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var('t’)
X=2+2%t; y=-3%t-2
parametric_plot((x, y), (¢,

var(‘a, b, ¢, d, X, v, z, r, n') # WA ] (A5 2])
f(x)=exp(-2#x) #34 Ae

g(x)=f.taylor(x,2,4) # "2y

plot(f(x), (x, -2, 2))
implicit_plot(sin(x)-2*y==3, (x,

IR
-2, 2), (y,

solve(f(x)==0, x)
diff(f(x), x, 2)
integral(f(x), x)

# Solve WA4 9|
# f(x)9] 274 =¥

#xol Bg RAAE

integral(f(x), x, -2, 3) # [-2, 317kA19 A E
limit(f(x), x=2) # =3t

limit(f(x), x=2, dir="+") # 953

limit(f{(x), x=2, dir="-") # A=

# +infinity o14<] 3
# —infinity °l1A ¢ =3

limit(f(x), x=+00) =3
limit(f(x), x=-00)

limit(In(3*n)/In(5%n), n=+00)

a(n) = ((e)/10)"n
sum(a(n), n, 1, +o0) # B9 A

n)=1/(n*2"n)
tho=limit(abs(u(n+1)/u(n)), n=+00)
R=1/rho; R

= (3, -4, 5)
a=sqrt(x[0]°2)
b=sqrt(x[1]"2)

)

# zxHIe A
c=sqrt(x[2]"2 # xz@wWIe] Ag
d=sart(x[1]"2 +x[2]"2) # x =39 Ag
e=sqrt(x[0]"2 +x[2]"2) 4y 239 Ag
f=sart(x[0]"2 +x[1]°2) # 7z =39 74
f.partial_fractions(x) # REES
find_root(f(x), a, b) #

# AFAY (AEFEARY)

-10, 10), rgbhcolor="red’) # &4 Plot

-2, 2) # €85 9=

[a, b] Abelol A 2As] F3}7]

a=vector(QQ, [2, —4, 3]);d= -2
anorm() # wE e 27
distance=abs(a.dot_product(a)+d)/a.norm()  # A7
r(t)=(t-t"3, t"2, 0)
dr=diff(r(t), t)
ddr=diff(r(t), t, 2)
T=dr.dot_product(ddr)/dr.norm()

N=(dr.cross_product(ddr)).norm() / dr.norm()

# dE%E A

var('t’)
r(t)=(t-t"3, t2, 0)
dr=diff(r(t),t)
g(t)=sqrt((dr[0]"2+dr[1]"2+dr[2]*2).simplify_trig());

k=integral(g(t),t,-5,5) # arc length

v2=v.subs(t=2) #v2e =2 ¥ W %

a2=a.subs(t=2) # a2t t=2 2 W /&%

pl=parametric_plot(r(t), (t, 0, 3)) # parametric

p2=line([r(2), r(2)+v2], color="red’) # linee A&¥S& F AL
p3=line([r(2), r(2)+a2l, color="green’)

show (pl+p2+p3)

var('x, y, z')

pl=implicit_plot3d(x"2+y~2==5, (x, -3, 3), (y, -3, 3),
p2=implicit_plot3d(x*y==z, (x, -3, 3), (y, -3, 3),

rgbcolor='green’, opacity=0.4)

show(pl+p2)

-1, D, (y,
# level curve 127

contour_plot(f(x, y), (x,

axes=True, labels=True)

_plot> vl 7| W4

-1, 1), fill=False,

#.dot_product()& WA
#.cross_product()= 9] %]

S=integral(r(t), t) # integral 73%3}5 o]
v=diff(r(t), t) # diff= toll el =3he Fake g
a=diff(v, t) # diff(r(t), t, 2) & ax 7tEE WE S

s= v.norm() # st £59 A7) norm()e WEHY A7) E )

2=} 2= fl%

ol =

H
P ﬁ'\f

(z, -3, 3))

(z, -3, 3),

cmap="hsv’,

L ( 2pt x 18 =
1. (
2. (

) Squeeze (Sandwich) Property: If a, <b, < c, is true for all n =55 and lima, 7hmc =L, then

36) Mark True(T) or False(F) in the blanks ( ).

