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R

vl

L

sl e e e et sl o o st st st st ot s s o
I. 299 (T) or €89 (F) & 3tA L. 2#9 = 18 &
(F) 1 {cos?,sin’x, 1, < MEHITT C(R) oA LAF=Holth
Sol) ¢1=1,¢=1,c3=—1,c¢c,=0°]&}4
c1€08 x4 ¢y sin*x+ c3+ ¢ e"=00] A Fatr}.
SAIRE ¢y =cy=c3= ¢, F0 2= { cos’x, sin’x,1,e"} is not
linearly independent.
(F)2 {Ae M ,., (R I1AT=A"1 1} 9633 M ., (RS FEF7to|t
Sol) Let D={A e M,R) | AT=4"1"r < M, (R).
Let AL BC D
@ siAel #ate] 28 d=A 1A
(A+B)T= AT+ BT but
(A+B) '= A '+ B '=A"+B"
LA+ Be D
@ [Show: scalar #Alol| 23] dT}]

(kA)*lzlkA*1¢(kA)T:kAT

kAé VLXTL(R)
Al F Ao 23] X th(not a subspace)

Ans : .. False.

(F )3 If yand W are subspaces of a vector space |}/ with bases ¢ and
B respectively, then the intersection ¢()f is a basis for UMW .
@ No
(WHel)  Let @ = {¢, &} L= {C+ ¢3, ¢3}
— aNi= @ and UN W is not empty set.
. False!
( F ) 4. Any two—equivalent matrices have the same column space.
@ No (False)
EE. - E,EFNA=B
At By d5Xo|2& R(A)=R(B).
sy R(A) = C(A) ol th.(&H#] dime] 25 Holtt)
(T ) 5. For any mxn matrix A, dim C(A)+ dimN(AT) =m
Sol) (p.101 Coro 3.17)



pf) dimC (A) + dimN (A7) =m
= dimR (A") + dimN (A") = m
REF(AT) oM free variable + basic variable = mo]t}
dimR(AT) (basic variable®] 715*)+ dimN(AT) (free variable®] 715)
=m ( AT 9 col®] 7=)
~ dimC(A) + dimN (AT) =m
True
( T ) 6. A linear transformation 7. R” — R™ is one-to-one if and only if the nullspace
of [T]g is {Q} for any basis @ for R” and any basis g for R™ .
Yes.
matrix presentation of T wrt gand g 7F A 2 st
xE€R", beR" = Ax=b=T(x) = [T)x
o) TRTORT b oncnoone o A}:G 7F 3 6 Szt mEkbA
the nullspace of [T1%2 = {0} °Ith
(<=) For <lefe] 714 g for R* ¢k B for  R™ o e, T(x)=T(y)=>
T(x— y)=0 °l3 the nullspace of [7]% <+ {0} ol=% x—y=(0 and

x=y, =, T + one-to-one °|t}

(T ) 7. 1If a linear transformation 7T: R” — R" is one-to-one, then any matrix

representation of 7T is nonsingular.

Yes T: R" — R™ is one-to-one => T(;) = Ax=07F 598 0 & 2w
A = AAgEolt). elA A = Full rankE 2H3l, nonsingular ©]th.
i TRP S R™ A BEE A v AAZEEo] ofd 4 9lY] wiito] 79 S o7

Palasy
(T )8 Any mxys matrix A can be a matrix representation of 7. R*® — R™ .
(T)9 R MEE0,=(1,2,1),0,=(2,9,0) , v3=(3,3,4) 2 A3 S 714=
o] £},

i) [Show L - 1]

av,+ asvs + asv; =10 then

< a(1,2,1)+ay(2,9,0) +a3(3,3,4)=0

< (ay+2ay+3a32a,+9ay+3az. a;+4a3) =0

& a;+2ay+3a3=0, 2a;+9a,+3a;=0, a;+4a;=0
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Lzos o0
0 5 —30 .
“lo -2 1 0} 5 fo Rl
12 3 0
o |05 =30
(00 =30

a1=0, ay=0, a3=0
ii) Show <S> = pR3
For any X=(x; x5x3) in R3 [Show 3 a;, ay, a; st aw,+ aw,+ azv3= X]
(1)
a1(1,2,1)+ a5(2,9,0) + a3(3, 3,4) = (x x5 x3)

