Fall 2013, Calculus Il, Final Comprehensive Exam Sign

Course Calculus Il with sage GEDB021-42 Prof. Sang-Gu Lee
Major | Year(&tt1) | | S.N(3H) | Name |
% Notice (T84 f2lAIEH Score ( 200 )
1. Write your name and get the professor’s signature. &ot & Xol o|§ &= &80l 7|st2| #Hej+2w+PBL EXAM

=X Hols woMe,
2. Keep your Honor code. If not, a serious penalty will be given.

I i Il VI Total 100
(2¢12=24pts) (4%6=24) (4¥10=40) (6+2=12)

/100 /100

L ( 2pt x 12 = 24) Mark True(T) or False(F) in the blanks ( ).

1. ( F ) Squeeze (Sandwich) Property: If a, <b, <c, is true for some n and lima, =limc, =L, then limb, =L.

n—»00 n—»o0 n—oo

2.( F ) A series Za, is absolutely convergent if > a, converges, and X |a,| diverges. (if Zla,] comverges)

al a/2 a3

3.( F )Yifa=<{ay, ay a3y, b ={by, by, by), and ¢ = {¢;, ¢y, 3, then aX(b-ec)=|b by by, (a- (b x<c) )
6 G G

4. ( T ) Suppose f(x, y) and it's derivatives f_, fy, fzy and fyI are defined in a domain containing a point (a,b) and all are continuous at

(a,b). Then f.,,;y(a, b) = fys (a,b).

5.( F ) Let z=f (x,y) have continuous first order partial derivatives and y= g (x) be a differentiable function of 2. Then the composition

dz 0z 9z d
z:f(x,g(:v)) is a differentiable function of x and j—;: g—zfl—z +g—;g—z (E_ . +8—yd—i)

6. ( T ) Given a function f differentiable at (a, b), the line tangent to the level curve of f at (@, b) is orthogonal to the gradient Vf(a, b).

7.( T ) Let f be a continuous function on a polar rectangular region D given by 0 < a < r < b and o < § < 8 where 0 < S—«a < 27. Then

8 rb b rB
/‘/f(xyy)dA:L/ ff(rcosﬂ,rsin@)rdrdQfo f(rcos@,rsinf)rdfdr.
D «a a a «

8. ( T YLet ¢: V < R®*>Wc R? given by (;S(u, vow) = (z(u,v,w), y(u,v,w),z(u,v,w)) be one-one and onto function having the

0 ) .
Ist order continuous partial derivatives. We further assume that the Jacobian ‘ 8(5’75;))) ‘ #0. Let f : W— R be a continuous
6 ) )
function. Then /f f(xyyw)dV:/f flz (wv,w),y (w,v,w), 2 (u, v, w) | ‘ oayw) ‘ du dv dw.
W v 8(u, v, w)

9. ( F ) Suppose we write a two dimensional vector field in the form F = (]W7 N, O) where M and N are functions of & and y. Then

i j k
o 0 0
curl F = vV XF = %ag—(Nw—My)k,andSO(VXF)-k—<O,O,NI—My>-<O,O,1>—NI—My.Thus
M N 0
Green’s Theorem say fF -er/ de—NdyZ/] (Nw—My)dAZﬂ (VXF)-kdA. (/ Mdx + Ndy)
c c D D C

10. ( T ) Let .S be a smooth surface given the vector valued function r (u,v) =z (u,v)i +y (u,v)j+ 2z (u,v)k, (u, v)ER? and f bea

continuous function. Then the surface integral of the function f over S is
or or
.y o o
W swaas= [ stotu o) yluo)zteo)| S0 o

1. ( T ) Let f be a scalar function and F a vector field. curl (grad f) is a vector field.

dA.