) Archimedean Property : Given any real number x, there exists an integer /V, such that N, < x.

limb, = L.

n—co n—>co

3. ( F ) Monotonic Sequence Theorem: Every bounded, monotonic sequence is divergent.

o
=0, then the series Zfln converges.

n=1

4.( F ) If lima,

n—co
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1
5. ( ) The series ET converges if p > 1 and diverges if p < 1.
n

. a
6. ( ) Let Xa, and 3b, be series of positive terms. Assume that lim —= L > 0 exists.

n— 0o bn

Then Xa, converges if and only if >b, converges. >.a, diverges if and only if 2b, diverges.

7.( F ) A series 2 a, is absolutely convergent if > a, converges, but > la,| diverges.

. a
8. ( ) If lim —ntl ‘ =1, the Ratio Test is inconclusive; that is, no conclusion can be drawn on the convergence or divergence of Xa,,.
9. ( ) If lim {/la,l =1, the Root Test is inconclusive; that is, no conclusion can be drawn on the convergence or divergence of X.a,,.
. < f(k)((l) k. . .
10. ( ) The polynomial 7}, (z)= Z T(.L_ a)” is called the nth degree Taylor polynomial of f at a when R, (x) is the remainder
E=0 :
of the Taylor series of f about a. And f is equal to the sum of its Taylor series on the interval |z —al < R if and only if
HmR”(m) =0, for |lz—al<R.
1 < 9, 3 . -z z , 2t b .
M. (F) Weknow ——= Y z"=1+z+az’+2°+, forall z, and e" = Y, ~—=1+ -+ —+ -+, forall z in (—1, 1).
11—z = = n! 1! 2! 3!
ik a, a a; a a; a
12. ( F ) The cross product of a = (aj, ay, az) and b = (by, by, by) is the vector | @1 @2 a3 |= |2 Pli+| " *|j+]," ,°|k
b, by, by by by by by b, by

13. ( F ) The distance D from P; to the plane is equal to the absolute value of the scalar projection of b onto the normal vector n = (a, b, c)
In-b|  lax,+by +cz—dl
nl Va+bv+ ¢

And the vector orth,b =b — proj b known as orthogonal projection of b, is orthogonal to n.

(See Figure). Thus, D= |pr0jnb |:

n=l(a, b, ¢)

Po(x, Yo, 20)

P={Nn=proj,v
D=lpll

[ /
T mr+hy+cz+d=0//

Figure proj,b=t¢n
a; Gy ag
4. ( ) If a={ay,, ay a3y, b ={by, by, by), and ¢ = (¢, ¢y, c3», then a- (b xe)=|b; by by

c; C C3

15. ( ) If r(t) is a vector function and |r(¢)| = ¢, where ¢ is a constant for all ¢, then r'(¢) - r(t) =0 for all ¢.

. r'(t
16. () Let C be a smooth curve defined by the vector function r, and the unit tangent vector T(t) is T(¢)= ﬁ The curvature x of
ar
acurve ¥ is kK= |£ and we can compute the curvature as k= dar_ dt = T )] since AT _ dT ds If Cis
ds i ds ds | 1)l dt  ds dt-
dt

smooth curve defined by the vector function r, then the curvature x can be expressed as

(1) s ¢
()= T (t)’ rg(t)l
[r'(t)]
- , , , , . _ T
17. () The principal unit normal vector N(¢) (or simply unit normal) for a smooth curve in space is N(¢)= W

18. () Let f: DS R%— R. Then the graph of f is a set of points graph f = {(x,y,z)E R®|(z,y)E D and z:f(x,y)}. One way to
plot is to look at set of points (z, Y, f(x y) =¢) for various values of ¢, which is the intersection of the surface and the plane z = c.
The intersection is called the level curve at the level z = c. If we know these level curves for all values of ¢, then we can visualize the

surface z = f(z,y).



