(2003. 6.12 124 ~134) Matrix Theory 3 @ £ (Final)
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[ i I Vi v e =
(2:0=18%) | 3+8=24% | 4+6=24%) | 5+5=25% 9% (100%)
A A8

L g2od (T) or 89 (F) & AL,

(F) 19859, =(1,1,1,1), v,=(0,1,1,0). v3=(1,0,0,1) & R* °IA 13 FHelth.
(T) 2 F4 A 9 its row-echelon form U ° tfsl] F7+ R(A)=R(U)°Itt.

( T ) 3. Every permutation matrix < orthogonal ©|t}.

(T ) 4. WAFZFeEY] orthogonal 3 nonzero WEHE9 S FxA o

( F) 5. HaFAdA nab A4die] 84 A7F &4 ste] ()85 E3ste]) il
#s 7Hd Uk

( F) 6. If A and B 7} diagonalizable ©]™, ABX diagonalizable ©]t}.

(F ) 7. If B is obtained from A by interchanging two rows, then B is similar to A.

( T ) 8. Any square matrix is similar to a triangular matrix.

( T) 9. A matrix A cannot be similar to 4+ 7 .

II. ofg] <99 RIZE AF-A L.
(1) Real valued 3% 7: M, (R)—R 7} ot&ll 37k4 42& w5314 (The)

determinant <2t b if (R 7 ()= 1 (R2) &4e] o] npyH
g f #el F3 7F vbth R3) o= AA Aol i HY Frolth
(2 8 A=[7]°Z “TY matrix representation w.r.t basis a and B where
A R R i R E
A=[T15=[1TCo )l | | LTCo )] Dy, % T

53] [Id)% & a°lA BR9 transition (or coordinate change) 3 olg} gt}

(3) Cauchy-Schwarz F52o=2R¥E 1 < ﬁ*ﬁ <1 = 545 Z2A 9 oA
u v

cosO = mﬁ He F9% + 0 [0, 18 ust v Alele] ZtE(angle, AFo]Zb)e]
v

et gt
(4) A2 (Gram-Schmidt B4 s} 374

~—

S [e]
;S?:IL S={ X1, X9, Xm}i

AAZ e Rrel dobd BRI ek a4 2w gRYE Qojz

AMARNA T=( 2,, 24, 2,)7t Wol ALk 4714,
2, = YV o (i=1,2,,m) o] i
Iyl
B _ : _ X9, 912
V1= Xyp» Yo —'X2'_'prCU<:n > Xg = xZ - < yl .y1> yl
_ . _ %3, 91> %3, Y20
V3= X3_prOJ<Y1,Y2> X3 = X3 <y1,y1> > 17 <y2! y2> Y2



i—1 <x.’ y> .
vi= X~ 2 Z vy, (i=4,-,m)
= <V, Vp

(5) Full rank zZt= A o W3k Ax=b 9] normal equatione ATAx=A7%p °]t}. -2%—
o] W29 the only least square solution & x =(A’A) 'A’p oIt

aa b ¢ A 9 column space C %2 29] projection ¥1H p & p = Ax, °Ith

T pe=Ax,=A(ATA) IATDH oItk o7IA p=A(ATA) ATE
the projection matrix for the subspace C of R" °¢]&} gt}
6) DAY EL AAT =1=A"A°12 FUBHAFE = AA* =], = A*A°Ith 71A
A®l A# A A WA (conjugate transpose) A*E A*= AT=[ a,; 1,., It
(M A7 A9 af#d W sAAHEEA (A, —-A)x=0° AFHS Aol &
A®l _ dfr&iHeigenspace) olgtal @t o] Al tEdtE A9 AFHE S ot
s Folth o] WMo LS Ao td 7184 FE = (geometric multiplicity)2}
gt

(8) (Schur F&E MEatrlL) dole] 5 o] AL 5, He] (L) &
A deomehs (A AA3d ) 3 fuEe] Gaoltt

III. Find or ¥IZFS A=}

1. Let Ax) and g(x) be continuous real-valued functions on [0,1] & wf, #EF3t

2
o)A WAE (o = [ Aogwas = B [ [ fogiar] = <se el

1 1
[[ Fwal [ swa] = g mz
Cauchy— Schwarz °1'-* (| Cu, vX|<1dl[lol] )l <13k
fogd? < (fiplg g ©la mEbA

[, soa] =[ [ wa [ e wa] o

2. Find the volume of the three—-dimensional tetrahedron in R? whose vertices
are at (0, 0, 0, 0), (1, O, 0, 0), (O, 1, 2, 2) and (O ,0 ,1, 2).