12. ( F ) Let fbe a scalar function and #' a vector field. grad (div ) is a scalar function. ( vector field. )



II. (4pt x 6 = 24) State or Define. Letf be a scalar function and F a vector field.

1. Choose 2 terminologies or concepts from each group (A, B, C) and state their meanings as much as you can.

A. @ Integral Test @ p-series Test (3 Comparison Test @ Limit Comparison Test (5 Alternating Series Test (©® Ratio Test @

©@ Gamma function : gamma (2, 1) @0 Arc Length @ Curvature @ Limit of a

Root Test Taylor series and Maclaurin series
Cauchy-Schwarz Inequality @ Triangle Inequality Projection @

function with two variables @@ Cross product of two vectors

. . r'(t) « (¢ r'(t) <r" (¢t
Tangential and normal components of the acceleration vector, a, = % and ay = %@)'()' curvature
The Comparison Test. Suppose that 0 < a,, < b, for sufficiently
large n.
e If 3 a, diverges, then } b, also diverges.
1. o If b, converges, then } a,, also converges. (%1_31:1_ g-?l- xﬂ }\]’ 14_‘:,1 x]JL:-: U xH 7“9._]2_)
Definition 2. ! The Taylor series for y = f(x) at x; is the power series:
i £ : (") (z¢)

2. Pale) = f(x0) + I (o) = z0) + L0 (@ g - 4 L oy g (open form)

B. @ cylindrical coordinate, spherical coordinate @ level curves and level surfaces 3 meaning of grad f

irectional derivative conservative potential function curl and divergence (8 Lagrange multipliers
@ directional derivative tive ® potential function @ curl and d ® L ultipl

3. Let F be a vector field. Then F is called conservative if there is a scalar function f such that grad f=TF.

A function f is called a potential function (or scalar potential) for F.

Cylindrical Coordinates 7L

Transforms .

The forward and reverse coordinate transformations are z Iy ¢
P

Pty r= pcosd :/

@ = arctan(y, x) y=psing v

4' where we formally take advantage of the fwo argument arctan X |
function to eliminate quadrant confusion.

Spherical Coordinates B

Transforms -
The forward and reverse coordinate transformations are
s f T2 r
! e i x=rsinf cosg

g= arctan( oy _:] ¥ =rsinf sing
z=rcosf X 5 1 ~

¢ = arctan(y,x)

where we formally take advantage of the rwo argument arctan
function to eliminate quadrant confusion.

C. @ Fubini’s Theorem (@ Green’s Theorem (3) Stokes’ Theorem @ Gauss Divergence Theorem

5, [Green’s Theorem] If R is a closed region in the zy —plane bounded by a simple closed curve C and if M/ (z, y) and N(z, y) are continuous

oM

. . . . . . . ON
functions of =z and y having continuous first order partial derivatives in &, then / Mdx + Ndy = // (E oy
c R

traversed in the positive direction.

dxdy where C'is

6. [Stokes’ Theorem] Let F = Pi+ Qj+ Rk be a vector field that components have continuous second order partial derivatives in a domain containing a surface

S bounded by a simple closed curve C'. Then / F.dr = /] curl F - dS where C is traversed in the positive direction.
C S

[Gauss Divergence Theorem] Let .S be a closed surface in ]R3 which is the boundary of a solid region V. Let A be a vector field defined on some open set

T containing V. Suppose the components of A have continuous first order partial derivatives and N is an unit normal vector that is directed outward

from ,S. Then

f/SA'ndSZ//VV -AdV Z//VdivAdV.

-2 -



. (2pt x 19 = 38pt) Find or Explain or Fill the blanks.

o

n
1. Use In(1+z) = Z (— 1)”711 , |zl <1 to find a power series representation for f(z)= In(1—2?). What is the radius of convergence?

n=1
00 1:’71,
» Sol In(l—z)= —Z , lzl<1
n=1T"
2 o (a?)"
= In(1—2%)= —E , lzl< 1.
n=1 n
The radius of convergence R = 1 ]
z* + sin’y

2. Explain why lim does not exist.

(z,y)—(0,0) 2% + y2

var('x, y')
f(x, y)=(x"2+sin(y)"2)/(2+x"2+y"2)
plot3d(f(x, y), (x, -2, 2), (y, -2, 2))

BSol @ x=0, y-0(F yFS vt Yo Mo
o’ +sin’y lim 0* +sin’y _ lim

sin’y
im — Siny Y
(z,9)=(0,0) 22" +y z:002 02+ g0y

1

v
@ y=0, 2—0& z5& Pz A

20 59

2 +sin’y . 1:2+sin20_1. x 1

1m
(ry)—(0.0) 22° + 1 y=0 2024+ 0% 250222 2

D 3 @9 A= ue} 9HoR Tk v Skl tEue IH] EAfelA] ehet.

