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01000 X1 X9
00100 ||x P
(]A_/L[)X: 00010 X3 =1 X4
00001 ||x P
00000 /{xs 0

], eq, ey, e3, €4, €57 RO BHEANAY W (Ju—AI) e, =0 olx

(Ja=aD) e;= e;y, i=23,4,5 °l22 e; & 2 &3

s

Lo

Ja

shpiol A=Yl mgwEth  (J,—A)' e ;=0 (i=2,3,4,5) °l1
o] A& (Ju,—A x =03 #=3 Holuzg e, (1=2,3,4,57F Ja 9 =
FHEHE  olyARE  mHHE  fARE AAdS A "y ol

e; (1=2,3,4,5) = Ja o ois odulsly wHEE  (generalized

eigenvector) =} 3t}

Note : If { Z) 72,;; yo] LT sete]iz A € M,°| nonsingular ©]H

={ Ax, AE...,AZ} T LT set.

A 9 Jordan ZF¥ J, 7t HE fFUEE $9
el

DRHEHE Fehe BAT o s, olRe o

FA: J7} A9 Jordan Canonical block ¢ uj Q 'AQ=7 7} = A 3+ nonsingular QE

N

2= Wy (o] 322 unique A= &)

M

(Observation)

D If Q lAQ=J] = AQ=QJ we}A,
gk inQ(DOl‘?i Aqi=2Aq;+6; g,

10 if]g jth colel o1 ZET 559 AWHA o]
where 0= 1 if ety

@) webd (A—ADa=8,q,-,°17
e=001"  Agi=244; = ¢iSA9 e ~ A
o s=1°1"  (A—ADg,=aq,



(3) # of LI gy's of A = # of Jordan blocks in J

(4]

A9 7t gys O A FEE(alg. mity) 9 7184 EEE(geo. mity) , Ja & Tt
S ops B Folet

7t op's8l geomltyol] tEhe]

Solve (A=ADgj=g; | e 2lo= wEas g/s & Tole

e #A 3& whEstd
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0} det(A- AD=(1- )2~ DA~

:>/11:2 s /12:1,1

e m ~ A =(A—2Dx =0

0 1 1 x 0 y+z=0 1
ﬁl—l -1 0 y| = O}é—x—yZO =4q=| —1 }
1 0 —1 z 0 x—z=0 1
@ x ~ A =(A—2Dx=0
1 11 X 0 x+yv+z2z=0 x 0
[—1 0 0| = O}ﬁ —x=0 =|y|= 1}
1 0 0]z 0 x=0 z -1

Note : geomtly (1)=1 (" x=02.% fixed . y+z=0 &% E-2 dependent)
metA gk e 2EY EE

2 00
G FI
0 01
Find qs.
1 1 11« 0 x+y+z=0
(A—ADgy=g, = l—l 0 0|y~ 1 }ﬁ —x =1
1 00l1lz= —1 x =—1
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Q9 colE59 dx ZHAL Friedberg® # Linear Algebra p419 Thm 7.1 <& 2% =
Alg] el 9t

1 0 -1
Let Q=[¢q1.q5.931=| —1 1 - 1}
1 -1 2
2 11 1 0 -1 2—1+1 1—-1 —2—-1+2 2 0 -1
AQ=| —1 1 0‘[—1 1 —-1|=| —1—-1 1 1—-1 :[—2 1 0}
1 01 1 -1 2 1+1 -1 —1+2 2 -1 1
1 0O —111712 00 2 0 -1
QJ‘[—I 1 —1}[0 1 1}: -2 1 0}
1 -1 2 0 01 2 -1 1

2 1 0 0
(3) A= —018 g (1) =1, =1,2=2,4,=2
0 0 —1 1
11 00
01 00
]A:
00 21
00 0 2
1 1 0 0 0] [11 0 0 0
A-AI10 —1 -1 0 0 0 00 0 0 0
o A=A I= 0 S o T o=l 0 1 - o
0 0 —10 o) o0 —10 0
X+ x5 = _11-
= —x3 =0=4a17
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X4—0 O
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1 1 0 0 0
1211 S0 0
Q=1 1 =1 = 0 0f Block multiplication ]== (1)+(3) o ¢]&] 471%
0 0 0 11
0 0 0 —1 0
—2 4 0 0 0 —2 4 0 0 0
9 —4 3 0 0 9 —4 3 0 0
Ag-| 2 4 -3 0 0| q-| 2 4 -3 0 0
0 0 0 9 3 0o 0 0 : 2 3
0 0 0 —92 -1 0 0 0 —9 —1
m
15 2
(5) A= 040}
36 2
9 1 1 8 6 -1
152
AQ040}0%0021%0
S [P T I T :
11 11
2 1 1 8 6 -1
41 0
QJO%O[O40}O%‘%O
g b (007U e
11 11
AQ=QJ