100
096
06 5

o] ATA=

:\22 = 45-36= 9

100
096
065

1
Vol(A) =% Vet (ATA) =5 V9 =%><3=1 “vol(A) =

3. Find an orthogonal matrix Q and a Jordan Canonical Form J such that Q TAQ=] for
-3 2 4
A=| 2 -6 2
4 2 -

Solve) det(M 43— A)=A—2)(A+T7) 2 . LHFHS A =2, A,=—7 otk



1
= X2=[_ , X3=[ 2| ©132 Gram-Schmidt A 7f 2 w8}7}4 & o] -§-35H
0 1]
1 ]
V5 0
7 _ X2 _ | =2 - X3—(x3- 29z, _| =2
? I'x 2l V5 ’ I x3—(x3-z3z,l E
V5

2 1] |1 2046 —1023
0 —3 2| |0 4093 —2046

0 1024 1 -
= 1 2048
*

o 1 2046 —1023] | 2 1025
CATX = |0 4093 —2046| | 4] = | 2050
—20 —2
5. Find a full set of generalized eigenvectors ¢ Jordan <38 of A=| -1 1 —
0 1 —1
Sol) det( A—MN) =—ANA+1)2=0 A =M =—1, A =0 o= ¥
—10 —2
O A=—1 (F5E= 2) A—AN=A+T=| -1 2 =2
0 1 0




rank(A+ D=2 (A°] 7 WA Y2 3 WA Y} Al HAA Po] Ax} Ao

GER A 5 9o, R AA @3 F uA B3 93 57)

(A+D*x=0 and (A+Dx+0

-10 —2][4 —x—2z
(A+Dx=|—12 —2| |y =] —x+29—24 0
0 1 0 v
—10 — —10 —2|]« 1 =2 214
(A+D*x=|—-12 —2/| =12 =2/ |y =| -1 2 —2[|y =0 -4%-
0 1 0ollo 1 0 -1 2 -
1 -2 2 1 -9 9
A -1 2 -2 9 RREF= |0 (0 0f°l=2=
-l 2z - 0 0 0
x—2y+2z=0°"t= £1E& & 5 3

7)o yxpole 1S A mHA A= —1°l tF generalized eigenvector

o Sz x,=(0,1,1) & BT F Ak

LB
—10 —2[|0 -2
Al
0 1 0

x1=(A+])x2=

fxp=(—2,0,1), 2= (0,1,1)
@ A=0 BF LHAEE Lx=4—-1,1,D(eR) WA x3=(-1,1,1)

-.a full set of generalized eigenvectors of A is

-1 1 0
{x:=(=2,0,1), 2,=(0,1,1), x3=(—1,1,D} and JCF = J,_| 0 -1 0}-
0 0 0

6. JCF A¥ 7.11& y,=n—rank (A—\,J) o3, A j5 1l oisf,
7; = rank ((A—=N1) 7Y — rank((A—?\l»I)j)‘j/]' S| Aol OiE A = 7; of 93
of  ¢kds  AAR HolErh oAl Fojx 15x  dH A9 EAWAA

det (A—A)=(A—=1)°(A—2)6el® A, o te9xg Jordan EFAFH A, £ L ¢ Jordan

o

block®] 7§=¢1 4= 73 2} Jordan block®] ZL7]&°l ¢sto] kdstA AAdAT. =, A, dhal

7’1:4, 7’2:3, 7’3:1,7’4:1 2 }\ioﬂ e d T¥E 192

Jordan #F% J, & Folet.