]
3. Find the velocity, acceleration and speed of a particle with the given position function r(t) =< 2 +1, 3, 2P —1>.
»Sol vit)=r'(t)= < 4t, 3%, 4t >
= alt)=1r"(t)=<4, 6t, 4>
= s(t) =)= vV (@4t)> + (32 + (4¢)* = vor' + 3242
http://math1.skku.ac.kr/home/pub/1355/ A
rt)= 2#t"2 + 1, t°3, 2%t"2 - 1) P
v=diff(r(t), t) #tve SEWEES, diffe v Este HEH o
a= diff(v(t), t) #at 7S EWEHTS
s= v.norm() #sE £59 37| norm()& ®WEHY =A7|E F3oh | /' 7090
pl = parametric_plot3d(r(t), (t, 0, 20), color='blue’, width= 2) 1‘0_1_0399‘0
show (pl)
r(t); v; a; s
Position Vector : Q2*"2 + 1, t"3, 2%t"2 - 1)
Velocity Vector : 4*t, 3*t"2, 4%t)
Acceleration Vector : 4, 6*t, 4)

Speed : Vot + 32t° ]


http://math1.skku.ac.kr/home/pub/1355

4. (a) Change from cylindrical coordinates (2, — £,4) to rectangular coordinates.

3

T = Cylindrical('height’, ['radius’, "azimuth’])
T.transform(radius=2, azimuth=- pi/3, height=4)

Answer @ (1,— v/3,4)

(b) Change from spherical coordinates (5, %,

Y

) to rectangular coordinates.

T = Spherical('radius’, ['azimuth’, 'inclination’])

T.transform(radius=5, azimuth=pi/3, inclination=pi/2)

V3,0) m

2o | o

Answer:

b | o

5. Find the volume of the sphere with radius a.

) SO| The sphere S= {1‘2 +y2 +2% < a2} can be described in spherical coordinates as {(p, o, 0)lo< p<a,0< <7106 271'}.

2T T a 2T T a
Then, sz / f p’singdpdeddo :/ / [%p?’sin(b} dep db
0 0 0 0 0 0

= ia"*/%fﬁ singdegdo = ia"‘f% [— cosp |7 do = g(ﬁfhde A m
3 0o Yo ‘ 3 ! 3 0 3 '

0

6. Find /[/ (x+1)dV, where £ ={ (z,y,2)] 0<z<1,0<y<uz, *y2£zﬁx2}.
E

» Sol http://matrix.skku.ac.kr/cal-lab/cal-14-5-3(new).html

var('x,y,z)

f(x,y)=integral(x+1,(z,-y"2,x"2))

g(x)=integral(f(x.y),(v,0,%))

integral(g , (X, 0, 1)) Answer : 3/5

///E(x_;-l)dv—/:/:/m: (x+1)dzdydx
= [ ey g
:/01/:(x+1)(x2+y2)dydx

:/0

z

(:L’+1)(:L’2y+%y3)

4 [t ;
dr = *f (2 +2%)da =
0 37

ot e

7. Find the equation of normal line: 3 (1,1, %)01]*1 T 2= fla,y) = tan”%Oﬂ ot Ay WA W Tl

1 1
»Sol f,(z,y)= = 21 ;o= LL)=g
1+(£) Ty
1 T T 1
fy(x’y)ﬂ(_z)_ 21 2 = fy(l’l):_E
N
Yy
olmE HBHY WHNE Lla—1)- L ly—1)— (=) =0, F z—y—2:+ S =00lck
T
c—1 y—1 ~ 4 ™
ide] WA —=d=—, = 2e-1)=-2(y-1)=—(:~7) o} =
2 2


http://matrix.skku.ac.kr/cal-lab/cal-14-5-3
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8. Find a partial derivative g—;: HEYAL 429+ 2 — 21In(zyz) = 0°] 28l A%

