Spring 2013, Calculus |, Midterm Exam Sign

Course Calculus | with sage GEDB020-42 Prof. Sang-Gu Lee
Major | Year(3tt) | | S.N(3HH) | [ Name |
# Notice (T&Y 7ALE) Score ( 150 )

1. Write your name and get the signature. Efet Z-AIMoll 0|2 Sg wE g0l 7|Ystn USAl ols woxe | PBL | EXAM
2. Keep your Honor code. If not, serious penalty will be given.
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var(‘a,b,c,d’) # HEHO| integral(f(x), x) # HH™ME
limit(f(x), x=a) # 25t integral(f(x), x, a, b) # HEHE
limit(f(x), x=a, dir="minus’) # zp2st plot(f(x), (x, a, b) # St=0o| Jg=
limit(f(x), x=a, dir="plus’) # =3t implicit_plot(f, (x, a, b), (y, ¢, d)) # sk Jpj=
limit(f(x), x=+00) # BstCjoflAM2e] 23t | find_root(f(x), a, b) # LA F517|
limit(f(x), x=-00) var('t) # ol (D71 EH =1 Af)
solve(f(x)==0, x) # Solve HIHAl E0| | x=2+2*
diff(f(q), x) # Eoh y=-3*t-2
diff(f(x), x, 2) # 274 £ parametric_plot((xy), (t, -10, 10), rgbcolor="red’) # %! Plot
L ( 2pt x 12 = 24) Mark True(T) or False(F) in the blank ( ).
1. ( ) If 111113 f(z) and £1£12 g(z) exist, then £1£rul ch(ﬁ) = f;;m also exists.
2. ( ) If f(m) has a local minimum (or maximum) at x = ¢ and f/(c) exists, then f/(c) =0.

3. ( ) Let f be continuous on [a,b]. Suppose a < f(a) <b and a < f(b) < b, then there exists a number ¢ in (a, b) such that f(c) =c.

b b
4. ( YIF f(z) < g(z) for all @ < x < b, then / flz)dz < / g(z)dx.

b
5. ( ) If /f(r)dxzo, then f(z)=0 on [a, b].

6. ( ) Suppose that f is continuous on the closed interval [a,b] and let N be any number between f(a) and f(b), where f(a) = f(b).
Then there exists a number ¢ in (a, b) such that f (¢)=NMN.

7. ( ) The most famous application of the use of hyperbolic cosine is to describe the shape of a hanging wire. If a heavy flexible cable (such
as a telephone or power line) is suspended between two points at the same height, then it takes the shape of a catenary curve with equation

Y= c+asinh(z/ a), which uses the hyperbolic cosine. (The Latin word catena means “chain.”)

8. ( ) Let f be a function whose second derivative exists on an open interval 7. If f''(z) < 0 for all  in 7, then the graph of f is concave

downward on /.

9. ( ) Let C'(z) be the cost function of producing z units of a certain product. Then the marginal cost is the rate of change of C'(x) with
respect to x, that is, the marginal cost function is C' (). The marginal cost function is C'’(z) represents the cost per unit when  units

are produced.

b
10. ( ) If f (z) is not continuous on [a, b], then there is no &€ € [a,b] such that / flz)de = f(€)b—ua).

T
11. ( ) If f is not a continuous function on la,b], then F(z)= / f(t)dt is not continuous on [a, b] and F(z) is not differentiable on (a, b ).
a

b
12. ( )Letfbeacontinuousﬁmctionon[a.,b].SupposethatFiscontinuouson[(L,b} and that ' = f on (a,b). Then flz)dz=|F(b)—F(a)l.

a



II. 3pt x 5= 15) State or Define.

1. Choose only 2 terminology or concept and state its meaning as much as you knows.

Extreme Value theorem, Intermediate Value theorem, Fermat’ s theorem, Mean Value theorem, Squeeze theorem,

Fundamental Theorem of Calculus, [differential(W]%), dyl, [linear approximation(A1¥AP], [Riemann Sum (]%3H)],

[convexity (B5A))], [inflection point(H=+73)], [Chain Rule(14112])], [Differentiation of Implicit function(3r4=2] w]&%)]

» Sol (1)

@

2. Discuss a geometric and physical interpretation of f "(z).

» Sol Geometric interpretation :