A; 10 00 000 0
0N 10000 D00
00X 10000 0
00 02X, 0000 0
Ja=10 00 0 X100 0
00 000X OO0
0000 O0O0RXN 10
00 00000 X0
00000000 NXNJ,,
Review (33hd o] @ut @ -5 ~ 14 ) t}g nEAg2s Zolg -5%-
2= 22" —5x +6x=0 1
0 1 0 0 1 0
E A A=1| 0 0 1 =[ 0 0 1}94 AR
—ay, —a; —a, -6 5 2

1 1 1
v, [1 , Ve=|—2, vs3= 3} oty Wl x’ = Ax 9 gvtsie A 6.790 9
1 4 9
3l
X 1 1 1
X(t): X9l = Cq 1 e+ Co —2 €_2t+ Cs 3 eBt
x 1 4 9

ofaL, 2 (19 dWtal= x = x, ol2=E ta3 Zh

x(t)=x(D=cre'+ coe '+ cze®’ 1

IV. Prove or ¥17+S 92},
L. B2UEIL v o A9 WEy y, v o diste] thgo] A Hsi

I<u, v>| < llall v | (Cauchy-Schwarz §-52])

= _ ‘o _ . e _ v, u >
= o u=0°]¥ trivial. Y uwA0 then p= proj(,, v=tu= Cu s < uj

w=v—rp & F29U (w,p> =0 °lth

0 <<Kw,w> = <Kw,v—Dp> =<w,v> —<Ww, D>
= <w,v> = LKv—p,v> =<LKv,v> — £p, W

= (v, vy —t vy = (v, vy — SEW gy
v, v

Cu,u> <v,vy = <u,vy {v,uy

Null?llvI? = <u,v)> <u,v) = |I<u, v>l? O]

2. U if A is an idempotent matrix, then #{A)= rank(A) ¢ T8-S "7 A L. .
=) $A A7} an idempotent matrix ©|E = AHA}LzZre) oo}



AE B8R 298 p(A)=a ++a,,=M +-+N CITh
A9 AFEE N (=1, F2W N ,=0 or N ,=1 (i=1,-,n). LB
tr(A) © Fobd Afakse] i otk olAe] ntz el Helep AdAFY. #A= REF
9] leading nonzero ¢ 7H4* , & nonzero ILF#] Mgt 2L AUYL oln Wl wl

e 0 obd BE TS 10]m® 1 G uk2 1 39 A p(A) o Zo Are

Aotk (F9 &)

i

3. Show  A-adiA = (detA),

(A - adiA) ;= A yadi(A)Y = ZawAy = 8, detd
detA 0 - 0
0 detA - 0

=>A-adiA = | i o | = (detA)I

4 A AAARE A7t Aze s BeFraEdAe A%t oo QaAEYP -6%-
DRUEE 2 Aol (o] W, A% A HF A, N, e FOENRECR 2= o

A9 d pot geddoltt)
% % (=) (You know it!)
(&) A® a8 A A, A0 tiEskE dAEER] AR EE
p(l), p(Z),"', D
olg} staL o]Ag dWHE zte PHS
P=[p® p@ ... p»] olg} sfAF. gjH

AP :[Ap(l) Ap(Z) Ap(n)]

:[}\lp(l) )\Zp 2 . n)]
}\1 0 -0
—[p® p@ .. p»] O ?\2 0
(') 0 . );n
= PD

EE

olmz pi= 7holtt. whehA
P 'AP=D= diag(A,A,, -+ A )
olal A= w#E 7hs st O
5. For mxn A, rank(ATA) =rankA.

aRd pe] WSS dabs

olN

W Rank-Nullity 2lell 28l null space N(A74)=N(A) ¥4& Hold Hrh

>) For all x in N(ATA)) => ATAx =0 => < Az, Av >=27A"Az=2"70=0. => Az =0
=> 1z in N(A)

(=>) For all x in N(A4)) => Az =0 => ATAxz =0 => z in N(ATA)

(



Wb N(ATA) = N(A).
(
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V. 9%) o A
L33 #]le] 27 Q&A, &S, “FHE" A3l 7o WEe ] HsahAal

o|\

BB

2. (33D ERlo] AT Z2AE W3 1 AN =7 He MEdhre

3. (3%) 979 7] FE32<l Belended learning(both on and offline learning)ol] A wj-&
Aoyt 71Ef glar & o7& AEshAl!l -3 8] 3 2o a! £ o9& A7) vk