»Sol Flz,y,z)=x+2y+z—2In (zyz) = 0°]2} 31}

P lE_ 2 T2
TYz €T €T
F=a—2 i g 2 W2
2 -2
F.=1-2 Yy 12 Z A
TYz z z
r—2 2y —2
oz B @ 2e-2) 0z By 220 1) !
oz F, z—2 z(z—2)° oy F, ~—9 y(:—2)
z z

vy

9. T flayy) = o’ —y’ +327 + 3y — 9z ol izt YAHE BF FHhL L FoA I, FAZE FEA] T2 ARG hEstolet

) Sol http:/matrix.skku.ac.kr/Cal-Book/part2/CS-Sec-13-8-Sol.html

var('x, y") var ('x, y, Z) def extreme(f,a,b):
f(x, y)=x"3-y"3+3*x 243 %y 2-9%x fx,y)= X"3-y 3+3#xA2+3%y2-9%x FLI=difRfx,x)(a,b)
) 22=diff(f)y,y)(a,b)
p10t3d(f(x’ y)’ (Xa _53 5)’ (Ya _59 5)) fX:fdlff(X) ﬂZ:dlff(f,X,y)(a,b)
fy=f.diff(y) D=f11%£22-f122
fxx=diff(f,x,x) iRD>0):
355.0 . if(f11>0):
fyy:dlff(f’y’y) return "local minimum"
. fxy=diff(f,x,y) else:
cpoints=solve([fx==0,fy==0],[x,y],solution_dict=Tru if(f11<0):
return "local maximum"
e) else:
/ o0 " for sol in cpoints: return "inconclusive"
. if ((sol[x] in RR) and (sol[y] in RR) ): else:
int((sol Iiy]) if(D<0):
printi{so [X]’SO [Y] ) return "saddle point"
fole,y) =32 +62-9=0 = x=-3,1 el“ﬁf( )
if(D==0):
Iy (z,y) =— 3y2 +6y=0 = y=0,2 return "inconclusive"

webd AAH (-3,0), (-3,2), (1,0), (1,2) 5 Aot table = [["Crtical Point’, "Type’]]
f(x,y)= X3-y"3+3%x"2+3%y72-9%x

fmc (xay): 6x + 6, fgy =0, fyy :76y+6O]EE lexthoﬂ EH{S]'O:] E}%‘Tﬂf @O] %%3}@ fx=F.diff(x)

A point | A=f,. | B=f,, | C=f, | D=AC— B fy=tdiffty)
(_ 3 0) —192 0 6 — fxx=diff(f,x,x)
(— 3’ 2) —12 0 —6 ¥+ fyy=diff(f.y,y)
(1 6) 12 0 6 T fy=diff(f,x,y)
(1’ 2) 12 0 —6 _ cpoints=solve([fx==0,fy==0],[x,y],solution_dict=Tr
’ ue)
Critical Point Type for sol in cpoints:
; if ((sol[x] in RR) and (sol[y] in RR)):
( — 3,0) saddle point if ((so [X]l[n; ) ) and (sol[y] in RR))
a=sol[x].n
( 1,0 ) local minimum b=sol[y].n()
(—3,2) local maximum table.append([(sol[x],sol[y]),
extreme(f,a,b)])
( 1,2) saddle point

html.table(table, header=True)

Zrech,

o

Answer : f(z,y)=2°—¢* +32> + 3y — 92z = 2427 —5 T} 2k 31

10. [Green’s Theorem] Let C be the straight lines from (0,0) to (2,0), from (2,0) to (1,1), from (1,1) to (0,1), and from (0,1) to

(0,0). Evaluate /e”2dx+wydy.
c

» Sol Let Pz, y) =", Q(z, y) =xy. Then
_ oQ(z, y)  oPz, y) [ _ 3
fCP(% y)dz + Q(x, y)dy ff/D p» o dA —[/DydA —/U /U ydedy==2. m