B30l JCFS ¢¥ U$ 3= transition FE Q & HAA +F 5 Arh

olA] JFCE st Nt &W EE Ao Edth



o714 7t A, = 2R 4 o d&skE A9d 2719 Jordan blockE €]
blockt 7zt ) Holt}. o] 7S Ja9 block &3 Hole} sty oA 8+ 7+
zkel mfrgk A; ol WE
]i,pl 0 - 0
A=Y e
0 = 0 J;,,

of PRI AW [,E A FE o Deh JuE FE W A B PR(EE
Z7hetE Y A= At 1 ¢+ Jordan blockEd] block 7] £o2 &

ME T Jae FdsA 24dEd
oAl A; & A Tete e YotrAn

$A, 2+ 2;(i=1,2,--,k)ol wiste]  A;ore]l Jordan block®l R
L (1<i<k)sh 2zte) J e M, 9 27 p,& a4 2,9 dgahs o

53
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~1Ql"ﬂ]|]§|%§4 Xla XZv”" Xlz O]E} '5‘]':17—, l?‘i% %%6‘] 6‘}’7] ‘OA
o] ¢4 shbel margtol hskelut AZksA webd o] AF A, [, & o]
g} stk a2dd A;¢ 7+ Jordan blocke 7WSr 73 2 Z7be] blocke] =7

oo AR S BA 83 pr=py=ce=polEt @ o5 vk oAl aRFE 4

o] WE nHFre AFYA(7IEety FEE)Q0 (9 p,E o8 A E 4
A & F Jde HEY MIE EEE A olg H EXH(dot
diagram)z} Y2t} H =xE ofdiet & R ow A}

LA E3xv [ M o 95te] o] Fof 3t (&, [ 719 Jordan block)
2. (MO =R Py, Do = A7) FOE Sl XA 2 EXOR WY
a}o]

ofgf o} Zo] EXE WEXR, 1#W o] =xo jHA do HEL kR

o] Foldith WA x ;b WA Aol W okee] oW, 1w 9l



(A=A P71 x;) o dgshes Hol Ak 2 Ao SjolA F Ao de

o
(A=A "% x;) o tgsch

Wb A; o dgdtes ¥ =X E ofer 2ok

c(A=aD" 7' x) e (A=AD TN xy) e e(A-AD"T (x )

c(A—AD" (%)) e (A-AD"7*( x,)

° X p,
.(A_/i])( Xl) ® X9
[} Xl
A7IA, X, Xag, v, X, E Aol dSstE I 56U a9 E
Eolth vt v & A mxelA A Do "o it ekd, & 1x1 ©

el =719 Jordan block ¢ Folil, ry= 2x2 ©]7+el =719 Jordan block
o] Frolw, v, 2 pyxp; ol A7 Jordan block ¢ Frolth whEbA],

N 1= 27, S A At o] T Z§ o] E(combinatorics)S o] &3

of Sz o7k AED, o2 Fokd o8 s wES A

[¢lA] 3] 9x9 &H A, = = 99 Jordan block®] 7§42 4= /3 Z} Jordan block<]
A7IRV pr.bo e, by ol &ete] dASA AT AS Holr] flste] (=4
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A 7.10 Aol Bigk A =] AS A AR Ao Fe (A-A0) x =09

sFzre A (F, (A—A;0)" © nullity)? 2tk
A 7.11 dd AeM, (C) s, »,E A9 did A =xel ;A o A&

de] Mt shd
(1) ry,=n—rank (A—A,1)

2 W jy1°9, »,= rank ((A—2A,0)""1) — rank ((A—A,1)7)

ol\
of.

g2l 79 o oato],

ri+ 7+ 4+ 7= nullity ((A—A,D7)
= n—rank((A =AD", (G=1)

a8)3, 7=n—rank ((A—A)o] 1
7’]: (7’1+7’2+"'+7j)_(71+72+“.+rj_l)
— [n—rank ((A—A,0))]—[n—rank ((A—A,0)"" D]

= rank ((A—A0) " 1) —rank ((A—A,D7), j>1. O

ol Ael= A; ol Ui A =x= A o 9ol €33 ZAES RojEh

AAZ A717F 10249 #E 9] JordanEFH S 78h7] Y3 HEwE 28 )
TEl= 10 x 10 8o & B AFAwH AFE Fstolob gt Gauss 47
Hise old Axb 34L& HLINPRACoIY MATHEMATICA X+ MATLAB
5o 71EY F3 FEH(software)E  o]&3dt= Zol &Aoottt (Fa
http://www.mathworks.com)

= &5 S
LA =

[ A 4] U= 32 A9 Jordan 3 ag}.

