘ ‘ ‘ ‘ ]

eN2 - 3.22424574744 o6 0 06 12 18 24 3

7. (Exs 7-2-5) Write how you are going to show a formula fsin"’:c cos Szdr = %sec‘r’xf %Sec?’x-i-secx-i- C .

» Sol (Either by hand or Sage)

SageE 0|83t SAlg BFsITE BRE of WIS HRI=EXIQH BYolgt MEstH ElLich)

3 g N3 Al
http://math1.skku.ac.kr/home/pub/1165 ool el ol e

1/15*(15%cos(x)"4 - 10*cos(x)"2 + 3)/cos(x)"b

2
» Sol tan’z secx = tan*z » tanz » secz = (tanz)’ tanzsece = (seciz — 1) secz tanz

Let u = secx, then we have du = secx e« tanzdx

. 5 _a b 2
Therefore, /s1n°rcos E’:cd:zc:/(seczacfl) secx tanzdx

= gu‘r’— 2l +utC
= 1 sec’r — 2 sec’zr +secx+ C
5 3
Answer: 1/15%(15%cos(x)"4 - 10%cos(x)*2 + 3)lcos(x)"5 = %sec% - % sec’z +secz+ C

(SKKU 4 / 10)



8. Find the length of the curve 3> =z from (0, 0) to (1, 1).

» Sol Since 2ydy = dx implies d—x—

2y,

1 1
= 1) dq_/ ) a= [ Ve ay =2 e g
0 0

Let yfgtane then dyfésec #df and y“—%:ésew.

y—>0 = -0, y—>1 = 0 — tan~ '2

tanf =2, secf = \/tan29+ =5
tan~'2 1 1 1 tan~'2
L= 2/ y + dy—2/ fsece 536026’(16' = / sec®0do
0

[secOtand+1In|sech+tand|] ™ 2= 1{2\/g+1n(\/3+2)}

V5 In(+/5+2)
=5 " 4

>J>|>—l

IV. (6pt x 5 = 30pt) Prove or Explain (Fill the blanks [ ).
1. Show lirzl z?+2:—8= —9 using €—0d method.

»Sol V e >0 [Find 5] Let 6= +ve

If0<|z+11<d, then |f(x)—(—9)=la®+2z+1l= [(z+1)

[Side calculation] f(x)—

= |(:L'+1)|2<(52 = ¢
f=1)=2+2c—8+9 =2+2z+1=(+1)*. N

[Side Calculation] f(z)—f(—1) = 2> +22—8+9 =z*+2z+1=(z+1)> =

2. Show i(sech x)

= —sech z tanh z.
dx
» > Proof :
i(sech o) = ( 1 y = 0—sinhz  sinhz 1
dx coshz

= —tanhzsechz ®
(coshz)? coshz coshz anf wsechw

3. Find / =" “dz  (You may use Sage in part, but | recommend you to solve it by hand.)
»> X

- . R . 1 27t . 1 ;1 et 1
f ze “dr= lim / ze “dr = lim [* ¢ 1} = lim {* —e +—=e =
. [

= . m
e 2 2 2e

t t— — o

(SKKU 5 / 10)



\/> o V3 (2z— l)) 2
4. Verlfy/ S 3 tan 3 In|z + 1| 6 In(z>—xz+1) by Sage .
1 1 A B.1“+C 1 1
P - = = + => A:—’B:——7C:_
o T T D)@ —at 1) Tl P—at1 3 3

f dx —2 . _1 der 1 2x — dot L / dar
(z+1)@*—2+1) 3 :c+1 22—z +1 3J z+1 6J g2—yp+1 6J 22—z +1

1 1 1 22— f =L e 1 /4 221

3fx+1dx o x—x+1 +3 ( ) 5 Inlz+11 61n(x x+1)+2[ 5 tan 75 1+ C

(.'/ 21 de:ltanfl(i
" +a a a

Verify the above formula by Sage
» Sol

.Jx\w

+C)

integral(1/(x"3+1), x)

1/3#sqrt(3)*arctan(1/3#(2+x — 1)*sqrt(3)) + 1/3+log(x + 1) - 1/6%log(x™2 - x + 1)
=> RHS= LHS [ ]

5. (Conic section) A conic section (or just conic) is a curve obtained by intersecting a cone (more precisely, a right circular conical
surface) with a plane. The three types of conic section are the hyperbola, the parabola, and the ellipse. The circle is a special case

of the ellipse. Sketch (state) what you know about the process of forming the formulas of hyperbola, parabola, and ellipse.