YA

=Y

(2,0


http://matrix.skku.ac.kr/Cal-Book/part2/CS-Sec-13-8-Sol.htm

IV. (3+5= 8pt) Prove or Explain (Fill the blanks ).

1. Show that the function defined by f(z,y)= # . when (z,y) # (0,0) is not continuous at (0, 0)
T Y
0 when (m,y) =(0,0)
but its first order partial derivatives exist at (0, 0).
» Sol
WA f(z,y)7F (0,0) 014 o] ohdg Hola.
D 2x=0, yo0(= y= Ao Ha):
. . 0« . 0
lim — - —=lim— Y —=lim—5=0
(z.y)—(0,0) 2z° + 3y w:002 « 07+ 3y y—0 3y
y*)

@ y=2, 30 G4 y=oF ue} Yoz ¥

. . . . 1
lim 7;@ 5= hmifv2 - >=1lim £ =
(z,y)—(0,0) 22° + 3y v=a 2" +3z" -0 bzw 9

oluz, D 7 @9 A4S et APoR Tz Y Jeko] thEuE Jto] EAskA Rtk meby A4 ohck

ol

h 0
_ 2 . 2
el £,(0,0) = lim OO S00) 20 E3 00,
h0 h h0 h
0eh
— .02 2
£,(0,0)=lim L0000 _ iy 22 LI _ g ooz (0,000 fla,y)o) BEee 24
h—0 h—0
2. Find g% when z=z’Iny, x:%, y=u’+%
» Sol
0z 9z dx | 0z 9y _ 1 z? o _ 2vln (u? + %) 20°
0w ou Ty BT T B ST )
d a
X ¥
0 0 3/ \0
i LY Ll it
-'-‘-l-i—_-___
Figure 3
m The End. Have a nice winter break!



Appendix 1

Chain Rule C a I cu I us M a p Substitution Rule

4

Fundamental

| Theorem of Calculus

Antiderivative \',

Mean Value Theorem

¢ & ¢

Monotonicity Theorem Critical Point Theorem Taylor’'s Formula

8 Max-Min Existence
Derivative Theorem Definite Integral
ﬂ\

Integrability Theorem

Intermediate Value

Theorem

y

Fundamental Theorem of Green's Theorem
Line Integrals

v
‘ 7
ine Integra 5| Stokes’s Theorem

Multiple Integral

Gauss’s Theorem

Iterated Integral
Surface integral




Appendix 2

http://matrix.skku.ac.kr/Cal-Book/ http://sagenb.skku.edu/ http://matrix.skku.ac.kr/Mobile-Sage-G/sage—grapher.html

http://sage.skku.edu/

http://sage.knou.ac.kr/p://101.79.75.132) http://sage.knou.ac.kr/ (http://101.79.75.157)

var('t’)
X=2+2%t; y=-3%t-2

f(x)=exp(-2*x)
g(x)=f.taylor(x,2,4)
plot(f(x), (x, -2, 2))

solve(f(x)==0, x)
diff(f(x), x, 2)
integral(f(x), x)
integral(f(x), x, -2, 3)
limit(f(x), x=2)

limit(f(x), x=2, dir="+")
limit(f(x), x=2, dir="-")
limit(f(x), x=+00)

limit(f(x), x=-00)

a(n) = (()/10)™n

u(n)=1/(n*2"n)

R=1/rho; R

X = (3, 4, 5)
a=sqrt(x[0]"2)
b=sqrt(x[1]"2)
c=sart(x[2]"2)
d=sqrt(x[1]°2 +x[2]"2)
e=sqrt(x[0]"2 +x[2]"2)
f=sqrt(x[0]"2 +x[1]"2)

f.partial_fractions(x)
find_root((x), a, b)

a.norm()

r(t)=(t-t°3, t°2, 0)
dr=diff(r(t), t)
ddr=diff(r(t), t, 2)

var('t’)
r(t)=(t-t"3, t°2, 0)
dr=diff(r(t),t)

k=integral(g(t),t,-5,5)
S=integral(r(t), t)

distance=abs(a.dot_product(a)+d)/a.norm()

T=dr.dot_product(ddr)/dr.norm()
N=(dr.cross_product(ddr)).norm() / dr.norm()

# AR (AEsEAY)

parametric_plot((x, y), (t, -10, 10), rgbcolor='red’) # &4 Plot
var(‘a, b, ¢, d, X, v, z, 1, n') # W58 (Wi EA2)