Physical interpretation : ‘ ‘

3. Choose 1 definition, and state in your words what it means.

Vocabulary Intuition Mathematics

oE foralle> 0,
lim f(x) =1, j_ & f(x) approaches L there exists N > 0
x—c

"""""""" as x grows without  such that
limit at infinity

L
t

bound if x € (N, =) then

)] X e —¢ L+e¢)
fis continuous at  the graph of fdoes
o not have any jumps lim f(x) = f(c)
Al or holes at x = ¢ S
@

f has a well-defined

f is differentiable )

tangent line . fle+i)-flo) .
atx=c (with finite slope) F I exlits
3) atx=c¢
b f e Tt
J- f(x) dx, the signed area < positively f flx)ydx =}3er010 k% flxH)Ax,
“ e between the graph b e
the definite integral offand the x-axis |2 where Ax = =5
f X =at —b . X =4 =12 kAI,
4) Offon [al b] RS E];‘:f;t;ea and e [xk_l, xk]
negatively
» Sol
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4. State the Procedure for Newton’s Method.
» Sol Let us consider the graph of y = f(x) and we want to solve f(x)=0. We start with the (proper, 3ol 53] 7}7k2) initial approximation
x,, which may be obtained by just guessing, or examining the graph of f. Then we use the tangent line L to the curve y = f(2) at the point

(w], f(x] )) to approximate the curve and look at the z-intercept of L, labeled x,. The equation of the tangent line L is

y—f(ml):f/(:pl)(w—wl). Thus, we obtain O—f(xl):f/(xl)(EQ—wl). If f’(xl) # (0, we can solve this equation for z,: z, = 2| —

Under certain conditions, x, is usually a better approximation to the solution than z;. Then we repeat this procedure with z; replaced by z,, using

the tangent line at (., f(x,)). This gives a third approximation: x5 =z, — Continuing this process obtains a sequence of approximations

T4, T, Ty, ... as shown in the Figure. In general, if f’ (z,) 0 then we have z, , =z, — . The number z, becomes closer and

closer to the solution if the sequence {wn} converges as n—co. We note that if f'(x,)—0 then the sequence may not converge. In this case, we

have to choose a different initial x;.

. " 1 1 1 1 oo
5. State what you know about the number ¢ = [im (1+ %) =1+—+ + + + -+ =~ 2.71828:

N> oo 1 1-2 1-2-3 1-2-3-4

» Sol The number e is an important mathematical constant, approximately equal to 2.71828, that is the base of the natural logarithm. This number

. . . . . . 1 1 1
arises in the study of compound interest, and can also be calculated as the sum of the infinite series ¢ =1+ —+ ——+ + + -

1
1 1-2 1-2-3 1-2-3-4
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IM. (3pt x 13 = 39pt) Find or Explain or Fill the blank.

1. State the Sage command that plot the implicit function 72? +4.7:y+4y2 —23=0 (—4=zx=<4, —4=<y=<4).

var(‘x, y)
f=
implicit_plot(f, (x, -4, 4), (y, -4,4))

2. The followings explain that the equation sinz = x cosz has

at least one real root on [7r,3/ 277] using Intermediate Value Theorem. 0

var('x")
f(x)=(x)*cos(x) — sin(x) 1
plot(f(x), x, pi, (3/2)*pi)

| print £(pi), £((3/2)#pi)

» Sol i, 1

3

Since f(x)=(x)*cos(x) - sin(x) is continuous on [r,3/2x] and f(x) <0< f((3/2)*x), using Intermediate Value Theorem,

there exist at least one real root of the equation sinz =z cosz on [m,3/2x].

find_root(f(x),

» Sol  4.493409457909064

5 1

3. Find f(0), which make f(z)= (1+27) ™ be continuous at x = 0. [Hint: Use lim (1+ZIJ);: e]

z—0

5

» sol If f(z) is continuous at z=0, f(0)= limf(z)=1im (1+z*) @ =

z—0 z—0

. f(()) = 0,

Sage W#H o]

x=var('x") # W AA

limit((1+x°2)(-5/(x"2)), x=0)

4. We plot the graph of the derivative of f(z)= % (1 < x < 5) using Sage below.
3L

var('x") # M A4

f(x)=(sin(3%x))/(x*(x~1)) # 3 o9 2

df(x)=diff(f(x), x) # T3k Ak 1k

plot(df(x), (x, 1, 5), ymax=3, ymin=-3, color="red’) # =%t L=z 12]7] : ‘ B e 2

1 15 2 2.‘3\_3/33 4 e

alk

The graph intersects the z-axis at x = 1.2, 2.5, 3.6, 4.7. Sl
sl

(1) Find intervals on which f is decreasing.
»sol  f'(z)<00°] HE F3IA & f(2)7} st

B2 Q] TEEolA
' (@)7F 2% ofgloll Yxeh= WHE Zow Hrk.