Circle plane Ellipse: plane Parabola: plane Hyperbola: plane
perpendicular to cone axis cuts one half of cone parallel to side of cone cuts both halves of cone

Yy
Parabola |PF|=|PL|

Focus

FQ, p) When vertex is at the origin O and its directrix is parallel to the z-axis (see

p Figure 3), we obtain a particularly simple equation for a parabola. Suppose that
r the focus is the point (0, p). Then the equation of the directrix is y =—p. For
P Yg"‘&x —Y r any point P(z, y) on the parabola, the distance from P to the focus is

directrix: y=—p L(x, —p) | PF| = Va4 (y_p)2

and the distance from P to the directrix is |y+pl. (p > 0 in Figure 3).
According to the definition of a parabola, these distances are equal:
Q P a?+(y—p)=ly+pl

By squaring and simplifying the above equation we get

center

vertex

vertex

22+ y—pP=ly+pP=+p)?
2y’ —2py+p’ =y +2py+p°

2
x” = 4py.
\PF|+|PE) = |QF,|+|QF) Py

Thus the equation of the parabola with focus (0, p) and directrix y=—7p is

Asymptote Asymptote
b A 2 _
=2 o = br x” = dpy

The standard equation of a parabola is y= az®, where a=1/ (4p). The parabola opens upward if

v p >0 but downward if p <0 (see Figure 4(a) and 4(b)). Since is a even function of x, the graph

is symmetric with respect to the y axis, which is the axis of the parabola.

Fi—c, 0)
An equation of the parabola with focus (p, 0) and directrix  =—p is

2 _
Y =dpx
Major axis horizontal
i,—i=l which is obtained by interchanging z and y in | || ...

(SKKU 6 / 10)



woee [Appd] Homor Calculus spring 2013, Final Exam ceessw smm sim sy seseseees

Derivatives of Inverse Trigonometric Functionsl) Definition of the Hyperbolic Functions?)

d ., . _ 1 d B 1 . et —e " et te "

d_(sm 136):72 d_(csc 11)2772 smh:c—T coshx—f

& Vi—uz & zVaz —1 . _ , _

d 1 d 1 __sinhz  e"—e * _coshax  e"+e ”

£ (cos lg)=— — 2 (sec )= ——— tanhx——h = coth e = ——— e

dr 12 dr xm coshz " +¢ sinhz " —¢

d . 1 . 1

—(tan = ——(cot =

dx( z) 1422 dx( @) 1+ 22 sechz = 1 2 csch z = .1 :%
sinhz ¥ —¢™ 7

coshz "4 7

The graphs of the hyperbolic sine and cosine can be sketched using graphical addition as in Figures 8 and 9.

¥y
y =1
y=%e"\ y = sinh.x J
0 < X 0 X
y:—%e N
y=-1
0 X
y=sinhx= %e“ — %e’* y=coshx= %e* + %e"‘ y=tanhx
Derivatives of the Hyperbolic Functions
i(sinh z) = cosh z i(coth z)= —csch?x
dx dx
d . d
E(cosh xz)=sinh z E(Sech z)= —sech z tanh z
d ) d
E(tanh z)=sech’x E(csch xz)= —csch z coth x

Relationship to the exponential function

Definition of the Inverse Hyperbolic Functions
Derivatives of the Inverse Hyperbolic Functions

sinh 'z=1In(z+ Va’+1) (z€R) J
R 1
cosh 'z=In(z+ Va’—1) (z>1) —(sinh™'z) = ———— (z€R)
1 1+az d Vita?
tanh™'z==1In (lzl<1) d 1 1
2 1—x %(cosh m)=2— (z>1)
_ -1
coth lr=%lnxti (lzl>1) d 316
z —(tanh™ 'z) = (lzl<1)
1+V1-2? dz 1-a?
-1
sech”™ o =In| ————— (0<z<1) d » 1
. o E(coth .27)7 1.2 (|$\>1)
cschz =1In ;-&-T (z#0)

The volume of the solid obtained by rotating about the y-axis the region under the curve y= f(z) from a to b, is

[ Cra) @] e where  0=a<b.

a

(circumference) - (height) - (thickness of shell).

1) http://www.math.ucdavis.edu/ kouba/CalcOneDIRECTORY /invtrigderivdirectory/InvTrigDeriv.html
2) http://en.wikipedia.org/wiki/Hyperbolic_function
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n+1 T
/x”dx:m +C (n=—-1) /de:ln\:cH-C /eldm:e’-&-C fa’dx: a
n+1 T Ina

/sin:rdx:*costrC fcosxdx:sinx+0 /seCdez:tanerC fcsczxdx:*coterC
/secxtan:cdx:secw+0 /cscxcotxdz =—cscz+C /tanxd:c:mlsecwl-i- C
/cotxdr=ln\sinz\+ C /sinhxd;r:costhr C /coshxdz=sinhx+0

! %‘Jra lzl > a>0

1 . ,1(:c) 1 1
———dx=sin" | = |+ C, lz| <lal and a> 0 ————dx = —sec
/.\/az*a:2 a zVz’—d® a