A +
2 -1 0
_|o 3 -1
4710 1
0 0

—— D =
WO
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B Al SAUAAL det (A—AD=(A-3)(A-2)° 122 A
o Mz g& zagt AT 4LE ZED oA A4,=32 FBEJ} lon

Jp=2t FREZL 3 ot WA 4 o deatt A Ex: 1Y 4e 2

7o= rank (A—2I)— rank [ (A—2I)*]1=2—-1=1
ot (AARE 3=nt+rn=02)+1 olm2 rt vtz daoh. gz A, o

olt}, wEld, A, & 92x92 Jordan block®] 17§¢]aL 1x] Jordan block®] 17]¢]t}.

=

L]



[¢]A] 5] S 349 A 9 Jordan X+ otk

A o SATAAE det (A—A) = (1—2)*(A—4)? 1L, WAl A o F
Aol Mz tE nHge 247 FBE 29 A4, =4% =20tk A,=4d]
tate] =4 —rank (A—41)=4-3=1 o= 2(, 17}¢] Jordan block), 7,

Eolt (o Ae 47 21+ ). w40 @ W EEE

wlh!

Ay=20 tiate] 7, —4—rank (A—20)=4—2=2 0|2 &(Z %A Jordan

block), 7= 0°JHF( Aol Ag 2=24+ ()1 22). =, Aol e H =3

s

o]},
= ANARE AsM,(OF Ao ANAL B8 (similar) & wole),

-1

0 e e 1 0 e e ]

ge) |0 0 10 00 10— /7 o ogs d

@01 00 Yo oo Fgetel Jordan
10 00 10 0 0



A1 0

block J,=|0 4 ™ 1 e M, o JTo} 58 (similar) 9& ol wpz
0~ 0 A

weh e

211 400

3.121} dlou)‘
112 " loo1
1110 3000
0300 0300

- (0011 g 0011
0003 0001

Polynomials ¢} matrices ; the minimal poly.

Z| 4 C}2tA] (minimal polynomial)

zZH 24 A Cayley - Hamilton A8 & thg3 2o
_]

mE @Y A=M,= AN SARAA p () =08 wEPT 3
pA(A):OnJ
SRRt =

A*°l annilhilating 932 olg} shi=d. ol tg2

A9 (minimal ©34)
Fg8 Ae M, hatol g4(A) =0 A &= %9 HA 242 2Y(monic)
gaas Aol t3k 4 324 (minimal polynomial) ©|#tar 3t}

5, A Al K KA nto] RINZAT A ol2r Btrt. f(A)=08 DIESHE o ol TR Al f(+)7t



EXGT. O ozt A9 ENTGAOl QT o THYANE 7T /L7 AR HL 7He

NZStD OE52BH HAIOKo A47t 1Q, & DUAl AL HATH o2g THaA m(t)e

Efista oottt a7 Ao AATHYE A (minimal polynomial) ol2ta BE2rt
ol AL T WY AeM, 9 ME G afge]l A, Ay, L A0l

b

ol

S WA 2 o] pa(t) = (= AD (=A% (4= A" &

aa(t) = (t=2)" (1= )" (t=2 )™
olt}. olw] m; = A;°] &3+ Jordan block 5 =77 7} £ block ¢ =
7lolth, weEkA A 9] Jordan EEES 4 A4 9 HAUIAE 7 2
}.

(AR 1 ot A= A9 Axt@AS Foheh

2 —4 22
-2 0 13
A=l _5 933
-2 —6 37
E o
4100
J.=|0400
4710020
000 2
olm g
24 gagae Pu(t)= (t—4)*(t—2)* o]t
Ha g e g,(t) = (t—4)*(t—2) ot} |

8. 712 Ao BAAEE AT R AR g
A7 Oi#sPred . desdxds A“l HAxrkdA qa(8) 7}
(t=2D) (= 2y) (1= 2p)

el Adels dAst bsd ddel digh = o] FA7F wh

THM
Let A€ )f, and gs(x)7F ga(A)=0, %= the minimal poly. ©|¢t" AZE annihilate &}
= RE G2 g3 p(e)ol Wt

aa(x) | p(x) °]th



(Pf) $A char. poly p4x)E p4(A)=0 o] & T¥ gu(x)8 &A= DR,

U7 degl ga(x)]=m<n °o|B=
Division Algorithm ©l 2] 3l

p(x)= g4(x)h(x)+r(x)  where degree[r(x)] < degl g4(x)]

a8y (7FEskol A)  p(A)= ga(A)h(A)+r(A).