II. Bpt x 6 = 18) State or Define.

1. Choose 2 terminologies or concepts from each group (A, B, C) and state their meanings as much as you can.

A. @ Integral Test (@ p-series Test (3 Comparison Test @ Limit Comparison Test
(® Alternating Series Test ® Ratio Test (@ Root Test

The Integral Test

Suppose f is a continuous, positive, decreasing function on [1, o)

and let a, = f(n). Then the series ¥, a, is convergent if and only

n=1
if the improper integral / f(x)dz is convergent. In other words,
1
1) If / f(z)dz is convergent, then E a, 1s convergent.
1 n=1

i) If / f(z)dz is divergent, then Y| a, is divergent.
1

n=1

W p-series Test

. 1 . . .
The series 27 converges if p>1 and diverges if p < 1.
n

The Comparison Test

Let >a, and b, be series of positive terms with a, < b, for all

n > N, where N is some fixed integer.
@) If b, is convergent, then >a, is also convergent.
@) If >a, is divergent, then 2Ib, is also divergent.

[li=e/ =0 -~ The Limit Comparison Test

Let 2a, and 2b, be series of positive terms. Assume that

. a’[L .
lim-——=L > 0 exists. Then

n— 0 bn
2a, converges if and only if >1b, converges.
2.a, diverges if and only if >b, diverges.

W The Alternating Series Test

The alternating series

S (1), =b,— b, +by—b,+b; —b; -+, where b, >0 for all n.
n=1

is convergent if it satisfies
(i) b,y <0, for all n
(ii) limb, = 0.

n— oo

Definition 2

A series X a, is absolutely convergent if X la,| is convergent.

A series 2 a, is conditionally convergent if > a, converges, but

S la,| diverges.




The Ratio Test

. a . — .
(i) I lim o p< 1, then the series E a, is absolutely convergent (and therefore convergent).
n—> 0o n n=1
. . Ay 4 1 . Gy 41 . — L
(ii) If lim|——|=L>1 or lim |——|= o, then the series ¥, a, is divergent.
n— o n n— co n n=1
. Ay 11 . .. . . .
il m|——|=1, the Ratio Test is inconclusive; that is, no conclusion can be drawn on the convergence or
(i) If 1 o 1, the Ratio Test 1 ; that 1 be d th
n— 0o n

divergence of Xa,.

The Root Test

00

(1) If lim y/la,l = L < 1, then the series Z a, is absolutely convergent (and therefore convergent).

n— 0o n=1

(ii) I lim ¥/la,/=L>1 or lim }/la,|= o, then the series ¥, a, is divergent.

n—>00 n—oo n=1
(iii) If lim 4/la,l =1, the Root Test is inconclusive.
s

B. ® Taylor series and Maclaurin series (@ Gamma function : gamma (2, 1) @0 Arc Length @ Curvature

@ Limit of a function with two variables

Taylor’s Theorem with Remainder

Let f be n times continuously differentiable on the interval |z —al < h. Then

for all x in this interval,

n—1 p(k)
fo) = DI o+ &, )

(n)
where R, (z)= ! n'(é) (z—a)", for some point ¢ lying between z and a.

n (k)
The polynomial 7, (z)= Z f k-'(a) (x—a)* is called the nth degree Taylor polynomial of f at a, and R,(z) the
K=o K

remainder of the Taylor series of f about a. As an immediate corollary of the above theorem, we obtain the following

important result.

Let f be infinitely differentiable (smooth) on the interval |z —al < h.
Then f is equal to the sum of its Taylor series on the interval

|r—al< R if and only if limR,(z)=0, for |x—al< R, where

n— oo

R, (x) is given by in Theorem 2.