# e A
# e A
# 3ol ez

implicit_plot(sin(x)-2*y==3, (x, -2, 2), (y, -2, 2)) # € Y=

# Solve WA 2 Zo]
# f(x)9] 24 =3
# xo B3 RAHE

# [-2, 3171419 AHE

§ 39
#93e

4 A3
# +infinity oA ¢ =g
# -infinity °lA¢ =g

limit(In(3*n)/In(5*n), n=+00)

sum(a(n), n, 1, +oo) # FFY AAL

rho=limit(abs(u(n+1)/u(n)), n=+00)

1}
L ECIEE
4 x 27 Ag

¢y 239 AY

4 2 %99 A7)

By
T

#
# [a, bl

ML
>

tololl A A T3}7]

a=vector(QQ, [2, -4, 3]);d= -2

# WEe] =27]
# A
# WESs A

#.dot_product()= W3
#.cross_product)= ] 4]
# AFAe (MAEFEA )

# e RS 4o

g(t)=sqrt((dr[0]"2+dr[1]"2+dr[2]"2).simplify_trig());

# arc length

# integral2 A& HH

v=diff(r(t), t)
a=diff(v, t)

# diffe to] & =5 Fae PHo
# diff(r(t), t, 2) o a® 7I&5E WES

# st £X9 A7), norm()> WE A7|E I

#v2eEt=2 4 1 £%

s= v.norm()
v2=v.subs(t=2)

a2=a.subs(t=2) #a2v t=2 4 o &=

pl=parametric_plot(r(t), (t, 0, 3)) # parametric_plotS W 7|¥ 43k 1
p2=line([r(2), r(2)+v2], color="red’) # line< AEE F A& ol AE
p3=line([r(2), r(2)+a2], color="green’)

show (pl+p2+p3)

var('x, y, z')

pl=implicit_plot3d(x"2+y~2==5, (x, -3, 3), (y, -3, 3), (z, -3, 3))

p2=implicit_plot3d(x*y==z, (x, -3, 3), (y, -3, 3), (z, -3, 3),

rgbcolor='green’, opacity=0.4)
show(pl+p2)

contour_plot(f(x, y), (x, -1, 1), (y, -1, 1), fill=False, cmap="hsv’,
axes=True, labels=True) # level curve 17|

var('x, y, z')

f=x*y+y*z"2+x%2"3

f.gradient() # Find gradient
integral(integral(f, x, 0, y), v, 0, ) # o]5H&

integral(integral(integral(f, x, 0, y), v, 0, 1,z0,1) # 453 &
var('r,theta’)
f=arctan(tan(theta))

integral(integral(f*r,r,1,2) theta,0,pi/4) # olFd%E (FFX)

T = Cylindrical("height’, ['radius’, 'azimuth’]) #cylindrical ->rectangular
T.transform(radius=1, azimuth= pi, height=2)
T = Spherical('radius’, ['azimuth’, 'inclination’]) #spherical->rectangular

T transform(radius=3, azimuth=pi/6, inclination=pi/6)

T=Cylindrical('radius’, ['azimuth’, "height’])
theta, z=var('theta, z')

plot3d(3*cos(theta), (theta, 0, 2*pi), (z, -2, 2), transformation=T)
vi=plot_vector_field((x+y,x), (x,-3,3), (y,~3,3), aspect_ratio=1) 4 EHIA=
plot_vector_field3d((0,0,1), (x, -3,3), (v,-3,3), (2,-3,3)) #3249 WA=
integral(f.dot_product(diff(r,t)),t,0,pi) # Line integral

A(xy,z) = Pxi+Q#j+Rxk  # A<l curl, conservative if curl(F)=0.

curlA=(diff(R,y)-diff(Q,z))*i+(diff (P,z)-diff(R,x))*j+ (diff(Q,x)~diff(P,y))*k
divA = diff(Px)+diff(Q,y)+diff(R,z)  # A ¢ divergence
integral(integral ((diff(N,x)-diff(M,y))*r, r, 0, 3), t, 0, 2#pi) # Green 3
integral(integral(curl(F).dot_product(-n), r, 0, 1),t, 0, 2%pi) # Stokes A&
integral(integral(integral(Div,0,3),y,0,2),2,0,1) # Divergence A &
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