& ayt2ay+t3a3=x;, 2a,+9%a,+3a3=xy, a;t+4a;=x;

(1 2 3] | @ X1
o 29 3| | @ | X
11 0 4] las] [ x3
1 2 3 X1 1 2 3 X1
29 3 X9 0 5 3 — 2%+ x5
< 110 4 x3| T 0 —2 1 —x;+ X3
1 2 3 : X1
3 . T 2xt x5
0 ]. - 5 : 5
- 0 —2 1 : —x1+x3 -
12 3 X
3 . — 2x1 1 x4
O 1 - 5 . 5
00 _i . —9x1+2x2+5x3
5 5
3 . — 2x1+ x5
0 ]. - 5 . 5
~ 00 1 i 9xr—2x,—5x
[0 10 : 5951_.96'2_3.%'3
001 : 9.%'1_2.96'2_5.%'3
100 —36x1+8x2+ 2].X3
010 : le_xZ_SX3
= {001 9x— 2% by
a, - 36.751 + 8x2-|- 2].963
as| = S5x;— x9— 3x3
A as 9%1_2.752_5963

olm® BE x;, X9, x3° st 4 ay, ay, ay7t SAS

v, Uy, Ug’E‘ ng 7]Z1°]T4'. l:\



II IS A9A Q. 3x8 =24 A
(1) A% gk @ f1 M, (R)>R 7} ole) 3711 428 w%38W determinant 32}
s}
if (U F({I)=1

(2) 4] o] wpAH ¢ f o] R I 7} wpHACh

3) f = AA ol g AF Felvh (T o] e AAY FdaA &
Agter) gy, oy g e AAY “fFAdskAl EAgel 1A determinantE "The
determinant“#} 3}al det = 7|3}
(2) R(A) = row space of A = (A, ", A, C(A) = col space of A =
CAD . AWy= (AxixeR™ =R(AT . NA) = Null space (A) = {Ax=0 9|
&7+ }, nullity of A = dim (Null space(A) ) o]t}
ol Thm 3.15 (1st Fundamental Theorem)

VAEM, .,, dm R(A) =dim A7)

(3) Coro 3. 17 (Rank Theorem) VAeM,,.,
dim R(A) + dim N(A) = rank (A) + nullity (A) = _dimension of Domain_ = n_
(£, basic M9 /M4 + free W2 /14 = domain & *)

4 A Wil AT & ¥ed opE A=

_dim C(A) + dim N( AT ) = rank (A) + nullity ( AT ) =m = # of A9 row's_
(5) Wronskian o ti3] o} nlE A<%alA] S
ff ((x)) g((x)) h((x))
0 gl o K| o) gee ool B A7t
f'_(x) g".(x) h':(x) ] JE|E o] Fof =] Y 7t s) =}

nn

Ax)  glx)  h(x)
= Sol flx) &) x|+

: f(x) & (x) b (x)
linearly independent® Wronski 7} B¢l Zo]t}, o] &L &4
Ax)  glx)  h(x)
f(x) &) nx)
L (%) & (x) B (x)

Ax)  glx)  hix)
f(x) &) nx)|#0
(x) & (x) h(x)

=> clf(x0)+czg(x0)+csh(x0):6 I Aol & ?z(cl,cz,c3) + trivial solution
ofofolrt Fhth uwEbA o =cy=cy3=0 Y. Ax) .  glx) .  A(x) 7t linearly

independent ©]t}.

for some x, & 457 Aw).g(x).h(x) = 27

.