1 < . .
=" =1+a+a’+a'+, (-1, 1)
1-=z n=0
© e 2 P
T = = i R —t... —
E’HZJUT7,!’H1!+2!+3!+ ’ (=00, )
o L2t P T
Sll’l:L‘:nEU(—l)'m:l’—y"ry—ﬁ-‘r”-, (*OO, oo)
0 2n+1 3 5 7
X

-1 n x
n— _1 - = _7+
tan Z( VT 3t

n=70




12.3 | Arc Length and Curvature

Notice that for space curves r(t)=f(t)i+g(t)j+h(t)k,
W =1f @) itg @) i+n O kl=VIFOP+ g @)+ [ @)

and hence the arc length formula can be also be written as

L= /b\r’(t)\ dt.

Curvature of Curves

The curvature ~ of a curve r is the magnitude of the rate of

change of the unit tangent vector with respect to arc length. That is,

ar
ds

K=

where T is the unit tangent vector.

C. @ Cross product of two vectors @@ Cauchy-Schwarz Inequality @ Triangle Inequality @6 Projection

i ') ot (¢ r'(t) <t (t
(D Tangential and normal components of the acceleration vector, a, = % and ay = %

| Cross Product of Two Vectors

The cross product of two vectors a = {a;, ay, a;) and
b = (b, by, by) is the vector
axb = (a,by —azh,, asb —a;by,a;b, —asb; ).

The cross product of the vectors a = a;i+ayj +ask and b = bji+b,j+bsk can also be obtained as follows

i3] k
[¢2 Qs a Qs a Qa
axb=|a a as b2 bs i — b1 bs i+ b1 b2 k
bl b2 bg 2 3 1 3 1 2

or in the determinant form

i j k| < Unit vectors
axb=|a a a3| < Components of a.
by b, by | < Components of b

Continuity of Functions of Three Variables

The notions of limit and continuity for functions of three or more variables are natural extensions of those just considered.

example, a function w = f(z,y, z) is continuous at (a,b,c) if

hm )f(17y72):f(a7b76)~

(z,y,2)—(a,b,¢

For



IM. (2pt x 19 = 38pt) Find or Explain or Fill the blanks.

00 n
. . e . . . P
1. Determine whether the series E (E) is convergent or divergent. Find the sum if it is convergent.

n=1

. . . . e . ..
» Sol This is a geometric series and since —1 < E< 1, this series is convergent.

e:10*e
T

http://matrix.skku.ac.kr/cal-lab/cal-10-1-19.html
var('n’")
a(n) = (()/10)™n

sum(a(n), n, 1, +00)

Answer: -e/(e - 10) |

o0

n
2. Use In(1+z) = E (— 1)"71%., |z <1 to find a power series representation for f(r) = ln(lfa:?). What is the radius of convergence?

n=1

00 n

» Sol In(1—z)=— E%, lz| <1
n=1
2 S (*Iz)n
= n(1l-2?)=- Y " .zl < 1.
n=1 n
The radius of convergence R = 1 |

3. Obtain the 5th Taylor polynomial of f(z) around @, where f(z) = e **, a=2

5 pn) -4 —4 —4
» Sol T(z)= Efi(,ﬂ(x*ﬂ” =et—2eM(z—2) +2 *(z—-2)"— de (z—2)%+ 26—(1:7 )i— de (z—2)°.
= 3 3 15
var('x’) |
f(x)=exp(-2#*x)
g(x)=f.taylor(x,2,5) .

pl=plot(f,(x,0,4))
p2=plot(g,(x,0,4),color="red”, linestyle="--")
show(pl+p2)

print g ' : el

X |==> —4/15%(x — 2)"5xe™(-4) + 2/3+(x — 2)"4*e™(-4) — 4/3x(x - 2)"3xe™(-4) + 2#(x — 2)"2%e"(-4) - 2x(x - 2)xe"(-4) + e"(-4) W

4. Evaluate the indefinite integral / s1tnt dt as an infinite series.
sint 1 P ot
»sol == o gt ) S e gk
sint , . 18 14 B N ettt .
/ : dt=t 33!+55! +C =(—1) ontl) - (2n+1)!+ + C (C'is constant, Vt)

Also, we can get the result by Sage.

var('x")
f=sin(x)/x

g=f taylor(x,0,10)
integral(g,x)

Answer @ -1/439084800%x"11 + 1/3265920+x"9 — 1/35280%x"7 + 1/600+x"5 - 1/18+x™3 + x M
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5. Draw the surface of z°—y* =3 in R®.