1
/ ! dT:il - +C, a#0 /71 dx = (n—1)(z—a)" ! (n=1)
2 a? 2 T+(z —a)"
r—a (z—a) Inlz—al (n=1)
1
- - # 1
f T dp = 2n—1)(2%+a2)" ! (n )
2 n
(a®+a”) %ln\x2+a2| (n=1)

Table of Integration Formulas [Constant of integration is omitted. ]

Lo+l T
1. ‘/‘m”dx:‘z m=—1) 2. /de:hl\:zl,x#o 3. /e’d.r:ez 4, /a’dz:L,a>0
n+1 T Ina
5. /‘Sinxdr:*cosr 6. /cosxdr:sinz 7. /SeCQxdr:tanr 8. /csczxdr:*cotx
9. /secmtanxdm:secm 10. /cscxcotxdw =—cscx 11. fsecmd:v:1n|secx+tanx|
12. /cscxdx:hl\cscz—cotxl 13. /tanxdwzmlsecxl 14. /cotzdeInlsinz\
15. /sinhxdx:coshw 16. /cosh:cdx—smhx 17. / rlfl(£ ,a#=0
22 +ad? a
dx T de 1 T—a dx - > 3
18. ———==3sin |(—], a0 19. =5 In ,a#=0 20. ————=lInlz+ V2" £d’|
Va*—a? a 22—a? 2a r+a /22 % a2

Midpoint Rule

1(xi,1+1') =midpoint of [z; , z;].

/f Ydz ~ M, 7A.T[f(xl)+f(l'2)+ -+ f(x ]where A‘Lfbnia and Jc )

The Trapezoidal Rule

b

fla)de ~ T, = A; [flzg)+2f(x))+2f (@y)+-+2f(x, )+ f(x,)]where Az =(b—a)/n and z,=a+iAx.

a

http://matrix.skku.ac kr/cal-lab/Area-Sum.html

(Composite) Simpson’s Rule

Az

3 flag)+4f(@)+2f (@) +4f (@) + +2f(x, o)+ 4f(x, )+ flz,)]

b
fl@)de = 5, =
where n is even and Az = (b—a)/n.

[4] Error Bound for Simpson’s Rule
Assume that | fm ()l < K for a < 2 < b. Let Fg be the error involved in using Simpson’s Rule, then

Kb—a)’

| B <
5 1800

The symbol / f )dx is defined by the equation / f )dr = lim / fla

t— — co
The improper integrals / f(z)dz and / f(z)dz are called convergent if the corresponding limit exists; otherwise they
are called divergent.
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The rotation about the z-axis the surface area is 5= / 2y ds

The rotation about the y-axis, the surface area formula is 5= f 2rxds

A polar equation of the form

= ed of 1= ed
1+ ecosh 1+esinf

represents a conic section with eccentricity e, where |d|is distance
between the focus oat the pole and its corresponding directrix.

Pappus’s centroid theorem (The second)

The volume V of a solid of revolution generated by rotating a plane figure F about an external axis is equal to
the product of the area 4 of F and the distance d traveled by its geometric centroid.
V= Ad.

b
Formula for the area A4 of the polar region R is A= f é[f(e)]ZdG. Since = f(6),

b
. . 1
it may be written as A= / Erzdé?.

Parabola axis

y
Parabola |PF|=|PLI
Focus
F(0, p)
E O
% b
Focus / 1 p 1 |vertex x
0,0 7Y
vertex directrix directrix: y=—p L(x, —p)
Figure 2 Figure 3
|PFl= Ve +(y—p)*, Va?+@—pP=ly+pl. 2+ @—pP =ly+pP = (y+p)
a? oyt = 2py+p =yt H2py+pt, 2t =4py.
y x=4py, p>0 v
F(0, p) L y=—p
- |
ul * £ o
y=—p L F(0, p)
r=4py, p<0
(a) (b)
Yy Y
L+ /\D PrrLerL
Fp, 00 * F(p, 0) xr
x==p r=—p

y'=4px, p>0 y'=4px, p<0

Figure 4
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Calculus Map by SGLee

Chain Rule Substitution Rule

A\ 4

Fundamental

Theorem of Calculus

Antiderivative \Il
Mean Value Theorem
. |
Monotonicity Theorem Critical Point Theorem Taylor's Formula

v

Max-Min Existence

K

Definite Integral

Derivative Theorem

Intermediate Value Integrability Theorem

Power Series

Infinite Series

Gauss’s Theorem

Iterated Integral
Surface integral

Theorem

Partial derivative

Gradient

Fundamental Theorem of Green's Theorem
Line Integrals

Directional Derivative

Line Integral Stokes’s Theorem

(SKKU 10 / 10)