il
“11"1

O’I

0
=10
iﬂ l 0] o YA Yz w,

for some x, ol Let ¢ Ax)+ cyg(x) + cyh(x) = 6



(6) Note : Let a={71 , 72 , o, Tn } ©] an "ordered basis" for a v.s V of dim ©]
n. Let g={e, e, -, e, } ©| the "standard basis" for R”" .
= 3 isomorphism T : V --> R” by T(Z )= e; YV ; (o]Ae] [Id]¢)
o] “the natural _isomorphism_ w.r.t a" @ 3},

a
aj 1

[Al,=| [T(0)] .=

; = 2law; €V Ao, el o|t}.
a, a,

(MY LT T:V,—>W, 3 mtrix A<EM,, > T(x)=Ax VeV,

(8) &7l 49: Let LT T:V, - W, with ordered basis

a:{ Ul s T, Un } l BZ{ wl y T, wm }
— n -
S 31 ags D T(v;) = 2 3iWi V 1= j =n
ai;
[T(v)] =
= a. =, coordinate vector of T( v; ) w.r.t B)
mil x|

Let A=[a;] €M, ,

[ zed [T(0)],=Alx], vVixeV o]
9] matrix AZ “T9 matrix representation w.r.t basis a and B

(== T9 associated @4 w.r.t basis a and B)"°o]&g} s}
A=1[T]% & o
=, “T9] matrix representation w.r.t basis a={ 71) , 7; } and B
A=[T15=1 [TCoDls || [TCo)]g]1,0, ot
Note : [T(0],=[T1%xl, , [T1%=[T, (my method)
[T 5= H 'S0, =[04%[71 5[0,
e=¢' 4 Wl B=S"1!4S ¢l similar FH] Mdo] A7]A Yt}

III. Find or ¥17+& A Y. 47 = 28 A

1. #4 28 Find a polynomial p(z) = a+ bz + cx® 4 dz® that satisfies
p(0)=1,p(0)=2,p(1)=4,p' (1) =4.
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La=1,0=2,¢c=1,d=0 ~op(z) =1+ 224 27

2. (4 318 W ={ X,=(,-2,5,-3),X,=(0,1,1,4), X;=(1,0,1,0) } cpid
w  span W2| dimension<?

ll -2 5 —3}
{0 1 1 4
A=11 0 1 0
1 —2 5 —3}
{0 1 1 4
=> 37019 L.I vectors
=>dim V = 3

3. (3.13) RBOﬂ}‘1, W= {(xl,xz,x;;)le—xz—xg:O}% R3—04 5‘5‘%7&0]3}

I8 xy =Xy x3=0 ,x3=5 x3=1t =x;=s5+1¢

X1 s+ 1 1
X9l =| s |=|1l|s+|0]¢ =
X3 t? 0 1 clE= el TIAE

{(1,1,0) , (1,0,1) } °Ith

0001
0010
0 1 0 0] < o
4. (321) (1) A= 000 0 9 ranks= _ 3. o],
001
the largest invertible submatrix & [(1) é 8 o] t}.

5. (Prob. 429 #4) (484 A eM,(R): tr(A)=0 }2> M (R n—1 LA

Zrolt}, o] F3kel a basisE E; (7 Aw9 10 X &= BF 0 38)S o] 83t

O EA|SIH?
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- {Eii_Enn: l:1,,n_1} _
6. (] 415) Tet T : g2 -> R by TIx, vl = (x+2y , 0, 2x+3y) w.rt.