» Sol

var('x,y,z")
implicit_plot3d(x"2-y"2==3 , (x, -5, b), (y, -5, 5), (z, -5, 5))

]

6. Draw the level curves(contour lines) for the function f(z,y)=4zye > %

» Sol
(Sage)

var('x, y')
f(x, y)=dsx*y*exp(-2*x"2-3%y"2)
contour_plot(f(x, y), (x, -1, 1), (y, -1, 1), fill=False, cmap="hsv’, axes=True, labels=True)

7. Determine the dot product and cross product of two vectors a =<6, —3, 4>, b =<2, 0, —3).
Verify whether they are orthogonal, parallel, or neither.

» Sol

a=vector([6,-3,4])

b=vector([2,0,-3])

c=a.dot_product(b)

d=a.cross_product(b)

print (c, d)
Answer : 0, <9, 26, 6>
They are orthogonal, . |

8. Find an equation of the plane through the point (2, -3, 4) and with normal vector (3, 3, 7), and find the distance from the point to the given

plane.

» Sol The equation of the plane through a point (IO, Yo Zo) with the normal vector n= (a, b, ¢) is given as:

alr—xg)+b(y—yy) +clz—2,) =0 when (g, yp: 20 )=(2, -3, 4) and n=(3,3,7).

= 3(@z—2)+3@w+3)+7(z—4)=0 S 3T +3y+T72=25
n=vector(QQ, [3,3,7])
d=-25

p=vector(QQ, [2,-3,41)
dis=abs(n.dot_product(p)+d)/n.norm()

var('x, y, z')

P1=implicit_plot3d(3#x+3#*y+7+z==25(x,-14,14),(y,~14,14) (z,-14,14) color="blue’ opacity=0.6) B -
show(P1) s
print (dis)

Answer @ : distance= 0 |



Q. Show that the curve with parametric equation z = t*cost, y= t’sint, z=1" lies on the cone 2’ = z’ +y2.
http://matrix.skku.ac.kr/cal-lab/cal-13-1-12.html

» Sol We have z°+3% = t*sin’t + t*cos’t = t* = z. a0 T

var(x, y, z, t);

pl=parametric_plot3d((t"2*cos(t), t"2*sin(t), t"2), (t, -pi, pi), color="red' );
p2=implicit_plot3d(z"2=x"2+y"2, (x, -10, 10), (y, -10, 10), (z, 0, 30), color="yellow', e “
opacity=0.5); ‘
show(pl+p2); . e
\'u'h‘ ‘{ P 657--
o9 EE/U;
10. Find the domain of the vector function r(¢)=In(4—#*)i+ %J-ﬁ- costk.
» Sol 4—1> >0 and t = 1.
= {{&R| —2<t<2and t=1}. |
11. Find r’(t) and draw the position vector r(t) =< cost, t > and the tangent vector r’(t) for the given value of ¢ = %
http://matrix.skku.ac.kr/cal-lab/cal-13-2-1.html
» Sol
var('t');
x(ty=cos(t);
yO=t;
r(t)=(x(1), y(1));
dr(t)=(diff(x(t), t) , diff(y(t), 1) );
dr(t)
Answer : r'(t)= < -sin(t), 1> &
51
t0=pi/4; al
p1=(t0); sk
p2=dr(t0)/abs(dr(t0))+r(t0);
p=parametric_plot((x(t), y(t)), (t, 0, 2*pi)); 20
utv=line([pl, p2], rgbcolor=(1, 0, 0), width=2); 1t
show( p + utv ); . .