(2) Find z at which f(z) has local extreme values
» Sol f(@)7r EA8A LAY £ (z) = 00°] F= critical points (YA17)<]
oA w34 fl(@) el #el (+) - (=) o1 Fd, (=) — (+) o™

14

27} "k
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5. lim w: 4. Find f'(0) [Hint: Use the definition of f'(0), lim w: 1, the properties of limits.]
x—0 x r—0
sl A=lim [.f(x)—f(g)} sin2z _ . f@)—f@©)  sin2z 5
20 x 20 x 2z
= 2 (lim L&) =1 g5, sin2e ) 277(0) « 1=2f(0) (- the definition of f'(0))
z—0 z—0 z—0 2x

6. Find the limit using natural logarithm and L'Hospital's Rule
1

lim (cosz) ™

r—0
= 1 In (cos )
» Sol Let y= (cosz)®” = Iny=—5In(cosz) = %
_ sinz
. . In(cosz) . cos 1,. tanz 1,. secz , o
= limlhy=1lim 5= lim =——lim =——lim——— (- L'Hospital's Rule)
z—0 x—0 x z—0 2z 2 z—0 2 z—0 1
1,.
= — = limsec’z=
z—0
= In(limy)= (s continuous ft.)
r—0
1
lim (cosz)* =
0
dy
. s . . . . T —2 . t 2
7. The tangent line at (0,—=) of parametric equation x = tcost, y=tsint, t >0 is ——=—"(x—0) since —— = ——.
2 2 T dr T
dt ,,g
Find the speed () and velocity (%52) at ¢ = g
» Sol At (0,7-), the speed (%1%) = (di gy )= and velocity (£2]) = i-‘r 1
g /e e sheed i dt’ dt YRy
8. Use differential to approximate +/98 .
. dx 1
» Sol Let f(z)= vz .Set =100 and Az =—2. Since df ~ Az, df = —— we have df|,_ 5, =— —.
2V 10
199

= /100 — E: 10 9.9.

Hence approximately, /98 = f(100+ Az) =

9. A closed cylindrical can is to hold 500em® of liquid. Find the height and radius that minimize the amount of material needed to manufacture the

can.
. |4 L »
» Sol m°h="500 and h= ‘JOS 60 y
o y
) 5 .. 500 1 i
S=27mr"+2nrh = 27wr" + 2—— '
r 20| )
,_ 1000 i
= 5 =dnr 2 10 5 HE 10
Let §'=0 2o i
]
500 2|/ ol .
=r= and = > Y 0(—) % !
7(250/7) !
http://matrix.skku.ac.kr/cal-lab/cal-4-4-exs-5.html o8
dE
ERCsy v
f=2+pixx"2 + 1000/x
P= plot(f,x, xmin=-10, xmax=10, ymin=-60, ymax=60)
df=diff(f, x) h
Q=plot(df, x, xmin=-10, xmax=10, ymin=—-60, ymax=60,linestyle="--", color="red’)
solve(df==0, x) # (001
numerical_approx( (250/pi)~(1/3), 100) # 4.3 - ~
show(P+Q) -
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10. If P(z) is the total value of the production when there are z workers in a plant, then the average productivity is

Find A’. Explain why the company wants to hire more worker if A (z)>0 ?

» Sol A'(z)=

If A'(z)>0, then P'(z)z—P(z)>0 (. 22>0)
P'(x) is the rate of productivity.

P'(x)—@>0 (v x>0)
P(a)> 2]

11. Evaluate the area covered by y* =z +2 and z—y=0.

» Sol Consider z =y and z=1>—2. Area is

/:{y— (y? —2)}dy= /:(y—yQ +2)dy

1, 1 :
_[27 CEAEI I

_4 8 1 1., 9 >
B R R S / {y—(y? —2)}tdy
-1
Sage :
var('y’)
integral
Answer :  9/2
12 % is an anti-derivative of f(z). Find /f(m)f’(;r)dx. [Hint: Substitute « = f(z) and du=f'(2)dz]
. sinz ), cosz(1+asinz)—sinz(sinz+acosz) _ cosz—sin’z
o) =[S} nz(s - cose—sin’y
1+zsinx (1+zsinz) (1+zsinz)

/f(x)f’(x)dx: /udu:

13. A honeybee population starts with 30 bees and increases at a rate of n(t) = 3 — 2t bees per week. How many honeybees are there after 10 weeks?

» Sol Since the net change in population during 10 weeks is , the total number of honeybees after 10 weeks is

30+ 2400 = 2430.
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IV. (4pt x 4 = 16pt) Prove or Explain (Fill the blank).

1. limz®+2z—8=—9

z—>—1

»Sol V ¢ >0 [ Find § ] Let 6=

If0< |z+1l<d, then |f(x)—(=9)l=]z®+22+1l=
[Side calculation] f(z)— f(—1) = 2*+2z—8+9 =2*+2z+1=(z+1)> . M

xr - T —x

. e —e e +e
2. Show Sll’lh.’E:T, COth:T and tanh z =

@

sinhz  e"—e”

d
coshz " te @ implies %(Sech z)= —sechx tanh z.