(oA RE ASE o genw)

= 0 =r(A)

= r1(x)=0 (. otherwise deg ga(x)°] minimality °l %)

Sgax) [ px) N

2100
ol /) 242 A= 8 g g 8 o AATIRAS ozt
0005

Sob) AQ BENURIME  At=|d—Al=(t—2)*(t—5) - < Helol A& (+-2)<
(+-5)E m(HHA QLfolofok Gttt T2iLf m(HEe Af & Lo 0=z m(tHEe T8 M7t
K & otLtoltt.

my(H=(t—2) (t—5)

my()=(t—2)*(t—5)

ms()=(t—2)° (+—5)
Cayley-Hamilton ®g2l2 BEl my(A)=a(A)=0 QA 742 & £ QA1 5 (A)+0 22iLt
my(A)=0 olatle AL e 4 Qrt. w2t my(f)=(t—2)*(t—5) & A9
K ATH A ol Tt

Cor  Similar matrices ¥ %< minimal poly. 2F&=t}.

(Pf) A ~B
= Jnonsingular S st S !A4S=B and A= SBS~!

qA(B)= qa( STIAS) = ST1qa(A)S=0 = 440 | qaa®)



ap(A)= qp( SBS™ 1= Sap(B)ST'=0 = qat) | ap®)

= unit a€ C st ga(0= g qpt)
aHY gat), gp) & ETF monicolil g€ C OJERE 4=1

= qalt) = gpt) W

Coro A€ M, ol gu(x) 7} A2 minimal poly ©]@

a4( =0 < A€ 6(A) = The spectrum of A = The set of eigenvalues of A

P (=) ga®) | pu(D °1EZ p, () =0 = deo(A)
(&) 3 x#+0 st Ax=x = 0=g4(A)x=ga( Dx= qa( =0 W

Lemma 1. & Jordan block, say J,(A), € char. poly. ¢ minimal poly.& % t}.
o v 9+ 1 osize 7} mxm ©l@
b= q;()=(t— "It
(v [AI= T, (V1" =0°13L [AT— ], (D] 10122 (¢t— )]  minimal )
Note : 919 Lemma® (#—A)” < companion matrix ¢ hyper companion matrix =

similar 3t} AL imply $Ho}.

Lemma 2. If J= zi‘lo@ji(,i)eMn and J(DeM, °1H (t— )"
where m=max { m,, m,, ..., m, } 7} minimal poly. g,# °lt}
((J=AD"=0 °13  (J=AD"#0 V r{m °lEE

(I mp=m olH | [, (D—Al"* 0 Vrim )
219l Lemmacl 2|3}

Thm. Let G(A):{/ll,/ig,...,/b,}.

aa(D=T1(t—2)"



where 7; = the largest Jordan block ~A; ¢ size

(=4; ¢ index)

P qaE Ja=11DLD...DJ, & 9
aa(A)=qa( J4)=( (]A_,11])71(]A_/12])72...(]A_;(m[)’m:o...():o

¢l minimal degree 2] monic poly °]E=. [ |

Thm ol A)=(d 4 A,
A7t d.oble (A3 7He) < gu(x0)=(x— 1) (x—2,)

& ga(0)=09] ZE 29 HFH FEE U} 1

=, linear factors

(Pf) largest Jordan 9] size 7} 1x1 ©]2 & clearly . OK.

Def . o34 p(D=t"+a, t" "+a,_ot" >+ +atta, 9

“companion matrix” <

0 0 T Q
I 0
A: 0 1 %e EMn i ng%q
i 0 1—a,
0 —a,_
Thm. 3.3.14

X E monic poly. & 2] companion matrix ¢ minimal poly ©|HA F Al
char. poly °]t}.