>—-
<
n
o
i
-

12. Find the length of the curve r(t) =< 4t, 3cost, 3sint>, —5 <t < 5.

5
» Sol Find r'(¢) and s(t)= |r'(¢)| and L:/ s(t)dt.
-5

Using Sage) 30
var('t")
r(t)=( 4xt, 3xcos(t), 3*sin(t) )
parametric_plot3d(r(t),(t,-5,5)); show(p) .
dr=diff(r(t),t)
s(t)=sqrt((  dr[0]"2+dr[1]°2+dr[2]"2  ).simplify_trig());
length=integral(s(t), t, -5, 5) 235 .
length
Answer : 50 | oo oo

200 30

13. Find the unit tangent T(¢), unit normal vectors N(¢) and the curvature ~ when r(t) =< 5cost, 5sint, 4t>.

-8 -



http://matrix.skku.ac.kr/cal-lab/cal-13-1-12.html
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» Sol 1’ (t) =<—>5sint, beost, 4>, |r'(t)|= v/ (—5sint)? + (5cost)? + 4% = Var .

r'(t) 5 . 5
= the unit tangent T(¢) = — = <— sint, cost, 4>.
gent TW) = rior =\~ var " Var
T (t) 2 5 sint, 0) and [T (1) = —
= t)= <* cost, ———sint, > and t)=—F——.
Va1 Va1 Va1
. _T) .
Hence the unit normal vectors = N(t) = \T/(t)l =<—cost, —sint, 0>.
= the curvature = —lT, @)l = 5/ V41 = i
Ie" (¢)I Va1 41

Using Sage multi-cell) http://math1.skku.ac.kr/home/pub/1362/

Cell NO. 1
var('t’)
r(t)=(5%cos(t),5*sin(t),4+t)
Code | dr=diff(r(t),t)
s(t)=sqrt((  dr[0]"2+dr[1]"2+dr[2]"2 ).simplify_trig()); #dr.norm() = OK
show(s(t))
Answer NI
Cell NO. 7
T(t)=(dr[0]/s(t),dr[1]1/s(t),dr[2]/s(t))
Code
show(T(t))
Answer (=541 /41 sin(t), 541 v/41 cos(t), 441 /41)
Cell NO. 3
dT=diff(T(t),t)
Code d(t)=sqrt((dT[0]"2+dT[1]"2+dT[2]"2).simplify_trig());
show(d(t))
Answer 54141
Cell NO. 4
N(t)=(dTI0l/d(t),dT[11/d(t),dT[2]/d(t))
Code
show(N(t))
Answer (— /141 /41 cos(t), — v/141 /41 sin(t),0)
Cell NO. 5
k=d
Code | (t)/.s(t)
k.simplify_full()
Answer 5/41

14, Find the velocity, acceleration and speed of a particle with the given position function r(t) =< 2t + 1, tg, 2t —1>.

» Sol v(t)=r1’

(t) =< 4t, 3%, 4t >

= alt)=r1"(t) =<4, 6t, 4> = s(t)=Iv(t) = V(4)* + (32> + (4t)* = v/or' + 32¢°
http://math1.skku.ac.kr/home/pub/1355/

show (pl)

r(t); v; & s

r(t)= @xt"2 + 1, t°3, 2+t"2 - 1)

v= diff(r(t), t) #ve SEWES e diffs v Rk 9ol

a= diff(v(t), t) #ae 7HE = E e

s= v.norm() #se £%9 A7), norm()& WE S AV E F3t)
pl = parametric_plot3d(r(t), (t, 0, 20), color='blue’, width= 2)

Position Vector

Velocity Vector

@2*"2 + 1, t°3, 2*t"2 - 1)
(4%, 3*t"2, 4%t)

Acceleration Vector : 4, 6*t, 4)

Speed

sqri(abs(3*t°2)"2 + 2*abs(4%t)"2) [ ]

annnn s000.0

401.0

799.0
10 (3990


http://math1.skku.ac.kr/home/pub/1362
http://math1.skku.ac.kr/home/pub/1355

15. The position function of a particle is given by r(t) =< 2t, t, t> —4¢t> . When is the speed a minimum?
wsol vit)=r({t)=<21,2t—4>

sit)=|v(t)|= V22 + 12+ (2t—4)’ = V4t —2)2+5
. When t=2

, the speed is minimum.