Proof :

3. If f is a continuous function on [a,b], then F(z)= / f(t)dt is continuous on [a, b] and it is differentiable on (a,b) and F'(z)= f(x)

_ r+ Az T
Proof : Let x be a point in (a,b). w = i{f f@)dt — f f )dt}
1 z+ Az
= A_l f (t)dt.

T

1 z+ Az
By Mean Value theorem for integration, there exist & in [z, x+ Az] such that A / f)at = f(&)

, . Fla+Az)—F .
Since £ — x as Az — 0, and f (z) is continuous. F'(z)= 11mw: lim =f(z).
Az—0 Az Az —0
Y
€1
4. Find LUE Inx
1 T y=—
1
e
» Sol The integrand suggests using u = Inz, so then du = dz/z.
Now when x =1, u=In1=0 ; when z=¢, u=1In e=1.
0 1 e x
Thus ln—T T =
Lz
Figure

(QnA Participation, 4pt) write one good example of your Note or Solution or Answer in QnA.

(Bonus, 2pt) what you have newly learned and improved from our Honor Calculus with Sage?
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wwee [FHA]] Honor Calculus Spring 2013, Midterm Exam <
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var(‘a,b,cd’) # Bl=H™ 0| integral(f(0), x) # HHEMB
limit(f(x), x=a) # 23t integral(f(q), x, a, b) # MME

limit(f(x), x=a, dir="minus’) # zp2st plot(f(x), (x, a, b) # gh=0| Tz
limit(f(x), x=a, dir="plus’) # 3% implicit_plot(f, (x, a, b), (y, ¢, d) # et Jejm
limit(f(x), x=+00) # BSiCjo)Ale] 23t find_root(f(x), a, b) # A #5}7|
limit(f(x), x=-00) var('t) # HEHo| (Of7HHFLFHA)
solve(f(x)==0, x) # Solve WA E0| x=2+2*t

diff(f(x), x) # D8k y=-3*-2

diff(f(x), x, 2) # 24 &k parametric_plot((xy), (t, -10, 10), rgbcolor="red’) # %l Plot

L . o ) Definition of the Hyperbolic Functions2)
Derivatives of Inverse Trigonometric Functions!)

xr - xr —T

. e —e e +e
A (sin )= — (e lp) e L sinhz = ——— cosh = ————
dz Vi—g2  dx o2 —1 2 2
d Sy 1 d I 1 tanh @ = sinhm: et —e * coth = = CQth: e“+e *
dx (cos™'z) -2 dr (sec ') = e —1 coshz P4 @ sinhz ¥ —¢™ 7
d _ 1 _ 1
7(‘[ IL): p f(cot 11'):—7
dz 1+ 2* d 1+ 2* sech z = L 2 csch z = L 2

coshe e?4e * sinhax ¥ —¢™®

The graphs of the hyperbolic sine and cosine can be sketched using graphical addition as in Figures 8 and 9.

¥
Y 1
1. . y=
y=5€‘\ y=sinh.x
0 X
0 X
N Lo
y=-ze
y=-1
0 X
=qi — 1 x 1, — coch v = 4 o 1 - y = tanh
y=sinhx= je'— Je y=coshx=7e"'+ e y = tanh x
Figure 8 Figure 9 Figure 10
Derivatives of the Hyperbolic Functions
d , . d
——(sinh ) = cosh z —(cothz)= —csch®z
dx dx
d . d
—(cosh z) = sinh « —(sech ) = —sech z tanh =
dx dx
d 2 d
——(tanh ) = sech? z ——(csch )= —csch z coth z
dx dx

Definition of the Inverse Hyperbolic Functions
Derivatives of the Inverse Hyperbolic Functions

sinh 'z=In(z+ vVa’+1) (zER) g
R 1
cosh 'z=In(z+ Va®—1) (z>=1) —(sinh™'2)= —— (z€R)
1. 14z du Vita®
tanh 'z=—_-In— (lzl<1) 1 1
2 T 1—=z —(cosh™ ') = ——— (z>1)
. 1, z+1 d -1
coth™ 'z = ZIn—— (lzl>1) d 1
* . d—(tanh’lx): 5 (lz] < 1)
. 1+Vi—z v -2
sech Izlnf (0<z<1) d( ) 1 ( )
—(coth™ 'z) = 2] >1
1, V1—2? dx 1-a?
cschz =1n ;+T (z=0)

1) http://www.math.ucdavis.edu/ kouba/CalcOneDIRECTORY /invtrigderivdirectory/InvTrigDeriv.html
2) http://en.wikipedia.org/wiki/Hyperbolic_function
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