Thm. 3.3.15
AeM, o] 19 char. poly pa()=0 ¢ companion matrix$} similar &}th

& pa(t)=qu(t)



Remark. o]A o2 A minimal poly.S F3st=7F & 9 o)A F3t=7 el ds)e]

7l .4,

minimal poly.S ¥4 3£ motivation

1. 2t size ¢ 4% JCF #+d =&
2. ¥4 matrix S 7w o] &= F&
companion matrix 2}2] # A= Frobenius Normal Form 52 <ol o] &

(5, A= 3 @C; where C;7F 72 AI— A°l elementary divisor®] companion
=1

matrix )

Note. A} J.CFE <9 the minimal poly:= HFE 3] 2t}

3 -1 0
(FA) B3 AZ[O 2 o}ﬂ Az e e Tobe
1 -1 2

<]

g Hageg, g, D) =1—-3)(1—-2)

_[1 41-1T1 =415 O I =411 o
R T e N A | ey
minimal polyZ o] &3l 4 & Falofz)
Sol) qA(H=(t-5)t+2) = pa(D) : 224
= = a+ 85
rt)= o+ gt = [ezzaf—l-b)(—Z) = 5:%(65_672)
QA4 A7 (0249 U A 425 B)

= = A)=al+pA



2 1 1 1
aya=| 4 2 3 0| o minimal poly.2 73] sinzA® Feleh

-6 —2 —3 —2
-3 -1 —1 =2
Sol) ga(h) = p— g 1—p~2—...  for some a, b -
Try
(1) degreel: g (H=0 =A—al ?
(No. A=al )
(2) degree?: aa(D=0 = A% — A —bI —A’=aA+ bl ?
(No. v ap:-1=2a +b, ap:2=2a+b EF)

(3) degree3:  qa(D)=0 = A% — gA*’— bA—cI

=A%=aA’+ bA+ I
(Yes. &2l a=0, b=1, c=0 )

minimal poly. T73t& 3 W
=a.D= P—02-1t+0=F— =L - D=1t—1D(t+1) 332 R

olA] [Find sinzAl

70)=sin0=0=a
={(1)=sinzr=0=a+p+7
r(t)= al+ Bt+ y* H—1D=sin(—n)=0=a— B+ y =a=p=y=0

r(t)= sin 7zt

= gsinzA=r(A) =0I+0A+0 42=0 W

-2 2 =2 1
o) a=| 12 -1 1| o ga £ Zoleh
(o) 00 1 0 | o cos I[TA Fet
-2 1 —1 4

Sol) ga(D=(t—2)(t—1)*

D)= a+pt+y¥
r(2)=1



= { P(D=-1 =a=1, B=—4 y=2
7‘(1)20

Y(A)= cos TA =al+ BA + yA?
=]1—41+2A°* N

o A=} 4( 15 SITE S v

¢ £ (Jacobi's IdentityE ©]-&3ts) -3z}

I
SOD S*leAS: eS'AS:e 0 —2| = O e—2

Remark. J.CF ¢ minimal poly 2t} ©& &3t}

Remark. A5714= A €M, (C) o ts] &1 Aot} ko] AuEo] ¢ oA o}
7F o dubA<l fieldoll A= A9 FElgle] dldts A HA & = v 5ES A
o = algebraically closed field =7} 7% AS Holth oA Bt ¢ yolrl ¢S duk
Aol ot FRANA 7| = S Aotk HE Marcust Euclidean Ringol A o] &
A7 gt} 53] matrix canonical formol A= (%8 Integral Domainol| A ©] &S 7 7Y

-
st 4= 2lt}) the determinental divisor, invariant factor, elementary divisor & ©]o]X| &=

rj_.u

o] 2L minimal polyS T 3F+= alternative way 7} HW 5422 E matrix®] canonical

T3l classical way 2 2 output Fo] &}

(D Frobenius(or rational) canonical Thm. (Thm.3.4.7)
It AeM (O, A ~ the direct sum of the companion matrices of the elementary

divisor of Al,—A

@ Jordan Normal Form Thm( 2nd natural normal Form Thm)
If AeM,(O),
(1) AI,—A 9 elementary divisors ¥ (A— @)%, (k>0)< EdolaL

(2)A ~ the direct sum of the hyper companion matrices of all the



elementary divisors of Al,—A.

(% elementary divisors®} #A ¥ canonical form< “rational canonical

form” o]t ¥ -Et})

® 1st natural Normal Form Thm

A~ Zl C; where  c; b AI-A 9] Z} invarient factors 2] companion matrix

@ 283 99 AYEL EF Really nice Thm. ( RNT) o A3z Ut}

A~B iff AI—-A ~ A[—B
iff A—A ¢ AJ— B’} 22 elementary divisor,
£ invarient factors,
o

=3
s

i
N
e
v}

determinantal divisor

1 9)9] Smith Normal Form Thm %°o] 9t

Def. p()=0Q—a)"2H

a l - 0
0 a 1--
H(p(A) =
0 1 © p(A)4l Hyper Companion matrix
. a

. olaFmAel olm =

rlr
o
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