http://math1.skku.ac.kr/home/pub/1358/
var('t")

r)=(2#t, t, t"2-4%t)
v=diff(r(t), t)

s=v.norm()

sO=diff( s, t)

solve(s0==0, t)

[t==2]

plot (s, (t, 0, 2))

0 0.5 T

Answer : t = 2

16. Find the projection proj,y of y onto X and a vector component of y perpendicular to x for x= (4,—1,3) and y= (3,1,— 2).

» Sol Since Y+ x=05 and |x|= /26, the projection of y onto X is

. y-x 5 10 5 15) . .
= = —(4,-1,3)= |—,— —,—
proj gy - XX 2% ( 3) (1 3 2% 26 and a vector component of y perpendicular to X is

:(g 31 767)
137267 26)°

17. Compute |al, a+b, 2a—3b and |a—b| where a=<5, —1, 3>, b=<{—1, 3, —2).

»sol |al= V5 +(—=1)*+32= 35
atb=<5, —1,3>+<{—1,3, —2>=<4,2,1>

2a—3b=2¢(5,—-1,3>)—3<¢—-1,3, —2>=<10, —2,6 »— < —3,9, —6 )= <13, —11,12)

la—bl =<5, —1,3>—(—1,3, =2>|=|<6, —4,5> |= V6> + (—4)* +5°= V77

18. Describe and sketch an equation for the surface obtained by rotating the parabola z =z

2 about the
Z-axis.

— 2 =
» Sol EEA z=z"& 2&3

=c By gy Y52 Uehtom,

o 1o
[
o
i)
s
xR

z=z?+y B FEH WS A

fin
Sa

5.0
var('x,y,z") 00 )
implicit_plot3d(z==x"2+y"2, (x, -5, 5), (y, -5, 5), (z, -5, 5), opacity=0.5) s

Answer : The equation is z = z° +¢° [ |

19. Describe and sketch the surface z = cosy. } ‘c“ I
http://matrix.skku.ac.kr/cal-lab/cal-11-6-4.html / “‘ |

» Sol yz—:-ia-oﬂ/\‘] z = COSy ‘% :l% —“;_—, m*—-i-,—% E}E} extend ":5‘_]_’1:4‘

7Z=C0S Yy
e
T T
var('x, y')
z=cos(y)

plot3d(z, (x, -2, 2), (y, -pi, pi))

_10_


http://math1.skku.ac.kr/home/pub/1358
http://matrix.skku.ac.kr/cal-lab/cal-11-6-4.html

IV. (3+5= 8pt) Prove or Explain  (Fill the blanks| ).

1. Show lim 27;;5 = %using (6— 9 or) €— N method.

» > Proof : V ¢ >0 [ Find NV (depending on ¢)] so that
277,*5_2‘: ‘ 2n—5 2n
3n 3 3n 3n

5 5
> . _ —_—
< ¢ for every n > N. If n>35 = 3n<€'

5
3n

m [Side Calculation] ‘

Let NV be any integer larger than 3i (follows from Archimedean Property).
€

= Then we have %< e for all n > N, as desired. |

2. Explain that the limit
3
lim
(z.y)—(0,0) " +y
does NOT exist.

» Sol Let x—0 and y—0 in such a way that y =ma. Then along this line

3 4 2
vy . mz® . ma” 0 _
o =lim—— 5 =lim———= =0
(z.9)—(0,0) =" +y -0 T +m-x -0 T +m 0+m

However, let 2—0 and y—0 in such a way that y = ma®. Then along this curve

l. mxﬁ m

=y
lim =lim —=lim =
(z,y)—(0,0) x6+y2 es0 28 +mi® a0 (1+m2)$6 14+m?
Since the limit of the function depends on the manner in which (z,y) approaches to (0,0), the function