standard basis & and &  resp. Find [7] &

since

Sol) [T] & =[[T(e)]e- | [T(ez)]g']:[

DN O =
pJON

2
T(ey)=T(0,1)=1(2,0,3) =2e; +0e,+3e;= 0}

| 3
1
T(e) = T(1,0)=(1,0,2) =1le; +0ey+2e;3= O‘
2
*1 2x1+x2
Ol = |+ a,+ 3%
7. (el 4 .20) Let LT T:R*-> R® by X3 I
—11 21 1
Let a={ey, ey, €5} £ R E%ﬂﬂom,ﬂ:{[ 8} H l} }%Rm e 714 olu,
lz 10 1 -1 21
1103 Q‘=[Id]"ﬁ=[0 11} s
S ow (T g 2y 0o ™. 0 o 1| e=rmi-
-12 -1
[ 8 é _11 olth. ol Find [7],

2 8
= _1= J—
S [T = 11 [ T, [1d] & = =QI[7],Q l 1 4 6 } o

o
|
—
|
—

IV. Prove (FW<& &A3IA1L) 455 = 20 A
1. ¢#4) Prove det( AB) = det(A)det(B)

(Proof)
1) If A is singular, then AR is also singular.

So det(AB)=0= det(A)det(B).
(Lemma : det (EC) = det (E) det (C) for any matrix C and elementary

matrix E.)
ii) If A is nonsingular, then A=FE ,--E,E, a product of elementary matrices

det(AB) = det(E,--E,E,B)
= det(En)det(En,l“'EgElB) = . =
= det(En)"'det(Ez)det(El)det(B)

Hence ,



= det(E, -+ EoF,)det(B)
= det (A ) det (B)

2. The set of all functions f defined on R such that }}i&f(x)zo-ol (HE)F-2EE gt
Y= HolA Q.
z7) Let p={fl ImAD=00n R }< C(R) and let f,geF
[Show f+ g eF]
lim (f+ 2)(x) = lim Ax) + lim g(x) =0+0=0
[ Show kfeF for any keR |
lim £A(x) = k lim Ax) = kx0=0

F 1s a vector space.

3. &4 4.20 Suppose that A and B are similar nXn matrices. Show that
(2) tr A=tr B,

<% tr B=tr (Q 'AQ)
=tr ((Q 'A)Q
=ir (AQ 'A) (  #r (AB)=tr (BA) by p.123 Prob 4.3 )
=tr A
T tr A=tr B
4. (3.22) For any nonzero column vectors y,v, show that the matrix A= av ’

has rank 1. Conversely, every matrix of rank 1 can be written as uvT for some

u,v-
[y
u=:|,v=|:|
(Proof) (=) Let L v
‘Wﬂ {Uﬂh Uy
A= uvT:\l : S = vut vutee+ o
un

U,y -t U,
={uy} is a basis for C(A). A9 column space

= rank A=1

(&)
Let Ae M,., and AV = u.
suppose rank A =1

=<u>= C(A). ud span for some scalars vy,--+, v,

= A=(u|wu| - |oul.



= A=uvl.
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V. (103) & 937 B2 Project (Term paper) Proposal o W3] of#flE =4 -$A

(

R

o]
1. ¥olo] 17t Q&A, T=HSHAY, “FAEFHAT 719 WES 3] A E3HA Q)
(1) Q&A 7121 ¢F ( ) 3], =8 9 ( )3 (2) £& AE T Finalized the

questions ¢F ()3
3)
(4)
5)

2. Project Proposal: A& “FH "3 “9-2] A
55 AdAs (85 A A& 7 2 FA A T8
paper)E WER=% shd gyt

0) Rux AZF oA Lz 59199 AF (5¥ 26Y - FAHE AF)

(1) A48 Z F4 == okl A& (XA 3o H- Yes or No)

FeTo R AR BAY HAUE A
3

o

@ AT FA B FuAE ol F T AEY AOE Fi

(3 Boe oW Hox wAE ZeAEE Fysdn FUA?

ZHaALol E

icampus JEE FH1 A=
http://matrix.skku.ac.kr/sglee/
http://matrix.skku.ac.kr/nla/index.html
http://matrix.skku.ac.kr/sglee/Projects.htm

(Bonus) ¥-21¢] 10d 3¢ B