3
flz,y)= w::-&-yyz does not have a limit at (0,0). For example, for m=1, f(x,y)%%. | ]

skeskosk skokskok ok sk sk sk sk sk ke sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skesk skesk sk sk sk sk sk stk stk stk stk kol skoskoskosk skl skoskok sk skok skolkoskok ok skokoskokorskok

Students presentation:

? WAL with Sage Sec-9-1 Sequences and Series, EAF°] by ©|9F http!//youtu.be/O6ylv5{JAOk
? A& T with Sage Sec-9-2 Tests for convergence of series with positive terms, ¥Z¢] by Z¥& http://youtu.be/1flIKAnlvOLA
*H A 23 with Sage Sec-9.3 Calculus of Alternating Series and Absolute Convergence, TA|Z°| by ZA#+7% http://youtu.be/XES]J9Hg_gbo

*H A 83 with Sage Sec-9.4 Calculus of Power Series, £A|&0] by ©|3&  http://youtu.be/zPnbn6n3blw
U Z 23 with Sage Sec-9.5 Calculus of Taylor, Maclaurin, and Binomial Series, E#1Z0] by ©]A4 http://youtu.be/IDnilOPtNaE

#1838 with Sage Sec-11.1 Three-Dimensional Coordinate Systems, A Z°] by ZE & http://youtu.be/_s_2T1VVob8

? U3 &8 with Sage Sec-11.2 Vectors, T4 Zo] by 2318 http://youtu.be/BFgh6irMqsc

#1838 with Sage Sec-11.3 Calculus of The Dot Product, EAZ°] by A&H http://youtu.be/qdKTqcazFEhw

? nA &8 with Sage Sec-11.4 Calculus of The Vector or Cross Product, ¥4&¢°] by #5% http://youtu.be/0OgtL8BqjU2c
#1838 with Sage Sec- 11.5 Equations of Lines and Planes, E4&9°] by &% http://youtu.be/IxuGE_FErthg

*1 A 83t with Sage Sec- 11.6 : 12 2% ZAA3 &

? PDF : "8 &% with Sage Sec-12.1 Vector-Valued Functions and Space Curves, EAIE0o] by H%¥ http://youtu.be/jvMI60zdR_I
? PDF : 9|3 &3 with Sage Sec-12.2 Calculus of Vector Functions , =AZo] by ZE5& http://youtu.be/VS5:PyQjP2I

*« A 83t with Sage Sec-12.3 Arc Length and Curvature, EAZo| by ©]&$&  http//youtu.be/w-Rdez7vg24

*«H) 2838 with Sage Sec-12.4 Velocity and Acceleration, E4|Z¢] by ©|23 http://youtu.be/JigB5XN3LI4
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http://youtu.be/XESJ9Hg_qbo
http://youtu.be/zPnbn6n3b1w
http://youtu.be/IDniIOPtNaE
http://youtu.be/_s_2T1VVob8
http://youtu.be/BFgh6irMqsc
http://youtu.be/qKTqcazFEhw
http://youtu.be/0gtL8BqjU2c
http://youtu.be/lxuGE_Erthg
http://youtu.be/jvMI6OzdR_I
http://youtu.be/VS5rPyOjP2I
http://youtu.be/w-R4ez7vg24
http://youtu.be/JlgB5XN3LI4

Chain Rule

Calculus Map by SGLee

Substitution Rule

Antiderivative

Fundamental
Theorem of Calculus

¥

Mean Value Theorem

¥

!

A\ 4

Monotonicity Theorem

Critical Point Theorem

Taylor's Formula

v

Max-Min Existence

Theorem

R

Definite Integral

Intermediate Value

Theorem

Integrability Theorem

AN

Partial derivative

Gradient

Fundamental Theorem of
Line Integrals

Power Series

Infinite Series

Multiple Integral

Green's Theorem

Gauss'’s Theorem

Directional Derivative

Iterated Integral

Stokes’s Theorem

Surface integral
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